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Abstract

Proteins are complex biological molecules that perform a vast array of functions crucial to life.
A small set of computational tasks underpin the study of proteins. One of these supports the
comparison of proteins using the notion of alignment. An alignment between proteins allows
biologists to understand their evolutionary relationship. Due to the functional constraints
that exist on protein biomolecules, finding reliable alignments requires the comparison of their
three-dimensional structures (rather than their sequences). The resulting alignments are called
protein structural alignments (rather than sequence alignments). The quality of alignments has
important consequences for research in protein biology, as they are the foundation for many
aspects of protein research.

The problem of finding reliable structural alignments is commonly posed as a combinatorial
optimisation problem, which requires an optimisation strategy (a search method to find the best
alignments) and an objective function (a measure of alignment quality). The objective function
must arbitrate a trade-off between the structural fidelity of the proteins being aligned, and the
complexity of the alignment itself. The alignment search algorithm then finds the alignment
that the scoring function considers optimal. Over the past five decades, many alignment meth-
ods have been conceived to identify structural alignments between proteins. Concerningly, the
alignments obtained by these methods differ substantially and often produce contradictory re-
sults. Many comparative studies on methods generating structural alignments have highlighted
the absence of a clear consensus on what constitutes a good structural alignment and the lack
of a statistically rigorous measure of alignment quality. This has been stated as a leading cause
of the observed proliferation of new structural alignment methods, which tend to perform small
modifications to previous approaches.

This thesis proposes a fundamental shift in the way structural alignment quality is formalised
and measured, and in the way biologically-meaningful alignments are identified. It brings to-
gether ideas from fields of information theory, data compression, and statistical inductive in-
ference to develop a statistically rigorous framework to measure structural alignment quality.
The resulting alignment quality measure, called [-value, is built on the Bayesian framework
of minimum message length inference. Furthermore, this thesis develops a search algorithm
that employs [-value to consistently identify high quality and statistically significant structural
alignments. This search method is also able to identify significant alternative structural align-
ments of comparable quality. The culmination of this work is an open-source pairwise structural
alignment program called MMLigner (available from http://lcb.infotech.monash.edu.au/
mmligner). The performance of MMLigner is benchmarked against popular alignment programs
and alignment scoring functions. MMLigner results were found to be highly-competitive com-
pared to other methods, and consistently outperforms other methods in identifying alternative
structural alignments, a challenging problem when aligning oligomeric proteins and protein
complexes.
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Chapter 1

Introduction

roteins are large, complex biological molecules that are crucial to all forms of life. They
Pperform a vast range of different functions, which include serving as catalysts of biochem-
ical reactions, translating genetic information into other macromolecular forms, transporting
molecular payloads, and acting as storage mechanisms for the essential chemical ingredients of
life (Lesk, 2010).

Over the last seventy years, experimental techniques have emerged that allow researchers
to accurately determine the underlying amino acid sequence and the three-dimensional (3D)
structure of proteins. These experimental techniques have given rise to some of the most promi-
nent data streams in all of molecular biology. The direct result of these experimental advances
is the rapid growth of publicly available protein sequence (Universal Protein Resource: Uniprot
(2010)) and structure (Worldwide Protein Data Bank: Berman et al. (2002)) databases. The
computational analysis of this protein data has become invaluable for biological research.

A critical computational task in protein biology is the comparison of protein sequence and
structure using a concept known as alignment. Specifically, an alignment is an assignment of
one-to-one correspondences between a subset of the amino acid residues in two or more pro-
teins. Proteins evolve continuously, subject to strong functional constraints (Lesk, 2001a), and
the correspondences assigned by alignments are used to establish an evolutionary relationship
(homology) between the proteins under comparison. In particular, an alignment is used to
answer two specific questions: Are two proteins related? And, if so, how? The identification
of this relationship provides a basis for estimating the evolutionary distances between proteins,
and for discovering how proteins have evolved (diverged) from a common ancestor, in some
cases, over millions of years.

Alignments can be computed using the protein’s amino acid sequence information or using
its 3D structure (or a combination of both). However, protein structures change more conser-
vatively than their sequences during evolution. Therefore, the structural alignment of proteins
offers a more accurate basis to establish homology, and is capable of establishing homology
even for very distantly related proteins (Chothia and Lesk, 1986).

The quality of alignments between proteins has important consequences for research in
molecular biology. For example, without high quality alignments, the characterisation of im-
portant biological processes such as ligand binding would be far more difficult (Marti-Renom
et al., 2009). In many cases, protein structural alignments alone are used for automatic hier-
archical classification of the known protein fold space. In these cases, high quality alignments
are essential for the classification to be useful (Holm et al., 1992; Orengo et al., 1997). As a
protein’s structure is so intricately tied to its function, high quality structural alignments per-
mit the inference of function from the protein structure (Godzik et al., 2007). Furthermore, it
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has been suggested that the prediction of protein structure from sequence is limited mainly by
errors in alignments (Zhang and Skolnick, 2005a). And importantly, the experimental solution
of protein crystal structure by molecular replacement also depends on high quality structural
alignments (Konagurthu et al., 2006).

1.1 Inconsistencies in Protein Structural Alignment Al-
gorithms

Finding a high quality structural alignment for two or more proteins can be considered as
an optimisation problem requiring a measure of quality to assess any proposed alignment,
and a search method to find an optimal alignment under the stated quality measure. Over
the past five decades, many computational methods have been proposed to identify protein
structural alignments, with the number of such new structural alignment methods doubling
roughly every five years (Hasegawa and Holm, 2009). These methods differ mainly in how
they assess the quality of an alignment. Concerningly, several studies have shown that the
alignments obtained by these methods differ substantially (Kolodny et al., 2005; Sippl and
Wiederstein, 2008; Hasegawa and Holm, 2009; Slater et al., 2013; Ma and Wang, 2014). In a
recent review, Liisa Holm (Hasegawa and Holm, 2009), a leading researcher in the field, and
author of DALI (Holm and Sander, 1993), a widely-used structural alignment program, writes:

“A wvariety of methods use different representations, scoring functions, and opti-
mization algorithms, and they generate contradictory results even for moderately
distant structures.”

Manfred Sippl (Slater et al., 2013), another leading expert in the field, comments,

“Lacking a clear definition of what constitutes an optimal alignment, structural
bioinformatics has created an ever growing arsenal of computer programs, all ded-
tcated to solve one and the same problem, where each program provides its own
numerical criteria and scores to describe the quality of the alignments obtained.
From a user’s point of view the situation is most confusing. Research on protein
structure requires structure alignment tools but it is unclear which programs pro-
duce the most valuable results and how the results obtained have to be interpreted.
Obuiously some effort for standardization is required.”

The above comments highlight a severe disconnect between the rapidly growing number of
methods and the quality of the structural alignments they generate. This disconnect is due to
a complete lack of consensus on how to measure structural alignment quality. To resolve this, it
is necessary to define a rigorous measure of alignment quality that can objectively discriminate
between competing alignments. Without this, the notion of best (or optimal) alignment can
neither be rigorously defined nor searched for (Hasegawa and Holm, 2009).

The absence of such a rigorous measure has fueled the proliferation of methods based on ad
hoc scoring functions. Further, the search algorithms used by existing methods are typically
based on greedy heuristics and, thus, often return alignments that are far from optimal, regard-
less of the chosen scoring function (Konagurthu et al., 2006). Finally, current methods do not
provide any framework to meaningfully capture similarities and differences between competing
alignments, as they often generate a single alignment result, while ignoring a multitude of other
closely-competing alignments. New methods are therefore needed to meaningfully explore the
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entire landscape of competing alignments so that biologically interesting relationships are not
overlooked.

The traditional approach of formulating an ad hoc scoring function from key alignment
quality criteria has been extensively explored over the last four decades. Further development
along the same lines is unlikely to provide any major breakthrough. Therefore, the field of struc-
tural alignment will stand to benefit by departing from traditional approaches and exploring
radically new ones.

1.2 Aim of This Thesis

This thesis aims not merely to tinker along the methodological lines followed by previous at-
tempts, but rather, it aspires to fundamentally shift the way structural alignment quality is
formalised and measured, and the way in which biologically-meaningful alignments are identi-
fied. This involves achieving the following objectives:

e Use information theory to develop a framework to measure structural alignment quality
with statistical properties that provide rigorous evaluation of alignments, objective dif-
ferentiation between competing alignments, and a robust test of alignment significance.

e Design a search algorithm capable of consistently identifying high quality, statistically
significant structural alignments using the above measure of quality.

e Be able to identify considerably different, competing alternative alignments that are sta-
tistically significant and should not be overlooked.

1.3 Contributions Made by This Thesis

The first major contribution of this thesis is the development of the /-value measure to assess
pairwise structural alignment quality. /-value treats a structural alignment as a hypothesis of
the structural relationship between two proteins, expressed as a one-to-one, order-preserving,
correspondence between subsets of residues. Specifically, each alignment hypothesis is seen as
an attempt to explain the coordinate data of the pair of proteins. The explanatory power
of each alignment is then quantified, using principles of information theory, as the amount
of lossless compression obtained from encoding the coordinate data of the proteins using the
knowledge of the correspondences provided by the alignment (as compared to encoding the
coordinate data without that knowledge). In this context, [-value can be thought of as a
communication process between an imaginary transmitter-receiver pair. The quality of any
structural alignment is measured by [-value as the message length required to encode and
transmit the protein coordinate data using the alignment hypothesis. The shorter the length
of the message, the better the alignment. This measure is backed by mathematical rigour and
exhibits important statistical properties, including a natural null hypothesis test for assessing
the statistical significance of any proposed alignment. The accuracy of I-value depends largely
on the specific statistical models of encoding that are used. The development of these encoding
schemes represent one of the most complex aspects of this research, and led to an initial set of
encoding models, which are described and quantitatively compared in Chapter 4.

In Chapter 5, systematic improvements to the set of statistical models used for coordinate
encoding (over the ones used in Chapter 4) are described. These improved encoding schemes
build on the statistical models of protein directional data developed by Kasarapu and Allison
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(2015). These directional models form the basis of a sophisticated technique to define the
relative position and local geometric context of corresponding residues and use this to compress
the coordinate data more concisely. This leads to the final implementation of /-value as achieved
in this thesis. This implementation can accurately discriminate between closely competing
alignments, and can consistently distinguish homologous structures from unrelated structures.

The second major contribution of this thesis is a method to search for high quality alignments
of a pair of protein structures, using I-value as the objective for which to optimise. The search
for the optimal alignment is an inherently complex problem, which is usually (except in the
simplest of cases) solved by heuristic, rather than by complete search methods as it cannot be
solved exactly. Several attempts were made at defining a robust search algorithm to optimise
alignments using I-value. Early attempts gave rise to a promising method for visualising the
entire quality landscape of competing alignments between a pair of structures, which can be
seen as a natural development of the dot plot from the field of sequence alignment*. The
final search algorithm developed in this thesis, called MMLigner, is able to reliably find high
quality alignments that achieve significant compression using I-value. MMLigner is also able
to consistently find a distinct set of statistically significant alternative alignments between the
structure pairs, when they exist. This is useful, for example, when aligning multi-domain
proteins where a plausible alignment exists for each domain. This gives molecular biologists a
powerful tool to examine multiple plausible structural relationships between a pair of proteins,
where previous tools often give only a single optimal alignment (see Chapter 6).

1.3.1 Ancillary Contributions

Two other contributions arise from this thesis (described in Chapter 7) providing methodolog-
ical support to the primary contributions described above. The first one is a highly efficient
numerical method to compute least-squares, rigid-body superposition of vector sets using the
notion of sufficient statistics. This work derives a set of sufficient statistics for the superposition
problem and demonstrates that they possess the crucial property of additivity. This permits a
constant time computation of superpositions of vector sets (and their sufficient statistics) when
the superpositions of (partial) constituent vector sets are already known, under set addition
and symmetric difference operations. This contribution forms the work-horse for generating
seed alignments in the final MMLigner algorithm (see Chapter 6).

The other ancillary contribution of this thesis is a method to gauge the disorder be-
tween ranked, top-k lists. This is traditionally calculated using methods such as the Kendall
7 (Kendall, 1938) or Spearman’s p (Spearman, 1904) rank correlation coefficients or modified
versions of these measures (Fagin et al., 2003). The new method presented in this thesis ap-
plies information theory (Wallace and Freeman, 1987) to this problem in a similar manner to
its application to the alignment problem by [-value. In this instance, one top-k list is used
to describe the other, and any differences increase the length of the message. Therefore, two
identical lists will require only a short message, whereas, two lists with nothing in common
will require a much longer message. This method is, in turn, used to evaluate the degree of
agreement between popular measures of structural alignment quality (see Chapter 4).

*Developing this technique further is left to future work.



1.4. SUMMARY )

1.4 Summary

This thesis addresses the protein structural alignment problem by radically departing from the
traditional methods of formulating structural alignment scoring functions and finding optimal
alignment based on those scoring functions. This is achieved by defining I-value, a structural
alignment quality assessment measure with foundations in sound statistical techniques. [-value
possesses several useful properties:

1. It achieves an objective, formal trade-off between the complexity of an alignment, and
the fidelity between the structures defined by that alignment.

2. Alignments can be directly compared using their [-values, and the difference between the
I-values for two competing alignments gives their log-odds posterior ratio.

3. I-value provides a natural null hypothesis test for statistical significance. An alignment
that fails this test can be rejected.

4. [-value is not defined in terms of ad hoc parameters or arbitrary constants.

Furthermore, it goes on to develop and describe MMLigner, a search algorithm that uses
I-value to optimise a set of distinct structural alignments. Both [-value and MMLigner perform
highly competitively when benchmarked against state-of-the-art structural alignment meth-
ods. The MMLigner algorithm is able to consistently identify a range of significant alternative
structural alignments, avoids pairing up spurious correspondences. The structural alignments
identified by MMLigner are highly competitive according to popular measures of structural align-
ment quality and often succeeds where other alignment programs do not identify any alternative
alignments.

1.5 Thesis Outline

The structure of this thesis is as follows:

Chapter 2 provides the biological background necessary for understanding the concepts
used throughout this thesis. In particular, it introduces proteins and protein structure, how
protein structural data is stored and organised, and how protein structural comparison is per-
formed using protein alignments. The alignment problem is introduced and discussed in terms
of three major tasks: representation, scoring, and search. Finally, this chapter reviews repre-
sentations and scoring functions commonly used by protein structural alignment methods.

Chapter 3 introduces the basics of statistical inference by linking the notions of probability
and information. It explores statistical inductive inference by minimum message length (MML)
in depth and the practical Wallace-Freeman approximation. Notions of prefix codes and the
universal code for positive integers are also briefly introduced here.

Chapter 4 designs and develops the MML based framework for the assessment of protein
structural alignment quality. It explores the trade-off between notions of coverage and fidelity,
which are made by state-of-the-art alignment quality measures. A rigorous method for making
this trade-off is proposed. This chapter then deals with the details of the encoding schemes
required to realise the information measure in practise. Finally, this framework of alignment
quality is benchmarked over a large set of domain pairs. The quantitative comparison of align-
ment rankings between popular structural alignment scoring functions highlights the degree of
disagreement between structural alignment scoring functions.
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Chapter 5 introduces systematic improvements to the encoding schemes proposed in Chap-
ter 4. Notions of mixture modelling and directional probability distributions are introduced in
this chapter and used to construct sophisticated coordinate encoding methods. Quantitative
comparisons are carried out between these encoding methods to demonstrate the achieved im-
provement. The encoding schemes developed in this chapter form the definition of the I-value
measure of protein structural alignment quality as achieved during this candidature.

Chapter 6 deals with methods to search for protein structural alignments by consider-
ing the alignment problem as a combinatorial optimisation problem. Common algorithms to
search for structural alignments are explored in detail. The development of methods to search
for alignments using I-value is reviewed and a method to generate an interactive 3D landscape
visualisation of alignment quality is introduced. This chapter culminates in the development
of the MMLigner program, which identifies high quality and statistically significant structural
alignments using the [-value alignment quality measure. The MMLigner program is bench-
marked against popular state-of-the-art structural alignment programs and found to be highly
competitive.

Chapter 7 discusses the ancillary methodological contributions supporting the work in this
thesis as applied to the work within the earlier chapters. Firstly, an information measure for
comparing top-k ranked lists in a similar vein to the I-value comparison of protein structures.
This method uses MML to provide an objective trade-off between criteria that measure the dis-
similarity between ranked lists, addressing pitfalls in the existing measures. Secondly, a method
to rapidly compute joint superpositions in O(1) time is described. This method provides a
set of sufficient statistics for the least-squares superposition problem under the least squares
criterion. The results in this chapter demonstrate a drastic improvement in the computational
effort required to compute least-squares superpositions.

Chapter 8 concludes the thesis by outlining the key results of the research. Future research
directions are explored and discussed that arise naturally from the research presented in this
thesis. These future research directions include using MMLigner and /-value to assess entries
to the CASP protein structure prediction competition; specific improvements to the encoding
models presented in Chapter 5; and three-dimensional interactive visualisation of the landscape
of competing alignments.



Chapter 2

Introduction to Proteins and
Alignments

“In the drama of life on the molecular scale, proteins are where the
action 1s.”

— A. M. Lesk (2001a)

The research presented in this thesis applies areas of computational science, information
theory and statistics to address a biological problem. This chapter introduces the general
biological background required for this research. In particular it introduces proteins and
their molecular and structural constitution. It also summarises the general principles and
concepts related to protein structure and architecture. Furthermore, it explores how protein
structures are compared, and introduces the problem of structural comparison by alignment.
The biological definitions and elements presented in this chapter supports the research and
discussion presented in subsequent chapters.
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2.1 Introduction to Proteins

roteins are long polymer chains made up by amino acid residues.* There are twenty nat-
Purally occurring amino acid molecules. Each amino acid is composed of an identical set of
main-chain atoms: a nitrogen (N) atom which is part of the amine group, a central carbon
(Cy) atom, and another (carbonyl) carbon atom which is part of the carboxylic group. The
chemical structure of an amino acid is shown in Figure 2.1(a). The twenty amino acids are
differentiated by the side-chain attached to their central carbon atom. A portion of the protein
main-chain and side-chain of two successive amino acids is shown in Figure 2.1(b). Each amino
acid is uniquely identified by a one-letter code and also a corresponding three-letter code. Refer
to Table 2.1 for the complete list of the naturally occurring amino acids, together with their
one- and three-letter codes, and chemical structures.

Side Chain
O

7

HsN*— C,—C

Amine Group | \
O -

H Carboxylic Group

. o hain
Main Chain

(a) (b)

Figure 2.1: The chemical makeup of a protein 3D structure showing the main chain atoms
common to all amino acids a N (nitrogen) atom, a C, (central carbon) atom, and a (carbonyl)
carbon atom. (a) The composition of a generic amino acid with its main-chain highlighted.
Within the main chain the separate functional amine-, and carboxylic (acid)-groups are also
highlighted. (b) A portion of the protein structure containing two bonded amino acid molecules.
For each amino acid shown, their side chain atoms, bonded to the C, atom, are also shown in
transparency.

A protein is composed of one or more linear chains (sequence) of amino acids.” A single
protein chain is typically several hundred residues long. The DNA (deoxyribonucleic acid) in
each cell of an organism provides the blueprint containing instructions for the construction
of its proteins (Crick, 1970). Once the DNA code is translated into a linear chain of amino
acid residues, this chain spontaneously foldst through a combination of physical and chemical
processes, into a precise three-dimensional (3D) shape (also known as structure, or conforma-
tion) (Anfinsen, 1973; Hartl, 1996; Ellis, 2006). The 3D structure of a protein facilitates its
biological function (Scheeff and Fink, 2005).

*In protein chemistry, a residue refers to a specific monomer (amino acid) within the protein chain. This
thesis will use the terms ‘residue’, ‘amino acid’, and ‘amino acid residue’ interchangeably.

tFor a protein involving multiple chains of amino acids, each chain accounts for a part of the overall protein
molecule.

fMany factors affect protein folding including the environment and the presence of molecular “chaperones”
that guide the protein to the correct conformation.
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Table 2.1: Amino acids with their abbreviated names and chemical structures. Amino acid side
chains appear in blue.
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2.1.1 Conceptual Hierarchy of Protein Structures

Traditionally, the structure of proteins is considered within a conceptual hierarchy of represen-
tations: primary, secondary, tertiary and quaternary structure (Linderstrgm-Lang, 1952). The
linear chain of amino acids can be represented as a sequence of one-letter codes (see Table 2.1).
This sequence of one-letter codes is referred to as the primary structure of a protein, the first
level of this hierarchy. See Figure 2.2(a) for an example of the primary structure. In this thesis,
the terms sequence and primary structure are used interchangeably to mean the linear sequence
of amino acids.

The second level of the hierarchy consists of the representation of the 3D structure of proteins
at the level of standard secondary structures consisting of helices and strands of sheet® (Pauling
and Corey, 1951; Pauling et al., 1951). Secondary structures form local structural segments
within the global 3D structure of a protein. Secondary structures arise due to periodic hydrogen
bonding patterns between pairs of amino acids, involving amine and carboxylic groups (Kabsch
and Sander, 1983; Andersen and Rost, 2009). An example of a protein chain, decomposed into
a representation of the local secondary structures elements appears in Figure 2.2(b): helices are
coloured in red, while strands are abstracted as yellow arrows pointing towards the C-terminus
of the secondary structural region. The green linkers are the remaining (unstructured) parts of
the protein chain, termed here as coils.

Tertiary structure is the third level of the conceptual hierarchy, where a protein is repre-
sented using the details of its 3D atomic coordinates. While structures represented at this
level appear very complex, the 3D shape of a tertiary structure is rather simple when consid-
ering only its backbone. The backbone of any protein refers to the sequence of the following
main-chain atoms: N-C,-C-N-C,-C-N-C,-C-----N-C,-C. The backbone begins with a nitrogen
atom (called the amine- or N-terminal of the protein) and ends with a (carbonyl) carbon atom
(called the carboxy- or C-terminal of the protein). Figure 2.2(c) shows an example of tertiary
structure overlaid on its secondary structure.

The fourth and final level of the hierarchy refers to quaternary structures, which contains
a number of tertiary structures (folded into protein subunits) assembled into a multi-subunit
complex. An example of quaternary structure is shown in Figure 2.2(d), where each subunit is
coloured differently.

2.1.2 Protein Structure Databases and File Formats

Structure databases underpin almost all research efforts in computational protein structural bi-
ology. Publicly available databases collect experimentally determined 3D structures of proteins
deposited by protein biochemists and crystallographers from the world over. The central global
repository for protein structural data is the Worldwide Protein Data Bank (wwPDB; Berman
et al. (2003); http://www.wwpdb.org). The entire wwPDB database is freely accessible via the
websites of partner organizations, spread across the globe, mainly: The Research Collaboratory
for Structural Bioinformatics (RCSB; Berman et al. (2000); http://www.rcsb.org, located in
the USA), PDBe (Velankar et al. (2011); http://www.pdbe.org, a european resource), and
PDBj (Kinjo et al. (2012); http://www.pdbj.org, from Japan). As of the 10 of May 2016,
the wwPDB contains entries for 110, 135 protein structures. A breakdown of the proportions of
protein structures determined using various experimental methods can be found at the URL:
http://www.rcsb.org/pdb/statistics/holdings.do.

$A sheet is formed from several interconnected (anti-)parallel strands that appear as an, often twisted,
pleated sheet.
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Figure 2.2: A protein structure (wwPDB 1CCW) represented by: (a) primary structure, (b)
secondary structure, (c) tertiary structure, and (d) quaternary structure. Primary sequence
one-letter codes are coloured according to the secondary structural element they belong to.
Secondary helical regions are coloured in red, strand regions are coloured in , and un-
structured or coil regions are shown in green. The tertiary structure, overlaid by the secondary
structural representation, is shown as a trace of the main-chain and side-chain atoms represented
by “sticks”. The quaternary structure is shown using the secondary structure representation
for each of its four subunits, where each subunit is coloured differently.

The data for each structure in the wwPDB contains atomic-level 3D (z,y, z) coordinate
information, including the details of the experimental process used to determine the structure.
Coordinate data from the wwPDB is available in several computer readable formats, including
the comprehensive macro-molecular Crystallographic Information File (mmCIF; Bourne et al.
(1997)) format from which the other formats are converted, the Brookhaven PDB format (for
an example, see Figure 2.3(a); Bernstein et al. (1977)), and the PDBML (an XML format, an
example is shown in see Figure 2.3(b); Westbrook et al. (2005)) (Westbrook and Fitzgerald,
2009). Coordinate data is presented in Angstrom (A) units, where 1A is equal to 1 x 107'° m.

Every structural entry in the wwPDB has a 4-character unique identifier that is used to
retrieve its coordinates. These identifiers are often used throughout the scientific literature
(and this thesis) to refer to specific protein structures. For example the structure displayed in
Figure 2.2 has the wwPDB identifier: 1CCW. Since a protein may contain multiple chains, each
chain is given a single letter identifier (or chain identifier) usually starting from the uppercase
letter ‘A’. For example, the protein chain that appears in Figure 2.2(c) is the first chain, with
the chain identifier of A, from the structure of coenzyme B12 dependant Glutamate mutase
from Clostridium Cochlearium (wwPDB 1CCW), which is made up for three other chains B, C,
and D. This thesis uses the shorthand notation, wwPDB 1CCW-A to refer to coordinates of chain
‘A’ within the wwPDB 1CCW protein structure coordinate file.
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Atom Index Residue 3-letter code X,y,z atomic coordinates

Atom Index
ATOM

ATOM
ATOM
ATOM
ATOM
ATOM
ATOM

B

MET A
CA MET A
C MET A
0 MET A
CB MET A
CG MET A
SD MET A
ATOM CE MET A
ATOM N GLU A
ATOM 10 CA GLU A

14.288 -9.209 46.707 1.00 64.91
15.575 -9.831 47.032 1.00 78.52
15.521 -11.347 46.909 1.00 60.69
14.479 -12.006 46.890 1.00 32.62
15.998 -9.361 48.422 1.00 82.55
16.688 -10.362 49.322 1.00 85.88
16.011 -10.3066 51.001 1.00 56.76
15.021 -11.820 50.968 1.00 21.73
16.683 -11.973 46.793 1.00 43.81
16.797 -13.430 46.676 1.00 53.14

X,y,Z atomic coordinates
<PDBx:atom_site id="1">
<PDBx:B_iso_or_equiv>64.91</PDBx:B_iso_or_equiv> H oS
<PDBx:Cartn_x>14.288</PDBx:Cartn_x> Chaln Identlfler
<PDBXx:Cartn_y>-9.209</PDBx:Cartn_y>

<PDBx:Cartn_z>46.707</PDBX:Cartn_z> Atom ldentifier
<PDBx:auth_asym_id>A</PDBx:auth_asym_id>
<PDBx:auth_atom_id>N</PDBx:auth_atom_id>
<PDBx:auth_comp_id>MET</PDBx:auth_comp_id>

CONOOAWN R

<PDBx:auth_seq_id>1</PDBx:auth_seq_id>

NNNNNNNNNER BB R R R R
coono0o0O0O0ZOoWOOOOO=Z

ATOM 11 C GLUA 16.292 -14.074 47.965 1.00 49.38 q
<PDBX:group_PDB>ATOM</PDBX:group_PDB> -

ATOM 12 0 GLUA 16.515 -13.433 48.992 1.00 29.63 <PDBK:?abe§7alt id xsi:nil:ﬁ(rusw /> ReSIdue 3 |etter COde

ATOM 13 CB GLU A 18.242 -13.772 46.352 1.00 59.77 <PDBx:label_asym_id>A</PDBx:label asym_id>

ATOM 14 €6 GLU A 18.697 -15.193 46.608 1.00 67.06 <PDBX:label_atom_id>N</PDBx: label-atom.id> Residue Index

ATOM 15 CD GLU A 20.008 -15.534 45.915 1.00 70.77 <PDBx:label_comp_id>MET</PDBx:label_comp_id>

ATOM 16 OE1 GLU A 19.999 -15.755 44.682 1.00 74.69 <PDBx:label_entity_id>1</PDBx:label_entity_id>

ATOM 17 OE2 GLU A 21.060 -15.596 46.594 1.00100.11 <PDBx:label_seq_id>1</PDBx:label_seq_id>
<PDBXx:occupancy>1.00</PDBx:occupancy>
<PDBx: pdbx_PDB_model_num>1</PDBx: pdbx_PDB_model_num>

g H 4 H <PDBXx: type_symbol>N</PDBXx:type_symbol>
Atom Identifier Chain Identifier Residue Index </pDBx:aton._sitos

(a) (b)

Figure 2.3: An extract of coordinate data from (a) a Brookhaven PDB coordinate data file
containing two residues: a Metheonine followed by a Glutamic Acid. (b) a PDBML file defining
the coordinate data for a single nitrogen atom (the first in this structure) from a Metheonine
residue. Areas containing important information are highlighted. In red is the index for each
atom, the atom identifier is in green: C, Cgz and so forth. The blue area contains the three-
letter residue code from Table 2.1 above. This is followed by the chain identifier (in orange) and
the residue index (in purple). The yellow area contains the z,y, z coordinates for the atoms,
respectively.

2.1.3 Structure Determination and Prediction

The oldest and most common method used to experimentally determine the structure of pro-
teins is X-ray crystallography (Kendrew et al., 1958; Muirhead and Perutz, 1963). Nuclear
Magnetic Resonance (NMR; Wagner and Wiithrich (1978)) and Low-temperature Electron Mi-
croscopy (Adrian et al., 1984) are other techniques that can be used to resolve the coordinates
of protein structures. These techniques are briefly described here along with a brief description
of computational methods for predicting the structure of a protein from its sequence.

X-ray Crystallography. This technique begins by solidifying a sample of the protein into a
crystal (Kendrew et al., 1958; Muirhead and Perutz, 1963). The crystal is then placed into a
monochromatic X-ray beam (e.g., from a synchrotron). As the beam passes through the crystal
some of the X-rays are diffracted. The resulting diffraction pattern is recorded as the crystal
is rotated in the X-ray beam. These X-ray diffraction patterns are then used to compute the
electron densities of the atoms in the crystal. The primary structure and the electron densities
are combined to produce a model of the tertiary structure. This model is then refined for
several iterations to improve the quality (Lesk, 2010). X-ray crystallography most accurately
resolves the position of individual atoms in the protein structure. However, the disadvantage of
this method is that only a sub-set of proteins are crystallisable. In this case one of the following
two methods may be used.

Nuclear Magnetic Resonance Spectroscopy. This method involves placing a sample of the pro-
tein in a homogeneous magnetic field and recording resonance spectra from the protein as
determined by the electrical properties of the individual atoms in the protein (Wagner and
Wiithrich, 1978). This can be performed in multiple dimensions for large molecules such as
proteins. The advantages of this method over X-ray crystallography are that larger structures
can be resolved and no crystallisation is required. Also, NMR records the range of natural
movements that occur within protein structures. However, NMR cannot deliver the resolution
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that X-ray crystallography (Lesk, 2010).

Low-temperature Electron Microscopy. In this method, a sample of the protein is snap-frozen
to cryogenic temperatures (Adrian et al., 1984). Images of the protein are then taken from
varying orientations to build up a 3D model. This method has several advantages over both
crystallography and NMR in that it can resolve large protein complexes. This method can be
combined with crystallography to produce very high resolution structures.

Automatic or Computational Methods. Experimental determination of protein 3D structure is
significantly more difficult and expensive as compared to the determination of protein primary
structure (sequence) (Lesk, 2010). Given this, computational methods to predict protein 3D
structure from sequence information alone is an active area of research in computational struc-
tural biology (Lesk, 2010). However, this somewhat of a holy grail and is therefore an active
research area that has not converged on a reliable method for doing so. Methods for doing so
can be broken into two major categories: ab initio (de novo) modelling and homology (template
based) modelling.

Template free modelling describes a method of constructing a protein structure model from
a sequence alone. These methods are based on fundamental physical and chemical princi-
ples of protein folding and sometimes statistical knowledge of protein folding patterns (Lesk,
2010). Some of the methods in this category are Rosetta@home (Simons et al., 1999) and
I-TASSER (Roy et al., 2010).

Template based modelling assembles known structural templates found by matching the
template sequence with the target sequence. This method is far less computationally complex
than ab initio methods and has had great success in accurately predicting protein structures
from sequences (Moult et al., 2014). Methods in this category include SWISS-MODEL (Schwede
et al., 2003) and FoldX (Schymkowitz et al., 2005).

The testing of tertiary structure prediction algorithms began on a large scale in the Critical
Assessment of Structure Prediction (CASP) (Moult et al., 2014) competition, which started in
1994, and later in the Critical Assessment of Fully-Automated Structure Prediction (Fischer
et al., 1999) competition. These competitions are primarily interested in testing the state-of-
the-art of algorithms to predict the structure of proteins from their amino acid sequences. Both
categories of methods for structure prediction mentioned above are tested.

2.1.4 Recurrent Substructural Themes and Classification

The standard secondary structures (generally helices and strands) are observed to combine into
substructural units. The amino acid chains of proteins often contain two or more compact
substructural units that fold independently into stable 3D conformations. Such substructural
units are referred to as domains and most proteins are composed of at least two domains (Vogel
et al., 2004). A domain is an independent structural unit (Richardson, 1981) of protein function,
evolution (Bork, 1991) and folding (Wetlaufer, 1973). The size of domains varies around an
average of approximately 100 amino acids (Wheelan et al., 2000).

Since domains can be viewed as the evolutionary units of protein structure, classification is
performed at the level of domains. Moreover, separate domains from multi-domain proteins are
often similar to other whole proteins (Richardson, 1981). Protein domains are hierarchically
classified into related groups. Two important databases for protein domain classification are
SCOP (Murzin et al. (1995); Lo Conte et al. (2000); http://scop.mrc-1lmb.cam.ac.uk/scop)
and CATH (Orengo et al. (1997); http://www.cathdb.info). This thesis uses the updated
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SCOPe (Fox et al. (2013); https://scop.berkeley.edu) database which builds on SCOP and
adds new structures to the classification.

SCOP database (Murzin et al., 1995; Lo Conte et al., 2000). The Structural Classification Of
Proteins database classifies protein domains according to a four-level hierarchical tree with each
level given the name (in order, from the root of the tree, from furthest to closest in evolutionary
terms): Class, Fold, Superfamily, Family. Domains within a Class share different types of folds,
each with a similar type of secondary structure composition. For example a SCOP class may
contain domains that only contain arrangements of helical secondary elements. Proteins in the
same fold classification share similar secondary structure arrangement, order, and topology.
Within a fold classification, domains are further classified into superfamilies. Domains which
share a superfamily are likely to share an evolutionary relationship, but their relationship is
distant and, hence, share little sequence similarity. An example superfamily may be “Globin-
like”. Within the superfamily classification, closely related domains are classified within the
same family. Proteins in the same family share a clear evolutionary relationship. An example is
the “Globins” family. The human haemoglobin protein, wwPDB 1HHO-A, is a domain classified
by SCOP as the following. Class: all helical proteins; fold: globin-like; superfamily: globin-like;
and family: globins.

CATH database (Orengo et al., 1997). The Class, Architecture, Topology and Homologous su-
perfamily database is broadly similar in its classification of protein domains to SCOP, however
it differs greatly in the details. CATH uses a combination of the SSAP (Taylor and Orengo,
1989) alignment program and human curation to classify known proteins into a four level hi-
erarchical tree: class (equivalent to SCOP class), architecture, topology (equivalent to SCOP
fold), and homologous superfamily (equivalent to SCOP superfamily). Proteins in the same
class share a similar secondary structure makeup (for example, one CATH class contains do-
mains that have mostly helical secondary structures). Those in the same architecture have a
similar arrangement of secondary structures, but no indication of homology (architecture clas-
sification is manually performed). Those in the same topology group share specific structural
features, while those in the same homologous superfamily are clustered by sequence similarity.
The example protein, wwPDB 1HHO-A, is a domain classified by CATH as the following. Class:
mainly helical; architecture: orthogonal bundle; topology: globin-like; and superfamily: globins.

According to these two domain classification databases, there are between 1195 and 1375
protein folds at the time of writing (June 2016). Given the large number of known protein
structures, it might be surprising that there are relatively few protein folds (or domains of
distinct topology in the parlance of the CATH database). In fact, the number of folds was
estimated to be approximately 1000 to 1500 by Chothia (1992), or up to several thousand by
Orengo et al. (1994). This relatively small number is likely due to the functional constraints
that evolution places on protein structures. Proteins of diverse evolutionary origin tend to
converge, in parallel, on similar folds according to their function, or diverge from a common
ancestor maintaining the same fold through selective pressure to retain function (Richardson,
1981; Chothia and Lesk, 1986; Murzin, 1998; Edwards and Deane, 2015).

At a finer level, regularity also exists at the smaller scale when combining a few secondary
structure elements. These common combinations are known as supersecondary motifs. Some
examples of common supersecondary motifs are shown in Figure 2.4. Figure 2.4(a) shows what
is known as a (-hairpin, a pair of anti-parallel strands connected by a small coil. Figure 2.4(b)
shows a helix-turn-helix motif, which is a a pair of helices connected by a partial helical turn.
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Figure 2.4(c) shows a related motif known as an EF hand a pair of helices connected by a small
coil region. The loop is usually 12 residues long. Finally, Figure 2.4(d) shows a helical motif,
this is a series of strands formed into a helical pattern with, in this case, three faces (but these
motifs may only have two faces). These are examples of some common supersecondary motifs.
There are, however, many more and finding these motifs is an active area of research (Unger
et al., 1989; Rooman et al., 1990; Camproux et al., 1999; Micheletti et al., 2000; Kolodny et al.,
2002; Friedberg and Godzik, 2005; Joseph et al., 2010; Konagurthu et al., 2013; de Oliveira

et al., 2015).
(c) (d)

Figure 2.4: Some examples of common supersecondary motifs. (a) A Beta hairpin motif. (b)
A helix-turn-helix motif. (¢) An EF hand motif. (d) A beta helix motif.

(a) (b)

2.1.5 Geometric Constraints on the Protein Backbone Atoms

The topology and geometry of protein structure is subject to physical and chemical constraints.
The average bond lengths between atoms within amino acids of proteins was accurately esti-
mated by Marsh and Donohue (1967). They are, N-C,: 1.46A, C,—C: 1.51A, and C-N: 1.33A.
These lengths are tightly constrained by the nature of the covalent bonds. The geometric
relationship between successive main-chain atoms can be defined using these bond lengths, to-
gether with the backbone dihedral angles (or torsion angles, see Figure 2.5) between successive
residues: w (torsion about the bond between carbonyl C and amine N), ¢ (torsion about the
bond between N and central C,) and ¢ (torsion about the bond between C,and C). The dihe-
dral angle w is often very close to £180° with the associated nitrogen bonded with a hydrogen
(from the amine group) and carbon double bonded with an oxygen (from the carbonyl group)
all lying in the same plane. Variation of the other two dihedral angles, ¢ and 1 cause proteins
to exhibit the observed variability in their 3D structures (Richardson, 1981).

Figure 2.6 shows the Ramachandran-Ramakrishnan-Sasisekharan plot (Ramachandran et al.,
1963) containing the frequency distribution of the dihedral angles ¢ and . In general, the local
geometry that standard secondary structure elements (helices and strands of sheet) take, result
in the characteristic densities in this plot. Strands of sheet appear in the top-left quadrant,
and the most common types of helices appear in the bottom-left quadrant. Furthermore, there
are areas of the Ramachandran-Ramakrishnan-Sasisekharan plot, for example in large portion
of the bottom-right quadrant, which are forbidden and may indicate a poorly solved protein
structure.

It must be further noted that the planar nature of the w dihedral angle, about the bond
connecting successive amino acids, imposes a strict constraint on the distance between succes-
sive C, atoms along the protein backbone. Successive C,-C, distances has a mean of 3.8A,
deviating rather tightly (often with a standard deviation of 0.2A) about this mean value. This
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Figure 2.5: A section of protein main-chain showing the three backbone torsion (or dihedral)
angles. These angles describe the range of motion for the backbone. The bond between the N
and C, atoms can be rotated, this rotation is described by the torsion angle ¢. The rotation of
the bond between C, and C atoms is called the 1) torsion angle. The w torsion angle between C
and N is very limited, making the peptide chain planar between C, atoms (shown with purple
planes between C, atoms).

is an important fact that will be used extensively throughout the remainder of this
thesis.

2.1.6 Topology of Proteins and Structural Plasticity

The approximate relative positions, orientations and the sequential ordering of secondary struc-
tural elements is described by their topology (Levitt and Chothia, 1976; Westhead et al., 1999).
This is a simplified description of the protein fold that can be described in a diagram known
as a Topology of Protein Structure (TOPS) cartoon. An example of a TOPS cartoon appears
in Figure 2.7.

Proteins are not static objects, but are often flexible and prone to plastic deformation
and domain motion (Bu and Callaway, 2011). Plasticity refers to the ability of a protein to
flex, deviate, and adopt alternate conformations. These conformational changes have a variety
of functions which include catalysis, transport, formation of complexes and motion (Gerstein
et al., 1994). These changes often occur through the interaction with other molecules known
as ligands (Frauenfelder et al., 1991). Often these molecules attach (or bind) to the protein at
a specific place, known as a binding site, allowing the protein to accomplish a function. For
example, the human hsemoglobin protein (wwPDB 1HHO) binds a heme ligand with attached
oxygen to transport within the blood stream. These binding sites are the functionally important
parts of the protein, the functionally unimportant, or less important parts of the protein are
somewhat free to change their conformation. Alternatively, conformational changes can also
occur through sequence mutations or the folding environment (Meier and Ozbek, 2007). Closely
related proteins can appear to deform with the insertion or deletion of only a few residues (Vetter
et al., 1996; Simm et al., 2007). All of these conformational changes are constrained to allowed
regions in the Ramachandran-Ramakrishnan-Sasisekharan plot, as described above and shown
in Figure 2.6.

Secondary structural elements are stable relative to the joining coil regions. These coils
are often small and conformational changes within them do not represent a large change to
the overall shape of the protein. Larger conformational changes occur between domains in the
form of hinge or sheer motions (Gerstein et al., 1994). Gerstein et al. (1994) provide many
examples for each of these types of domain motions. Various methods exist to determine the
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Figure 2.6: Ramachandran-Ramakrishnan-Sasisekharan density plot showing the distribution of
combinations of ¢, ¥ dihedral angles. The boundaries appear around areas generally enclosing
secondary structural geometry: helices, sheets and left-handed helices. ¢ is on the z-axis and
1 is on the y-axis. (Ramachandran and Sasisekharan, 1968)

locations and to characterise the movement mechanism for domain motion. These methods
include HingePROT (Emekli et al., 2008) and DynDom (Hayward and Berendsen, 1998).
Point Hinge motions are the result of large changes in backbone torsion angles in a localised
region (Gerstein et al., 1994). This may occur in an extended strand secondary structure (Ger-
stein and Chothia, 1991), a section of coil, or (to a limited extent due to stricter chemical
constraints) in helical secondary structures (Gerstein and Chothia, 1991). These types of mo-
tions often happen at the terminals of secondary structural elements (Hayward, 1999). Hinge
motions also take the form of planar hinges which are the result of hinge motion of intercon-
nected strands of sheet moving together like the folding of a sheet of paper. The sheet remains
packed together in any conformation of the hinged domains. An example of this kind of hinge
motion can be observed in Figure 2.8 and is described by (Gerstein et al., 1993). Finally, sheer
motions involve a sliding movement between domains. This type of motion does not cause the
main chain to deform very much and are controlled by side-chain motion (Gerstein et al., 1994).

2.2 Alignment of Proteins

An alignment (Rao and Rossmann, 1973) of proteins refers to the assignment of one-to-one,
(commonly) order-preserving correspondence (or equivalence) between a subset of their amino
acids. Alignments can be computed between two or more proteins. This thesis specifically
deals with pairwise alignments, or alignments between two proteins. Throughout this thesis
the symbols S and T are used to denote the two proteins being aligned. Specifically, S and T
are (linearly) ordered sets containing respective amino acid (atomic coordinates of the central
carbon, C,, atoms!), in the order they appear from N- to C-terminal of each protein.

YThis description of protein backbone at the level of C, is common in the field, as the 3D trace of C,
atoms is sufficient to distinguish the structural similarities and differences between proteins. More on protein
structural representations can be found in Section 2.2.4.
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Figure 2.7: A Topology diagram for the protein structure wwPDB 1CCW, chain A. Helices are
represented by cylinders, and strands are represented by arrows. The length is proportional to
their length in the structure. The N terminus of the protein is labelled with an N in a dark blue
box, and the C terminus is labelled with a C in a red box. The connected sheet of anti-parallel
strands is highlighted by a blue background. This image was produced by the pro-origami
software (Stivala et al., 2011).

(a) Closed. (b) Open.

Figure 2.8: An example of a hinge rotation in the iron binding protein lactoferrin. The N-
terminal of this protein contains two domains, marked in red and green. The domains close
together when iron is bound, as in (a). The domains open apart when iron is not bound, as in
(b). The individual domains are rigid in each conformation. The closed conformation between
domains in (a) is given in wwPDB 1LFG. The open conformation between domains in (b) is
given in wwPDB 1LFH.

Thus, any pairwise (order-preserving) alignment can be represented as a 2 X n matrix, where
the rows represent the two proteins being aligned and the columns! represent the correspon-
dence (or lack thereof) between amino acids of the two proteins. An example of an alignment
representation between two proteins appears in Figure 2.9(a).

A column of any alignment has one of the following three states:

Match: defines a one-to-one correspondence between a pair of amino acids, one from each
protein. These columns appear without the gap symbol (‘—").

Delete: defines the absence of a correspondence for an amino acid residue in .S. Such columns
are represented with the gap symbol in the second row.

ITf |S| and |T'| denote the sizes of the two proteins, then the number of columns is always in the range
max(| S|, |T) <n <[]+ |T].
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Insert: defines the absence of a correspondence for an amino acid residue in T". Such columns
are represented with the gap symbol in the first row.

These state definitions will be used throughout this thesis.

2.2.1 Protein Structural Alignment

Alignments are often used to infer homology, that is, an evolutionary relationship between
proteins (Eidhammer et al., 2000). As organisms evolve (and diverge) from their common
ancestor, so do their protein domains (Vogel et al., 2004). Therefore, an alignment is often an
attempt to identify (and pair-up) amino acids that are derived from the same position in the
genetic sequence of a common ancestor.

An alignment between proteins can be computed based on different sources of information:

Sequence Alignment: The assignment or residue-residue correspondences is made primarily
using the information from the type and physico-chemical characteristics of the amino
acids as part of the protein chain.

Structural Alignment: The assignment of residue-residue correspondences is made primarily
using the atomic 3D coordinates of the amino acids in the protein chain (See Section 2.2.4).

When aligning proteins that share a very close evolutionary relationship, both sequence and
structural alignments are often consistent with each other. However, sequence and structural
alignments radically differ as the relationship between two proteins diverge. As noted earlier
in Section 2.1.4, protein structures are directly constrained by selective pressure to retain their
structure, but are freer to accrue changes to their sequence. Therefore, structures change more
conservatively than their sequences in evolution (Chothia and Lesk, 1986; Abroi and Gough,
2011; Ilergard et al., 2009). Most homologous proteins preserve a common core within their 3D
structure (Chothia and Lesk, 1986). This core comprises one or more regions of residues that
retain the same topology of their folding patterns, varying only in their spatial and geometric
details (Konagurthu et al., 2006). Peripheral regions outside the common core tend to refold
entirely and cannot be meaningfully aligned. Although pairwise sequence alignment cannot
identify such regions, pairwise structural alignment can. Thus, structural alignments can
reveal relationships that are otherwise invisible when only aligning sequences (Perutz et al.,
1965; Lesk, 2000) and, therefore, offer a more accurate picture of homology, even for very
distantly related proteins (Chothia and Lesk, 1986).

2.2.2 Formulation of the Structural Alignment Problem

Given the atomic coordinates of two protein structures S and T', the structural alignment
problem involves the following separate tasks:

The alignment task: As stated above, (Section 2.2.1) a structural alignment is the assign-
ment of one-to-one correspondence between amino acids, using the information from their
3D atomic coordinates. This can be posed as a combinatorial optimisation problem re-
quiring an objective function (a measure of structural alignment quality) and a search
method to find an optimal alignment under the stated quality measure. Current tech-
niques for formulating an objective function are reviewed below (Section 2.2.5) as well
as being discussed in detail in Section 4.2. A review of alignment methods appears in
Section 6.2.
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(a)

Figure 2.9: A pairwise protein structural alignment: (a) Structure based sequence alignment
of Feline Immunodeficiency Virus Protease (green) and Human Immunodeficiency Virus Pro-
tease (blue). (b) Optimal structural superposition given the alignment in (a). The Feline
Immunodeficiency Virus Protease protein structure appears again in green, and the Human
Immunodeficiency Virus Protease protein structure in blue.

The superposition task: Once the residue-residue correspondence has been established by
the alignment task, the coordinates of two proteins are spatially transformed such that the
atomic coordinates of equivalent amino acid residues come as close as possible. This allows
the structural similarity, as defined by a given structural alignment, to be understood
visually and quantitatively. An illustration of a superposition, given an alignment, is
shown in Figure 2.9(b). The analytical aspects of the superposition task are discussed in
detail in Section 2.2.3 below.

2.2.3 Protein Structural Superposition

As mentioned above, the superposition of protein structures provides a visual and numer-
ical means to evaluate the similarity and differences between protein structures (see Fig-
ure 2.9(b)) (Cohen and Sternberg, 1980). The numerical measure provides a descriptive statistic
of the distances between corresponding amino acids.

Each atomic coordinate of any protein is a vector (or point) in Euclidean space, R3. There-
fore, once the pairwise alignment task is completed, the corresponding amino acid residues can
be collected into two vector sets with each vector in a set corresponding to its equivalent in
the other set. The optimal superposition (under some pre-defined definition of optimality) of
these two vector sets poses yet another optimisation problem. A near universal criterion of
optimality for the superposition problem is the minimisation of the root mean square devia-
tion (RMSD) between corresponding vector sets. This criterion arises from the least squares
superposition problem, which is solved by finding orthogonal, linear transformations (rotation
and translation) of the vector sets that minimise the squared error between the corresponding
vectors in each vector set (Lesk, 2000, 2001b; Eidhammer et al., 2004).

The least squares superposition problem can be formally stated as follows. Given two sets
of N, corresponding vectors in R3:

U= {ﬁlyﬁQ;---yﬁNe} and V = {’171,'172,...,’171\[6}

where each u; is in correspondence with v; between the two sets, U and V. Thus, the problem
is to find the best orthogonal rotation (representable as a real square symmetric matrix Rgys
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with a determinant of +1) and translation (representable as a vector, ngl) which minimises
the squared error of superimposing U onto V:

Ne
¢ =min Y |[Ra + 7 (2.1)

i=1

where ||Z|| is the £2-norm of the vector Z.

The solution to the optimal translation can be made independently of the solution to the
optimal rotation (Alt et al., 1988). This can be found by differentiating ¢ with respect to ¢ and
evaluating it at its extremum:

N, N,
o€ O = = oo = <8(Ru2+t—vz) L >
— = —, Ru, +t—v||*=2 = Ru; +t—1; =0
. 2| =2 (P )
Ne Ne

i=1 =1 =1

1 & 1 &
— = — Y4 -R =Y 4
N, &~ N, &~ "
i=1 =1
——— ——
V centre-of-mass U centre-of-mass

Since the optimal transformation involves the optimal translation of the centres-of-mass of the
two vector sets, computing the optimal translation can be separated from the computation of
the optimal rotation by translating the two vector sets, such that their centres-of-mass coincide
with the origin: @ = @; — 7 Z L Uj, U, = 171 N ZNe UJ V1 < i < N.. The vectors sets U
and V can thus be transformed to become {ul, Uy, ..., Uy, } and V' = {0}, 0,..., Ty }.

It follows that removing the translation term from the previous objective function in Equa-
tion Q.Lyields a modified, but equivalent, objective function which is independent of the trans-
lation ¢:

Ne
¢ =min} " |Ra — ol (2.2)
=1

And the RMSD can thus be defined as:

N,
1 e
/ AN — —
RMSD(U. V') = | i+ ;:1: IR — 7| (2.3)

Remarkably, this optimisation problem can be both solved exactly and efficiently, and in-
volves a computational effort that grows linearly with the number of correspondences in the
vector sets, O(N,). Methods for calculating a superposition of two equal size vector sets have
improved over time. The most important of these methods are briefly summarised below.

McLachlan (1972). This procedure assigns a weight to each atom after translating the
centre-of-mass of the query structure and the reference to the origin of the coordinate system.
The problem is reduced to finding a rotation matrix such that a similarity function is minimised.
McLachlan presents two methods (McLachlan, 1972, 1982) to find the rotation matrix. One
is an iterative method derived from the Jacobi matrix diagonalisation algorithm, the other is
an analytical solution. Both algorithms fail to eliminate potential matches that are clearly
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outside a given threshold. Further, the analytical solution contains many special-cases where
the approach fails.

Kabsch (1970s). Later, Kabsch (1976, 1978) presents a purely analytical method to solve
the superposition problem in matrix form. The solution involves finding a symmetric matrix
of Lagrange multipliers to find an orthogonal matrix, U, that minimises the metric function:
E =1% (Ut, —1,)?* Eigenvalues are extracted using singular value decomposition and the
minimised value for the similarity metric is found. This method does have some exceptions,
such as a zero eigenvalue when all vectors in u, and v, are in the same plane. Kabsch does
however present a solution for this special case.

Lesk (1986). This algorithm finds the optimal rotation matrix as a function of 4 parameters,
where the axis of rotation is defined explicitly. It is noted that this, along with the explicit
rotation, eliminates the possibility of inverting the orientation of the coordinate system, re-
sulting in a sub-optimal RMSD value. Rustici and Lesk (1994) build on the ideas presented
above by introducing the concept of a lower bound on the RMSD. Calculating a lower bound
on the RMSD allows the algorithm to avoid a calculation of the optimal superposition, where
the lower bound is larger than the threshold for any particular comparison. They note that
their results are good but they expect the algorithm to do better.

Daimond (1988). This is a method similar to that of Lesk (1986). Only half the required
angle of rotation is required for the parameterisation of the rotation matrix. The problem
becomes that of a 4 x 4 eigenproblem or an inversion of a 3 x 3 matrix. This method is a slight
improvement on that of Lesk (1986), however it becomes unstable as the angle of rotation
approaches m, where an inverse is not defined because the matrix becomes singular (Theobald,

2005).

Kearsley (1989). A very elegant approach to the superposition problem was proposed
by Kearsley (1989), which solves the least squares superposition problem as an eigenvalue
problem in quaternion parameters, using quaternion algebra (Hamilton, 1844). This approach
builds a 4 x 4 symmetric matrix (from quaternion parameters) and finds the smallest eigen-

value, min(\) in this matrix, which is related to the RMSD by mi;\}()‘). This has a number

of advantages over the algorithms provided by McLachlan (1972) and Kabsch (1976, 1978).
Namely, there are no special cases for the method and it does not suffer from a degeneracy of
the axes of rotation for some orientations, known as “gimbal lock” (Kearsley, 1989).

Note that this method is used extensively for any superposition throughout this the-
sis. Provided below is the analytical solution of the least-squares superposition problem using
Kearsley’s method (Kearsley, 1989). While understanding the details of the derivation is not
necessary to understand the rest of this thesis, it is provided below as a reference for interested
readers. This solution informs the derivation of sufficient statistics (Konagurthu et al., 2014)
for this problem, which is explained in Section 7.2 of this thesis. Further, it serves as a pillar
for the efficient computation of structural alignments using MMLigner (Chapter 6) and I-value
(Chapter 5) as outlined in this thesis.

This derivation begins with some preliminaries on quaternion algebra (Hamilton, 1844; Kar-
ney, 2007), which provides a powerful method to describe rigid-body rotations in R? (Mackay,




2.2. ALIGNMENT OF PROTEINS 23

1984). The set of quaternions is equivalent to a four dimensional vector space over the real num-
bers. A quaternion, q, consists of four values: a scalar part, ¢;, and a vector part: (g2, 3, q4) = ¢
a=(q1,9,q3,91) = (q1,q). Each quaternion q has a conjugate: q = (q1, —q).

Addition between quaternions, p and q is defined as p +q = (p1 + ¢1, 9+ ¢). Quaternion
multiplication is associative but not commutative and is defined for the quaternions, p and q

as: pq = (1 — P ¢ pid+ @+ p x q). The quaternion-norm is defined as: ||q| = +/qq.
The inverse, q ! is: q~ ! = %. And if q is a unit quaternion: q~! = q.

Any 3D rotation can be defined by a unit quaternion, given a unit vector representing an axis
of rotation, a, and a rotation angle, 6, the rotation can be defined as: q = (cos (?/2) , asin (9/2)).
The rotation of a vector, U, to yield a rotated vector, ¥ is achieved, using quaternion algebra,
by: v = q1(0,7)q.

Recall from Equation 2.2 that the function to be minimised is the least squares error between
N, corresponding points from the vector sets, U and V'. A quaternion is used to represent
the residual vectors, or individual error vectors (€; = R, — ¥}) between coordinates in U” and

V' rotated by a quaternion, q in R3, Vi € (1,...,N,) as:

The problem, then, is to construct a q that minimises, >_ ||&|*> = >_ [|(0,&)||*>. This can be

simplified by multiplying Equation 2.4 by q:

And using this to construct a modified error function:

Ne
&= lao,&) | (2.6)
=1

Expanding the modified error function gives: & = SN || (=7 &, @& + 7 x &) |12 = S0, |lal®[|&;

Il SN, [1€]1>. When g defines a pure rotation (no dilation), £ reduces to the unmodified
error function since ||q|| = 1. Therefore, substituting Equation 2.5 into the expansion gives:

I* =

§= Z 6 (0, 7) — (0, ) 4 (2.7)

This can be expanded using the quaternion product as:

Ne
=D (=G T+ G x ¥) — (=i, - §, il + 10} x ) ||?
=1

~

N
=D MG 0+ @ Gt + % T —qu - =3 §) |
=1

Ne
=Y (=G (@ — @), qa (¥ — @) + ¢, — @) |
i=1
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The squared norm of a quaternion, Q, is:

1QI* = QQ = (@1, 9)(Q

1= )
=(QT+Q - Q,-QQ+ Q1@+ Q x Q)
=Qi+Q-Q
Therefore, after expanding the respective Cartesian components of ¢, @' and ?’, the error
function becomes:

Ne

E=> (a0 —uf) + (v} —uf) + @uv] —u))?

=1
+ (qu(vf —uf) + gs(vf +uf) — qu(v) +uf))?
+ (@ (0! — ul) + qu(vf +uf) — g (v + uf))?
(1 (v — uf) + (0! + u!) — g3(vf +uf))?)

To ensure q defines a rotation only, ||q|| is constrained to 1 using the Lagrangian as follows:

Ne

AMa,N) =D ((g2(vf —uf) + gs(v? — ul) + qa(v] —uf))?

i=1
+ (@] = u)) + as(v] +u]) — @(vf + )’
+ (@) —ul) + (v +uf) — 0] +u]))?
Har(vf = uf) + g2(vf +uf) = g3(v] + uf))?)
+ A1 =g — 65 — g3 — ai)
Differentiating A(q, A\) with respect to each q component and setting to zero, results in a set
of linear equations that can be represented in matrix form as an eigenvalue problem:

So(az, +ym + 2) Z(ypzm ymzp) > (Tmzp — Tpzm) D2 (TpYm — TmYp) q1 a1
S (Wp2m — Ymzp) D (w0, + yp +z ) > (@mYm — TpYp) D (Tmzm — Tp2p) G2 | _ | %
> @mzp — Tpzm) D (TmYm — wpyp) Z(%Qo + yp, + Z;%) > (Ymzm — Yp2p) s | a3
Y (@pym — TmYp) D (Tmm — Tpzp) D (YmzZm — Ypzp) Z(xgzj + yﬁ + Z?n) q4 44

7= (q1,q,qs, q4)T are the unknown (to be solved) quaternion components associated with a
3D rotation, and A is an (unknown) eigenvalue. In the eigenvalue problem defined in Equa-
tion 2.8, the notation z,,, a scalar quantity, denotes the component-wise difference vi — u?
(equivalent notations for y,, and z,,) and the scalar z,, denotes the component-wise sum v{ +u?
(equivalently, y, and z,). Diagonalising this 4 x 4 symmetric matrix yields four eigenvalues and
(corresponding) eigenvectors. (Kearsley, 1989) shows that the eigenvector corresponding to the
smallest eigenvalue, Ay, corresponds to the best rotation producing the least squares error,

min

and the RMSD is computed as

e

Numerical Considerations and Time Complexity

The RMSD and optimal rotation can be solved for analytically using Kearsley (1989), however
the process in not numerically stable. Therefore, stable eigenvalue decomposition algorithms
such that of Jacobi (1846) are used (Golub and van der Vorst, 2000).
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The computation of the 4 x 4 square symmetric matrix for N, corresponding vectors re-
quires O(N,) effort. The size of the matrix is always constant and implementations of the
Jacobi diagonalisation algorithm generally bound the maximum number of iterations by a con-
stant. Despite this, the number of iterations is generally very small anyway. Therefore, the
eigendecomposition takes constant, O(1) time. Therefore, the computation of RMSD by this
method takes linear, O(N,) time.

2.2.4 Internal Representations Used for Structural Alignment

In Section 2.2.2, the structural alignment problem was divided into two separate tasks: super-
position and alignment. Section 2.2.3 discussed the superposition task. This section begins the
discussion of the alignment task by introducing several methods used by alignment programs
to store the protein structural data required to compute an alignment.

This is important because the type of structural representation used to compute an align-
ment has consequences for the trade-off between speed and accuracy of the alignment task.
Alignment algorithms may use several of these representations beginning with coarse repre-
sentations for rapid generation of approximate alignments and advancing to more detailed
representations to accurately refine the alignment.

Note that except in specific cases, all structural representations share some common features:
the order of amino acids in the protein is conserved,* they are invariant to the coordinate
system used to define the protein, and they have a level of robustness against errors in structure
determination (Eidhammer et al., 2004).

A coordinate representation. The most accurate methods describe a protein structure in
terms of the 3D coordinates of individual atoms. These are expressed as points in R? space,
which are superimposed within a common frame of reference, as introduced Section 2.2.3. Most
often, only one or two atoms are used to represent each amino acid residue. Almost universally,
this is the central C, carbon atom. However, some alignment programs also include the Cj
atom for side chain orientation. This representation is the most common in structural align-
ment programs and is the most detailed (least abstracted from protein structures themselves)
and, thus, also requires more memory to store and more processing time to align. Popular
structural alignment programs that use this type of representation include CE (Shindyalov and
Bourne, 1998), MaxSub (Siew et al., 2000), FatCat (Ye and Godzik, 2003), LGA (Zemla, 2003),
MultiProt (Shatsky et al., 2004), CLICK (Nguyen et al., 2011), TM-Align (Zhang and Skolnick,
2005b) and SPAlign (Yang et al., 2012).

Distance matrices and contact maps. These are 2D representations of the 3D structural
information defined by their C, atoms. With a distance matrix representation, a protein
structure, S, is represented by a matrix containing all-against-all inter-atomic distances within
a distance threshold. A contact map represents S using a matrix of boolean values where
and inter-atomic contact threshold is defined and all inter-atomic distances are either outside,
or within the contact distance threshold. In both cases the matrix is of the order |S| x |S].
This representation is independent of the frame of reference and has an additional scope for
handling structural plastic deformation. The 3D structure of proteins can be reconstructed
from these representations, excepting chirality (Eidhammer et al., 2004). The advantages of
these matrices for alignment programs, despite the potentially large memory usage, are that
they are naturally independent of the coordinate frame of reference (require no processing to

**Under certain ordering constraints; e.g., cyclical shifting
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make them independent), and that similar 3D structures are clearly distinguishable using these
representations. Notable examples of structural alignment programs that use distance matrices
include, DALI (Holm and Sander, 1993), RAPIDO (Mosca et al., 2008), and GANGSTA+ (Guerler
and Knapp, 2008).

A tessellated representation. This involves dividing the space within a protein between
residues such that close spatial neighbours share a face, edge, or vertex. Tessellation of the
space (as in Figure 2.10) within a protein provides a coordinate system independent represen-
tation that also eliminates the requirement for a specified contact threshold. Contacts between
residues are well defined and the representation reflects the local geometry of the protein. Dif-
ferent tessellations, including the Delaunay triangulation (Delaunay, 1934) and the Voronoi
decomposition (Voronoi, 1908), have been used by structural alignment algorithms. Notable
examples of alignment programs that use a tessellated representation include TOPOFIT (Ilyin
et al., 2004), which uses a Delaunay tessellation representation, and Vorolign (Birzele et al.,
2006), which applies a Voronoi tessellation.

Figure 2.10: An example of
the Delaunay tessellation of a
Crambin (wwPDB 1CRN) pro-
tein.  The thick line show-
ing connected C, atoms repre-
sents the backbone of the pro-
tein. The thinner lines rep-
resent the tessellation. This

figure is reproduced from Ilyin
et al. (2004).

Coarse grained representations. The above representations are all accurate enough to
produce residue level structural alignments. The following representations, beginning with
structural profiles, are used to produce coarse, approximate alignments for rapid database
matching or later refinement. The general structure, or topology, of the protein can be broken
down into a representative string of secondary structural elements, or any discrete alphabet and
their relative geometry. This type of representation can be used for rapid pattern matching. An
example of this form of representation is the Tableau presented by Lesk (1995) and Konagurthu
et al. (2008). A Tableau represents a protein by the relative orientations of its secondary
structures. An example Tableau can be found in Figure 2.11. Alternatively, a representative
library of protein structural fragments may be used instead of secondary structures as in KL-
strings (Friedberg et al., 2007) which represent the entire protein structure using a set of
fragments, and each fragment with a symbol resulting in a string which can be used by string
pattern matching algorithms.

Finally, and most abstractly, the entire protein structure can be reduced to a single number
or string of numbers, a fingerprint (Wolfson and Rigoutsos, 1997; Chu et al., 2008; Sael et al.,
2008; Teichert et al., 2007; Zotenko et al., 2007) or histogram (Budowski-Tal et al., 2010).
Where similar structures evaluate to similar or identical fingerprints, database searches can
be performed extremely quickly. However, their utility in structural alignment is limited and
approximate matching is tricky (Hasegawa and Holm, 2009).
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g1 OT KK HH PD HH KK
OT ayn OT OT OT PE OT
KK OT G, HH PE HH KK
HH OT HH p3 OT KK HH
PD OT PE OT ap OS PE
HH PE HH KK OS pj3;, RT
KK OT KK HH PE RT p4

Figure 2.11: (a) An example tableau representation for the wwPDB 2ACY protein structure. The
diagonal is labeled with the secondary structure elements, the off-diagonals contain the encoded
relative orientations between secondary structural axes. Each relative orientation is described
by two letters. The first letter corresponds to one of the following: P-parallel; O-antiparallel;
R-crossing right; and L-crossing left. The second letter corresponds to the division of a circle
into quadrants for time of day: E-“elevenses”, D-“dinner”, S-“supper”, and T-“tea”. Finally,
two extra symbols are used to designate adjacent strands in the same sheet: KK for anti-parallel
strands, and HH for parallel strands. (b) The protein structure being encoded: wwPDB 2ACY,
the acylphosphatase protein from cow. The diagram contains labels on secondary structural
elements. «a labels are used for helical secondary structures while, § labels are used for strand
secondary structures.

2.2.5 Protein Structural Alignment Scoring Functions

In order to decide if a given alignment is good, a system for assigning a quality value or score
to alignments needs to be defined reflect the extent of similarities (or dissimilarities) between
the aligned structures. This section presents an overview of some commonly used scoring
functions used in the structural alignment literature. This list is definitely not exhaustive, but
gathers only either the most popular and widely used measures, or those that are unique in the
technique they use. For a more comprehensive listing, the reader may wish to refer to other
reviews of structural alignment methods including Kolodny et al. (2005); Sippl and Wiederstein
(2008); Hasegawa and Holm (2009); Slater et al. (2013) and Ma and Wang (2014).

A scoring function defines an objective measure by which to gauge the similarity of protein
structures and an objective function by which to search for an optimal alignment. Intuitively,
the scoring function chosen should give a high score to structures that have large regions that
are geometrically similar (see Figure 2.9), and a low score to proteins that bear little structural
similarity.

Traditionally, the approach to determine the similarity of protein structures has been based
on two key criteria: coverage and fidelity.

Coverage measures the number of correspondences in an alignment and, in some cases,
also considers the number of gaps.

Fidelity measures how similarly positioned the aligned residues are. This is commonly
(but not always) based on the RMSD computed after the best rigid-body superposi-
tion of corresponding residues (See Section 2.2.3).
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To search for the best structural alignment, the goal of alignment algorithms is to simul-
taneously maximise coverage and fidelity. However, these two objectives are in direct conflict
with each other. Increasing the number of corresponding residues, or coverage, usually leads to
a loss of structural fidelity and vice versa. Therefore, alignment quality scoring functions must
reconcile this conflict by arbitrating, in various ways, between these two key criteria.

A table of various structural alignment scoring functions is presented in Table 2.2. It is not
important to fully comprehend each measure listed, rather it is important to note the various
ways in which the measures attempt to balance coverage with fidelity. To aid in reading the
table, terms for coverage are highlighted in blue and terms for fidelity are highlighted in red.
Where applicable, this thesis will continue to use blue/red colours to highlight the
coverage/fidelity terms respectively.

Table 2.2: A table of scoring functions used by popular alignment methods when determining
the quality of an alignment between protein structures S and 7. The first column provides
the name of the method, the second the mathematical formula for the scoring function, the
third criteria by which to decide if the alignment is significant where such criteria could be
found in the literature (if the criteria could not be found this column is marked with N/A),
and the last column provides references for the details of the scoring function. The symbols
used in this table are as follows: N, is the number of correspondences; NN, is the number
of gaps (the number of insertions plus the number of deletions); Neontiguous is @ number of
contiguous corresponding residue pairs; RMSD is the root mean squared deviation (as above,
see Equation 2.3); 5, is the vector from the origin to the i coordinate in the structure S; Lun is
the minimum length between the structures being aligned: min(|S|,|7'|); Lmax is the maximum
length between the structures being aligned: max(|S|, |T]); d; is the distance between the i
pair of corresponding C, atoms after rigid body superposition; C' is a list of cut-off thresholds;
w is a user defined weighting parameter; ¢ and v are the dihedral angles; (¢, v); is the straight
line distance in the Ramachandran-Ramakrishnan-Sasisekharan plot between the (¢, ) points
of the " pair of equivalent residues; R(l) is the density at a point, I, in the Ramachandran-
Ramakrishnan-Sasisekharan plot. Note that alignment quality scores that are non-residue-level,
such as secondary structural alignment scores, are not included in this table. Terms for coverage
are highlighted in blue and terms for fidelity are highlighted in red.

Measure Formulation Significance Criteria References
(Same Fold)
Ne Ne Taylor and Orengo, 1989)
500 100 (Tay 20,
SSAP Z Z - In(SSAP) x > 70 (Orengo and Taylor, 1990)
i=1;=110+ )(*51 2 — S ) — ( j—2 = Tj) In(50) (Orengo and Taylor, 1996)
L =[S x|T|
Ne d I _ _ 2
DALT Z Z ue( ) LA ] L"=17.95+0.71L—0.000259L (Holm and Sander, 1993)
i=1j=1 (0F i= —1.92x1079L3 (Holm and Sander, 1998)
DALI — L’ <9
0.5 x L'
RMSD x 100
SAS — N N/A (Subbiah et al., 1993)
e
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Table 2.2: (continued)
Measure Formulation Significance Criteria References
(Same Fold)
Se — (cln(Ne)?
+din(Ne) + )
5 )~ Testes —Ne<120
s—(aln(Ne)+b .
Ne 20 %J\% >120 (Subbla.h et al., 1993)
STRUCTAL 27_2,10]\[9 a=0.872,b = 0.65,c = 0.155, (Ger.steln and Lev1.tt7 1998)
score (Ss) | ‘I 1+ (%/s5) J 0.619 173 (Levitt and Gerstein, 1998)
= —0.619,e = 1.73,
f=0.0922, g = 0.212
No threshold for fold
similarity was found
Ne
MaxSub ! Z ‘1 5 N/A (Siew et al., 2000)
Lmax i—1 1+ ("4/3.5)
PSI No<a N/A (Ortiz et al., 2002)
(MAMMOTH) Lmin
24 Ns;<cy
GDT_TS 100x ==L Ne o= 11,2,4,8) N/A (Zemla, 2003)
4 Ns<c,
GDT_HA 100x ==L Ne ,C ={0.5,1,2,4} N/A (Zemla, 2003)
Ncontiguous:éﬁ(‘
LCS S N/A (Zemla, 2003)
€
IC|
2w <|C| —-1+1 >
GDT(C})
ICI(\C|+1)Z~:Z1 ICI '
21 —w) e —ign
LGA_S3 + LCS(C > N/A Zemla, 2003
ciieTn 5 (o 1), | (emia, 2009)
C=1{0.5,1,..,10},C" ={1,2,5},0<w < 1
This scoring function is a combination of
GDT and LCS.
NZ (Krissinel and Henrick, 2003)
Q-score IS||T|(1+ RMSD j3)2 N/A (Krissinel and Henrick, 2004)
1 e 1 (Zhang and Skolnick, 2004)
TM-Score ) s 2 TM-Score > 0.5 (Zhang and Skolnick, 2005b)
Lmll] i—1 1 + ( 07, )
= 1.24 YLyman —15-1.8 (Xu and Zhang, 2010)
. N, _ ¢0-84RMSD+1.25 . (Ilyin et al., 2004)
TopoFit e TopoFit > 3 .
P SRMSDF1.64 _ 0.84RMSD+1.25 P - (Leslin et al., 2007)
RMSD X100
RMSDx100 7 . N,
GSAS Ne—Ng »77¢ = 71d N/A (Kolodny et al., 2005)
99.9, Ne < N,
RMSD X Lin (Kleywegt and  Jones,
SI B — N/A November 1994)
° (Kolodny et al., 2005)
1+ N. (Kleywegt and  Jones,
MI 1- - N/A November 1994)
RMSD .
1+ /1:5)(1 + Lmin) (Kolodny et al., 2005)
Relative
2N (Sippl, 2008)
Similarity 100X ——— N/A ety . .
(TOPMATCH) IS|+|T| (Sippl and Wiederstein, 2008)
1 NE .
TALI — Y e Sy, RO N/A (Miao et al., 2008)
Ne i=1
1 1
SP-score 3% L.07 > T ooz 02 SP-score > 0.523 (Yang et al., 2012)
(SPb) min 5,<8 +( ‘/4)
1 1
- —0.2
SP-score 3((|S‘+‘T‘)/2)0.762 1+(5ﬁ/4)2

(SPa)

<8
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SSAP (Taylor and Orengo, 1989; Orengo and Taylor, 1990, 1996) is one of the earliest au-
tomatic methods for protein structural alignment. SSAP looks for local structural similarities
which it sums up into an aggregate global alignment. Significance criteria, normalised to have a
maximum value of 100, is defined (Orengo and Taylor, 1996) as in Table 2.2 above. A value in
the range 60-70 refers to a pair of structures approximately in the same Class. A value in the
range of 70-80 indicates a pair of structures with a similar Fold, and a value above 80 implies
a close structural relationship.

The DALI (Holm and Sander, 1993) algorithm introduced an elastic similarity score based
on distance matrices. This allows DALI to recognise structural relationships which rigid scoring
functions cannot find accurately of even at all. The DALI score is intended to compensate for
structures that are not rigid by using a relative (averaged) distance, rather than an absolute
distance between residues. DALI also defines an empirical z-score to determine the significance
of an alignment. The DALI z-score is based on an empirical distribution of DALI scores as a
function of the size of the protein (to eliminate any length dependence).

The Structural Alignment Score (SAS) (Subbiah et al., 1993) and Gapped SAS (GSAS) (Kolodny
et al., 2005) are simple geometric scores which combine the RMSD after superposition and the
number of equivalent residues and the number of gaps in the alignment. Kolodny et al. (2005)
define two other simple geometric scores to aid in deciding between alternative alignment qual-
ity scoring functions. These are the Similarity Index (SI) and the Match Index (MI). The
TOPMATCH (Sippl, 2008) relative similarity score is a similar simplistic geometric score (see Ta-
ble 2.2).

Subbiah et al. (1993) introduce a scoring function which, in Table 2.2 is referred to as the
STRUCTAL _score. This score has some statistical basis and has become somewhat of a standard
for small modifications such the the MaxSub (Siew et al., 2000) score. TM-Score (Zhang and
Skolnick, 2004) is a further modification to remove the length dependence of the STRUCTAL
scoring function with an empirical cut-off value. The TM-Score is then defined in relation to
the length of one of the structures being aligned. The authors of the SP-Score (Yang et al.,
2012) measure argue that TM-Score is not fully length independent, and propose a further
modification to the length independent score. Instead of scaling the cutoff value, a normalisation
factor is used. The Q-Score defined by SSM (Krissinel and Henrick, 2003, 2004) is defined in
a similar fashion but can be computed faster because it does not require a summation over all
correspondences.

Critical Assessment of Structure Prediction (CASP) is a regular competition for the pre-
diction of protein structures from their sequences. The scoring function used for ranking the
quality of entries to this competition is the Global Distance Test: Total Score (GDT_TS) (Zemla,
2003). This scoring function sets four increasing distance thresholds and defines its score as the
average proportion of correspondences that fall within these distance thresholds. Zemla (2003)
also defines a stricter version of GDT_TS, called GDT_HA or GDT: High Accuracy with a tighter
set of distance thresholds (GDT_TS thresholds halved). GDT_TS is the first of two scoring func-
tions that make up an LGA score (referred to in this thesis by LGA_S3 because this is the output
description of the program supplied by Zemla (2003)), the second being the Longest Continuous
Segments (LCS). LCS is defined as the longest contiguous section of corresponding residues that
fall below a user-supplied distance threshold. The LGA_S3 score fixes a set of thresholds for LCS
and mixes it with GDT_TS using a weighted average for thresholds: smaller thresholds having a
greater impact on the score than larger thresholds. These scoring functions are easy and fast
to compute, but simplistic. MAMMOTH (Ortiz et al., 2002) defines a similar structural score called
Percentage of Structural Similarity (PSI), which is defined as the proportion of correspondences
below a distance threshold of 4A.
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Uniquely amongst the scoring function described here is TALI (Miao et al., 2008), which
uses a torsion angle distance based on the statistical density of the ¥ and ¢ torsion angles in
the Ramachandran-Ramakrishnan-Sasisekharan plot (See Section 2.1.5).

In summary, except for some notable examples that have a statistical basis (especially
STRUCTAL score (Subbiah et al., 1993) and TALI (Miao et al., 2008)), the scoring functions
mentioned above are ad hoc combinations of heuristic measures of alignment quality. There is
no consensus on how to measure structural alignment quality, as each score arbitrarily weighs
a measure of coverage against a measure of fidelity to arbitrate between alignments. Recent
reviews have shown that, as a result of these ad hoc formulations, the alignments obtained
from programs using these measures often contradict each other (Kolodny et al., 2005; Sippl
and Wiederstein, 2008; Hasegawa and Holm, 2009; Slater et al., 2013; Ma and Wang, 2014).
However, it is recognised that in individual instances, some of these ad hoc measures gener-
ate useful alignments for biologists that are able to interpret different aspects of structural
relationships through, for example, aligned active and binding sites or similarities of protein-
protein interfaces (Hasegawa and Holm, 2009; Grishin and Phillips, 1994). Nevertheless, in
the majority of cases, these contradictory results do highlight a severe disconnect between the
rapidly growing number of methods and the quality of the structural alignments that programs
using them generate. These quality measures do not provide any framework to meaningfully
capture similarities and differences between competing alignments This traditional approach to
formulating an ad hoc scoring function from key alignment quality criteria, has been extensively
explored over the last four decades. The foundations for a radically new method of objectively
and rigorously selecting an alignment from a set of alternatives is described in the next section.
This is applied to the problem of quantifying alignment quality described in Chapter 4.

2.3 Summary

This chapter has presented general biological background on proteins and protein structure
required to understand the research presented in subsequent chapters. It also summarises
the field of protein structure comparison methods. There are a very large number of these
methods which is doubling approximately every 5 years (Hasegawa and Holm, 2009). All of the
scoring functions presented above make a trade-off, in some form, between alignment coverage
and goodness of fit. The terms involved in this trade-off are highlighted in the equations in
Table 2.2. A cursory examination of this table reveals a lack of agreement on how to measure
structural alignment quality. Without this, the notion of best (or optimal) alignment can
neither be rigorously defined nor searched for (Hasegawa and Holm, 2009).
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Chapter 3

Introduction to Statistical Inference

“The supreme goal of all theory is to make the irreducible basic ele-
ments as simple and as few as possible without having to surrender the
adequate representation of a single datum of experience.”

— A. Einstein (1933)

This chapter provides a primer on the probabilistic and statistical concepts used in the
research presented in the rest of the thesis. In doing so, it introduces key ideas involving the
theory of probability and statistical inference. In particular, it provides a broad overview
of inductive inference using the Minimum Message Length (MML) principle, a framework
that underpins the methodology used for the research introduced in this thesis.

33
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3.1 Definitions and Notations

Random experiment, trial, outcome and event: A random experiment is a procedure
that can be repeated as many times as under the same conditions, where the result
is uncertain. For example, rolling a die, or tossing a coin. Each repetition of a procedure
is called a trial. Each trial has an outcome. The set of outcomes of a random experiment
is called an event.

Sample space and random variable: The set of all possible events (outcomes) for a given
random experiment (trial) is called the sample space € of that experiment (trial). The
sample space of an event (outcome) can be a discrete set of possibilities, or a continuous
set of possibilities. For example, if the random experiment is to toss a coin twice, let
the first trial resul in Heads, and the second trial results in Tails. The outcomes of the
experiment are (Heads, Tails). The sample space for the trials is {Heads, Tails}. The
sample space from the experiment is {(Heads, Heads), (Heads, Tails), (Tails, Heads), (Tails,
Tails)}. Based on the underlying procedure, each repetition of a random experiment
(trial) can potentially yield a different event (outcome). A random variable X defines
a mapping function X :  — R that maps an event (outcome) w € Q of a random
experiment (trial) to a distinct real valued number e € R, not to be confused with the
probability of the event (outcome). If the random variable X produces an outcome w
that maps to the value e, this is denoted as X = e.

Event probabilities and distributions: Each event (outcome) e from a random experiment
(trial) has a probability, denoted by Pr(X = e). (For brievity, this is also represented
as Pr(e).) Note that these probabilities, over the sample space of the experiment (trial),
are often non-uniform. The function that assigns probabilities for all measurable set of
events (outcomes) over the entire sample space of a random experiment (trial) is called a
probability distribution. By the total probability theorem, ZVei ex Pr(X =¢;) = 1. For a
sample space that is discrete, the distribution is called the probability mass function. For
a sample space that is continuous, the distribution is called probability density function.

Joint, marginal and conditional probabilities: If X and Y denote two random variables,
which are not necessarily independent, then they are said to be joint random variables.
Intuitively, the random variables are joint when an experiment (trial) produces an ordered
pair of outcome values e, and e,.For example, the probability that a card drawn from a
deck of 52 cards is both red and an eight. The joint probability of the outcome X = e,
and Y = e, is denoted by Pr(X = e,, Y = ¢,). For brevity, this is also represented as
Pr(e,,e,). The marginal (or unconditional) probability of the outcome value e, is:

PriX =e,) = E Pr(X =e,;,Y =¢,)
———
marginal Vey, €Y
probability

The conditional probability of the outcome X = e, given (or conditioned upon) the
outcome Y = e, is:

Pr(X=e,,Y =¢,)
Pr(Y =e¢,)

Pr(X=e,]Y =¢,) =

~~
conditional probability
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For example, what is the probability of the card drawn from the 52 card deck being an
eight, given that it is known to be red.

Product rule of probability: For joint random variables X and Y, the product rule gives
the relationship between joint, marginal and conditional probabilities as:

PriX=e,,Y=¢,) = Pr(X=¢,)Pr(Y =¢|X=¢,)

i

Vv
joint probability

= Pr(Y =¢,) Pr(X =¢,]Y =¢,)

It is easy to see that, if the two random variables are independent of each other, repre-
sented as X_ 'Y, then product rule becomes:

Pr(X=e,,Y =¢,) =Pr(X=¢,)Pr(Y =¢,)

Bayes theorem (Bayes and Price, 1763): This fundamental theorem follows from the prod-
uct rule and can be used to characterise the probability of an event (outcome), based on
conditional probabilities related to that event (outcome) as:

prior probability

of X = ey Likelihood of Y = ey
7\ 7\
7 7 N
Pr(X =e,) Pr(Y =¢,|X =¢,)
PriX=e,]Y =¢,) =
~ = Pr(Y =e¢,)
v Y
posterior probability
of X = e, after prior probability
observing Y = ey of Y =ey

In this Bayesian interpretation of the product rule, each probability term reflects a degree
of belief (see Section 3.2 for details). Specifically, Pr(X = e,) and Pr(Y = e,) are the ini-
tial degrees of belief (or priors) about the outcome X = e, and Y = e, respectively. The
conditional probability term Pr(Y = e,|X = e,) gives the degree of belief (or likelihood)
of the outcome Y = ¢, given that X = e, has been observed. Finally, the conditional
probability term Pr(X = e,|Y = ¢,) gives the degree of belief (or posterior probability)
of the outcome X = e,, having accounted for the outcome Y = e,

Expectation of a random variable: For a random variable X, whose outcome values, e, are
mapped to real numbers, each with probability Pr(e), the expectation of X, represented
as E(X), defines the average outcome value of X under the probability distribution of
X. When the random variable has a discrete set of outcomes, then the expectation
can be formalised as: E(X) = > . .xePr(e). And for a continuous set of outcomes:

E(X) = [,.ex € Pr(e)de.

3.2 Probability, Information and Entropy

Over the last few centuries, the precise meaning of probability has been interpreted in many
different ways. However, two interpretations stand out and are widely used (Hajek, 2003):

Physical interpretation of probability: In this interpretation, the probability of an out-
come is objectively determined as the relative frequency of an outcome in a long run
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of trials from a random experiment. For example, if an experiment containing 10 trials
of tossing a coin produces the string of outcomes: HTHHTTTHTT, then the probability of
getting Heads in the next toss with the same coin is estimated by this relative frequency
definition as: 0.4.

Evidential or Bayesian interpretation of probability In this interpretation, any propo-
sition can be assigned a probability that reflects a subjective plausibility or degree of
belief about that proposition. This is founded on, and supported by empirical evidence.
For example, the proposition “all swans are white” can be assigned a probability of (say)
0.85. This degree of belief may arise from the available evidence, and can be updated in
the face of new evidence.

The degree of belief (Bayesian) interpretation of probability, for some outcome X = e,
is tied to the measure of information I(e) conveyed by the statement of that outcome. But
what is information? According to Wallace (2005), information is something that decreases the
uncertainty about some outcome. Intuitively, in this context the measurement of information
of an outcome can be seen as the length of the shortest statement (or message) conveying that
outcome.

Such a measure of information is a continuous and decreasing function of probability. For two
outcome values {eq, es} of the same random variable X, if Pr(e;) > Pr(ey), then I(e1) < I(eg).
In the extreme case, when Pr(e) = 1 then /(e) = 0: that is, no (extra) information needs to be
conveyed about an outcome that is certain. Further, suppose that e; and e, are two independent
outcomes. Then, it is easy to see that the measure of information of both these outcomes,
I(ey,e9) is simply the sum of individual measures of information: I(ej,es) = I(ey) + I(eg).
Since, as stated above, information is a function of probability, I(e;, es) is a function of the
joint probability Pr(ej, es) of the independent event which can be expressed as Pr(e;) Pr(es).
In other words, information (as the function of probability) is additive when probabilities are
multiplicative.

Bringing all of these observations together through the landmark work of Claude E. Shan-
non (Shannon, 1948), the mathematical function that fits all the above requirements is:

1
Pr(e)

This measure of information is defined as the Shannon information content of the outcome
e (MacKay, 2003). Equation 3.1 suggests that, given the probability of event e is Pr(e), the
length of the message required to explain the event is equal to the negative logarithm of the
probability of e.

The unit of Shannon information content depends on the base of the logarithm used. For
base-2 logarithms, the unit is bits. Thus, the measure of information in base-2 can be seen
as the length of message in bits required to encode the statement of the event e over a noisy
binary channel (such as the internet).* To further understand Shannon information content
consider, for example, tossing an unbiased coin, giving equally likely outcomes: heads or tails.
The probability of the coin landing on either side is 0.5. Applying Equation 3.1: —log,(0.5) = 1
bit. Therefore, 1 bit of information is required to uniquely state (or encode) the outcome of an
unbiased coin flip.

Another closely-related concept to Shannon information content is Shannon entropy. The
entropy of a random variable X is defined as its average (or expectation of ) Shannon information

Shannon Information content: [(e) = log( ) = —log(Pr(e)) (3.1)

*The logarithm defined in other bases changes the unit of Shannon’s information content. For instance,
using the natural base-e yields the unit nats or nits, while using base-10 yields digits or hartleys.
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content: H(X) =E(I(X)). If X is discrete, then Shannon entropy of X takes the form:

= Z Pr(e)I(e) Z Pr(e) log(Pr(e))

VeeX VeeX

When the random variable is distributed continuously, the sum in the above equation is replaced
by an integral:

H(X) = L ex Pr(e)I(e)de = —L GX Pr(e)log(Pr(e))de

As with Shannon information content, the base of the logarithm indicates the units in which
entropy is measured.

3.3 Statistical Inference, Model Comparison and Selec-
tion

Statistical inference involves arriving at a hypothesis (or a theory) about the underlying dis-
tribution of empirically observed data. However, in many real world settings, the data often
comes from a process that has an unknown true (probability) distribution. Typically, a hy-
pothesis is defined using well-characterised probability distribution(s) (or model(s)) to explain
the observed data. Thus, statistical inference commonly involves comparing a countable set of
well-characterised statistical model(s), and selecting a suitable model that best describes the
observed data, while simultaneously inferring its statistical parameters. In other words, many
real world inference problems are often reformulated as problems of model comparison and
selection, and of parameter estimation of the selected models.

Inferring hypotheses on the given data is not merely a data analysis task, it can potentially
allow predictions about unobserved (future) data, and also facilitate decision making based
on the data to optimise some utility (or objective) function (Oliver and Baxter, 1994). In
this regard, the Bayesian framework provides the foundation of model selection and inference,
supports prediction of unobserved data, allows updating beliefs about the current hypothesis in
light of additional data, and provides a utility function for decision making. Before considering
inference in this Bayesian framework, the notation required to support this discussion is defined.

3.3.1 Notations Supporting Statistical Inference

The rest of this chapter will use the following notations, commonly used in the statistical
inference literature (Wallace, 2005; Wallace and Boulton, 1975; Wallace and Freeman, 1987;
Farr and Wallace, 2002):

© denotes the (super)set of all possible hypotheses (also theories/models/parameters).
X denotes the (super)set containing all possible observations of the data.

§ € © denotes a particular hypothesis (theory/model/parameter) from the set ©. In this chap-
ter, @ is used interchangeably with .

x € X denotes a particular instance of the observed data. In this chapter z is used interchange-
ably with D.

—

h(0) denotes the prior probability density function of 0 before any data has been observed.
This gives the prior probability Pr(#) for any given hypothesis H.



38 CHAPTER 3. INTRODUCTION TO STATISTICAL INFERENCE

—

g(f|x) denotes the posterior probability density function of 0 after the data has been observed.
This gives the posterior probability Pr(#|D).

f(x]6) denotes the likelihood function. This gives the probability Pr(D|H), of data D assuming
that the hypothesis H is true.

r(z) denotes the marginal (or unconditional, prior) probability function. This gives the uncon-
ditional probability of the data, Pr(D).

J (5, x) denotes the joint probability density function. This gives the joint probability of the
hypothesis and the data, Pr(H, D).

3.3.2 Statistical Estimators and Common Methods of Parameter
Estimation

A statistical estimator is a function of the observed data, © : X — ©, that is used to estimate
(guess) an unknown parameter of some statistical model that describes the data. Since this is
a function of the observed data x € X, the estimator é)(m) is the random variable, where the
specific values that this function produces 6 = @(a:) are called the point estimates.

For some given data D, let H define some hypothesis, where a hypothesis implies the sup-
porting statistical models (with statistical parameters). The aim is to estimate the parameters
of the hypothesis. The statistical estimator that generates these estimates should possess,

amongst others, the following three key properties (Wallace, 2005):

Invariance to reparametrisation (model reparameterisation invariance): Let the pa-
rameters of the hypothesis H be defined in some O-space. Consider any reparameteri-
sation that transforms the parameters (invertibly) to some ®-space under a one-to-one
mapping, Reparameterise : © — ®. The estimator is said to be invariant to reparametri-
sation if, for any such transformation, the point estimate in the ®-space, (i)(x), is equivalent
(under the inverse of that transformation) to the point estimate in the ©-space, é(l’)

Invariance to transformation of the data space (data transformation invariance): Let
the observed data defined in some X-space be invertibly transformed into some Y-space
under a one-to-one mapping, Transform : X — Y. The estimator is said to be invari-
ant to the transformation of the data if the point estimate of the data in the Y-space,

O(y € Y) is equivalent (under the inverse of that transformation) to the point estimate
of the data in the X-space, O(z € X).

Zero bias of the estimator: Let §* be the true parameter of a statistical model generating
the observed distribution of data f(z|6*). Then the bias of an estimator (with respect
to the true parameter 5*) is defined as the difference between the expectation of the
statistical estimator over the distribution f(z|6*) and the true parameter:

Bias(O(z), %) = E(O(z)) — 6*
For an unbiased (or zero bias) estimator, E(O(z)) = .

Given these properties, three popular methods of parameter estimation used to address
statistical inference problems are discussed below.



3.3. STATISTICAL INFERENCE, MODEL COMPARISON AND SELECTION 39

Maximum Likelihood Estimation

The maximum likelihood (ML) approach to parameter estimation involves, as the name sug-

gests, choosing an estimate (parameter value) fy, that maximises the likelihood function f(z|6).
The ML estimator is then:

Oy = argmax f(a:‘]g)
Voo
Intuitively, this amounts to choosing the parameter value that is most likely to have resulted
in the observed data. This estimator is both, model reparameterisation invariant and data
transformation invariant. However, the maximum likelihood estimator is a biased estimator.
Often, when © space is continuous, this method involves evaluating the function at its
extremum when d% f(xz|@) = 0. However, this approach is only useful if each 6 € © is equally

probable. In other words, this assumes that the prior density function h(g) is uniform. This
is only appropriate when no prior knowledge exists about the distribution of ©. However,
more generally this assumption is very limiting until the prior probabilities are satisfactorily
accounted for during estimation.

Bayesian Point Estimation of Posterior Mean, Median and Mode

Bayes theorem (Bayes and Price, 1763), as encountered earlier in Section 3.1, is reformalised in
Equation 3.2. This allows restating the degree of belief in an hypothesis in light of new evidence.
That is, the conditional probability of the hypothesis H given the data D is proportional to the
probability of H multiplied by the conditional probability of D given knowledge of H. More
precisely, the general form of Bayes theorem used for the inference problems is:

Pr(H) x Pr(D|H)

Pr(H|D) = Pr(D)

(3.2)

Expressing the same in terms of the joint probability (Pr(#, D)) by applying the product rule
results in the following:

Joint Pr. Prior on H Likelihood
— —~ —
Pr(#,D) = Pr(H) xPr(D|H)
Pr(D) x Pr(H|D) (3.3)
Pri D Posteri

Using the functional notations in Section 3.3.1, the above can be written as:

—

§(0,) o h(6) f (10) o r(x)g(6]2),

or more generally as:

— — —

g(0]x) o h(6) f (x]6).

There are several traditional Bayesian methods to summarise (using point estimates) the
posterior distribution g(#|x) using this Bayesian formulation:

Mode estimate of the posterior function: This estimate maximises the posterior density func-
tion as:

A —

O node(g iy = argmax g(0lz)
\ISC)
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Note that the mode of the posterior distribution is not invariant under non-linear trans-
formations of both model parameters and data.! Another issue with this estimator is that
it greedily chooses the peak of the posterior distribution, ignoring the probability mass in
that region; there may be other peaks in the distribution that holds significantly larger
posterior probability mass.

Mean estimate of the posterior function: This estimate gives the expectation of the random
variable © on the posterior density function g(6|z) as:

emean(g(é]x)) = E(@) = /V‘B_)GG eg( ‘l’)de

As in the case of the mode estimate, this form of estimation is also not invariant under
non-linear transformations of either parameters or the data.

Median estimate of the posterior function: This estimate finds the particular value of the hy-
pothesis that satisfies the following property:

- —

@l [ 9(0l)ad = 0
1) €O V00

o /
median(g(0|x oo
(9(01) Vo< I»EG)

Unlike the mean and mode estimates above, this form of estimation is indeed invariant
under non-linear transformation of parameters and data. However, this method does not
generalise well to models containing multiple parameters, and can return estimates from
the region of the posterior distribution that have low probability.

median(g(0) median(g(0]

Information-Theoretic Methods of Point Estimation

A complementary view to Bayesian point estimation and model selection can be derived using
the notion of information. In the Bayesian framework, this involves replacing probabilities with
the measure of information content. As seen in Section 3.2, the measure of information varies
according to the probability. The landmark work of Shannon (1948) showed that the Shannon
information content (Section 3.2; Equation 3.1) can be defined as the length of the shortest
(optimal) code required to uniquely and losslessly state (communicate, describe, explain) an
event, e, with a probability Pr(e) as:

I(e) = —log(Pr(c))

In the nineteen sixties several researchers independently proposed connections between in-
formation theory and statistical inference (Solomonoff, 1964; Kolmogorov, 1963; Wallace and
Boulton, 1968; Chaitin, 1966). The Minimum Message Length principle (Wallace and Boulton,
1968) gave the first practical demonstration of its application to statistical inference. Wallace
and colleagues subsequent work gave rise to a mature branch of statistical inference relying
on Shannon’s measure of information (Wallace and Boulton, 1968, 1969; Boulton and Wallace,
1973; Wallace and Boulton, 1975; Rissanen, 1978; Wallace and Freeman, 1987, 1992; Allison
et al., 1992; Wallace and Patrick, 1993; Dowe et al., 1996; Wallace, 1998; Wallace and Dowe,
1999; Farr and Wallace, 2002).

"For instance, this thesis uses set of points that can be expressed as Cartesian coordinates (x,y,z) or
equivalently as Spherical coordinates (7,6, ¢). One representation is a non-linear and invertible transformation
of the other.
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The MML principle provides the basic framework for the research on the structural align-
ment problem presented in this thesis. The fundamental ideas and methodologies behind the
MML principle are briefly explained below. However, for a comprehensive treatment of this
topic, refer to Wallace (2005).

3.3.3 Minimum Message Length Inference

Wallace and Boulton (1968) developed the first information theoretic criterion for inductive
inference and model selection. Minimum Message Length (MML) is a Bayesian framework that
links information theory (Shannon, 1948) and lossless data compression to Bayesian statis-
tics (Bayes and Price, 1763), and provides a practical and reliable way to discriminate between
competing models (or hypotheses), and to select good model(s) (and estimate their parameters)
that explain the observed data.

The MML principle posits that the best model H of the observed data D is the one that can
explain (state) D in the shortest message length. This can be seen from an information-
theoretic restatement of Bayes theorem in Equation 3.3 above. Applying the notion of Shannon
information content (Equation 3.1) to Bayes theorem (Equation 3.3) arrives at:

[H, D)= I(H) +I(D|H) (3.4)
model-part data-part

Thus, as a general principle, model selection under the MML framework finding the model
that minimises the two-part message length. The first part is the statement of the hypothesis,
‘H, which is used to describe the observed data, D. The second part is the statement of the
observed data assuming H to be true.

MML Inference as a Hypothetical Communication Process

MML is best understood as a communication process between a hypothetical transmitter (Alice)
and receiver (Bob) connected over a shannon channel. Alice wishes to encode and send the D
succinctly in such a way that Bob can reconstruct it exactly as Alice observes it. Alice and Bob
agree on a codebook, a rulebook of communication protocols they both agree on. Alice must
then choose a H based on the data. Once this is done, Alice can encode and transmit the data
over a two-part message: in the first, she encodes and transmits the hypothesis to Bob, while in
the second she encodes and transmits the data given the hypothesis and then transmits it. The
two-part message received on Bob’s side should be decodable so that the data can be recovered
without loss. The goal for Alice is to choose a hypothesis such that the transmission of the
data over a two-part message results in the shortest possible message over the entire space of
hypotheses.

While this communication framework deals with encoding and decoding, in practice, no
information is actually transmitted. MML inference deals only with measures of information
and not with the actual mechanics of encoding and decoding. Therefore, MML inference
is only concerned with the Shannon information content of various terms in the two-part
message.

Hypothesis Complexity-versus-Fit Trade-off

Any hypothesis has a certain descriptive complexity. A complex hypothesis (one with more
free parameters) can predict (fit, ezplain) a greater variety of observed data than a simpler
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hypothesis (one with fewer free parameters). Therefore, in order to choose the best hypothesis
for any inference problem, one is confronted with a trade-off between hypothesis complexity
and how well it predicts the observations.

The MML principle naturally balances hypothesis complexity with the ability of the hy-
pothesis to accurately describe the data. While explaining a complex hypothesis requires a
long I(H) message, such a hypothesis may be able to describe (fit) the data more concisely,
decreasing the length of the I(D|H) message required to describe the data. Alternatively, as-
serting a simple hypothesis requires a shorter message I(#), but if it is poor at explaining the
data, might increase the length of the message I(D|H) for stating the data. This trade-off
between hypothesis complexity and how well the hypothesis fits the data is perfectly captured
by MML and clearly mirrors the trade-off between coverage and fidelity required to solve the
protein structural alignment problem (see Section 2.2.5).

Precision of Statement Issues

The MML principle has been explored above in very broad terms, without exposing the reader
to many important, subtle and practical issues that arise from its seemingly simple formulation.
Specifically, the lossless communication of a message requires some precision of statement for
the terms involved in the message. Further, the two-part message involves the statement
of statistical parameters (supporting the hypothesis) and the encoding of the data given the
parameters. Both of these (as is normally the case) involve the transmission of real-valued
entities that have also to be stated to a certain precision (otherwise, the message length can be
arbitrarily long if the transmission involves arbitrarily precise real numbers).

For most statistical inference problems, the precision of statement of data (or precision of
measurement) is a property of the data.

Precision of Measurement (PoM)
All continuous data has some amount of measurement error. That is, no continuous data can be
stated ezxactly to infinite precision. € denotes the precision to which the data can be measured, a
value that is a property of the data.

On the other hand, the precision of statement of parameters (or precision of parameter values)
must be inferred from the data.

Precision of parameter values (PoPV)

It is important within the MML framework for the chosen model to have all of its param-
eters stated (the model must be fully parameterised). The question then becomes to what
precision those parameters should be stated, since Bob does not know the parameters: that
is, to what PoPV will Alice need to state the parameters in order to minimise the two part
message length.

Therefore, in addition to finding the right model, the MML framework simultaneously needs
to address the problem of finding the PoPV. This precision has an important implication to
the two-part message length (see Equation 3.4): as the precision of statement of parameters
becomes coarse, the first part of the message (parameter-part) shortens, while the second part
of the message (data-part) typically grows, because the coarsely specified parameters do not
explain the data so well. Here arises the non-trivial problem of finding the optimal precision
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to which parameters must be stated, that most applications of MML must handle (MacKay,
2003).

The following sections explore the details of model selection in the MML framework, in
addition to the treatment of precision of parameter values. This leads to the strict formulation
of MML inference.

Strict Minimum Message Length Inference

Consider the set, X, of all possible data. Alice observes some subset x € X which she wishes
to state over a message. One approach to addressing Minimum Message Length inference
involves discretising the data space X and mapping each observed data x € X to a value
Orrarr = O(z) € O, which forms the MML estimate of - (Wallace and Boulton, 1975; Wallace
and Freeman, 1987; Farr and Wallace, 2002).}

To establish this discretisation, define the marginal probability of 8,/ computed in terms
of the sum of marginal probability of a subset of s in X as s(@aarr) = S, ot O@)=bnrary, T (T)-
Using this, the two-part message to state some x € X is as follows: the first part transmits
the hypothesis in I(yar) = —log(s(faarz)) bits; the second part transmits the data given
the hypothesis in I(z|0yar1) = — log(f(z|0aarz)) bits. However, this two-part message cannot
be decoded by the receiver (Bob) since the encoding of the model parameters in the first part
depends on the specific data x that is being encoded in the second part. To work around
this, the strict minimum message length (SMML) inference aims to minimise, instead, the
expectation of the two-part message length, over all z € X (Farr and Wallace, 2002):

Tsun(6,2) = =3 s(0)log(s(0)) = 3 r(w) log(f(x10)).

ée@ zeX

Thus, the goal of SMML inference is finding the mapping or discretisation ©: X — O that
minimises the above expected message length. The algorithmic complexity issues of undertaking
this discretisation are handled in Farr and Wallace (2002), which proves that SMML inference is,
in general, an NP-hard problem. Hence, this strict formulation of MML on practical inference
problems becomes intractable. Nevertheless, very good approximations of SMML estimates
have been previously proposed (Wallace and Boulton, 1968; Wallace and Freeman, 1987) and
are briefly described in the subsequent section.

Wallace-Freeman Approximation of SMML

Wallace and Freeman (1987) give a quadratic approximation of SMML inference. This is
shown below for a model with a vector of parameters (Oliver and Baxter, 1994). Following
this derivation, several approximations used to simplify the MML two part message length
computation are introduced. Finally, a derivation for a specific model is undertaken after this
as a motivating example.

Consider N observations of identical and independently distributed (i.i.d.) data, x € X,
each with a precision of measurement (PoM) of €, being modeled using a statistical distribution
with a d-dimensional parameter vector 0. Beginning with the general MML statement for the
two-part message length for x using 0

—

1(G.2) = 1(8) + I(«|6) (3.5)

fNote that since the data space is being discretised, this mapping need not be one-to-one between X and
O. Often, multiple subsets of data are mapped to a single estimate, Oasasr.
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Unlike SMML inference were it is required to discretise the data space X, the approximation
of Wallace and Freeman (1987) considers a discretisation of the parameter space ©.

Let the precision of the parameters values (PoPV) of # describe a discretised region V(6)
of imprecision whose volume is given by V(67) Then, considering the message length of the
first part, I (5), the Wallace and Freeman (1987) approximation assumes that the prior density
function h(g) is constant within the volume of imprecision of the parameters, and is represented
as:

1(0) = —log(Pr(d)) = — log(V (0)h(A)) (3.6)
Expanding the set of notation introduced in Section 3.3.1, let the negative log likelihood function
be defined as £(0) = —log f(x|f). Furthermore, to compute the second part of the message

I (x\g), consider its expectation by integrating the likelihood f (x]g) in the region corresponding
to V(0):
— — 1 — —
E[I(2|0)] = E[- log(Pr(z|0))] = ﬁ/ [ﬁ(e +7) — Nlog e] dv
V(0) Jva)
where  + o are the set of all parameter values defined by the discretised region V(0).

The integral above can be approximated by considering the Taylor series expansion of the
negative log likelihood function up to the quadratic term:

» -
E[I(z]0)] ~ L L( )+ﬁa£(j +119Taf(4)19 dv
V(9) Jv@ o0 2 00007
» -
/ L(0)dv + ac()dml/ g L0 54,
) \Jv@) v@) 00 2 Jvey 00007
YR
~ —Nloge+ L( )+2V1(4)/ﬂ1572%(219 dv (3.7)
V(0)

Since:

1ﬁ/ L£(6) dv=L(A) and ;/ 5a£(ﬁ) dv=0
V(0) Jv@) V(o) Jve 00

Substituting Equations 3.6 and 3.7 into Equation 3.5 gives:

> 2 - 1 D*L(0)
1(0,2) ~ —log(V(0)h(0)) — Nloge + L(0) + q/ I dw 3.8
(¢, ) (V(0)h(8)) (6) @ b di0r (3:8)
where > ogéT) is the matrix of second order differentials of E(@) which is also known as the observed

Fisher information matrix (Casella and Berger, 2001). However, this matrix is dependent
on observed data of which the receiver has no knowledge. To avoid an infinite regress of
deciding the precision of the parameters based on the data, replace the observed Fisher with
the expected Fisher, F (9), as per Equation 3.9, thus making the message decodable, as V(@)
will be independent of the observed data.

—

0

F(0) = 5| 220
00007

8000 T

~
~

(3.9)
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This gives:

). 2) ~ —lo Nh(0)) — Nlog e ) L 9T F(6)ddv
I1(0,2) = —log(V(6)h(0)) — N log +£<8)+2V(H)/V( v F(0)0d

Since F (5) is a real square symmetric matrix, its eigen decomposition is given as: F (5) = SAST,

where A is a d x d diagonal matrix of eigenvalues. Note that AT = A. Therefore, the integrand
in the above message length equation can be simplified by defining the following transformation:

—

T F(0)d = 9T SASTI
= BAB', where B = JTs
— BA'?AY?BT, where A'2AY? = A
=y'y, where y = A'/*BT

Therefore, y in terms of J is: .
y=A"STY (3.10)

- — -,

Let p(¢) be the transformed prior density of h(f), and let V'(¢) be the transformed volume of
uncertainty (imprecision) associated with V' (6):

(@) = h(0)— = (3.11)

Thus, in ¢-space, the message length becomes:

- - —

(6, 2) ~ —log(V'(¢)p(¢)) — Nloge + L(6) + =E[y ] (3.12)

DO | —

where the model has two parameters, the expected value of 'y can be expressed in terms of
the d-dimensional optimal quantising lattice constant (Conway and Sloane, 1984), kg4, as in the
following;:

E(y'y) = draV'(¢)1 (3.13)
Substituting Equation 3.13 into the expression for the message length gives:

- - —

I1(0) ~ ~log(V'(B)p(8)) — Nloge + L) + SwaV' () (3.14)

At this point it is necessary to find the optimal discretisation of the prior distribution, or PoPV
(V(#)) that minimises (6, x). This is achieved by differentiating Equation 3.14 with respect

-

to V'(¢) and setting it to zero:

100, 1 -
8(7%):_ H‘F/'idvl( )%—120
ov'(¢) V'(¢)
This can be solved as:
1 -
— = gV (¢) 17
V()
- _d
V'(¢) = Ky
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—,

Substituting this optimal value for V'(¢) into Equation 3.13 gives:

E(y'y) =d
Thus, from Equation 3.12, the message length expression becomes:

—, —, —

1(6,2) ~ —log(V'(¢)p(¢)) — Nloge + L(8) +

N | QL

—, —

From Equation 3.10, V'(¢) can be expressed in terms of V' (6):

—, —

V'(¢) = Jacobian(A*ST)V () = Jacobian(A'?)V (6)

Therefore:

which, substituted into Equation 3.11, gives:

—

~—

. h(
det(F(6))

Finally, substituting this and the optimal value of V' (gg) into the expression for the message
length gives the Wallace-Freeman approximation for the message length with two parameters:

1(0,z) ~ glog(/id) — log(h(6)) + 5 log(det(F( ) — Nloge + L(6) +

. J/ N

(3.15)

CCIEY

~ —~
—

first part: I(6) second part: I(z|6)

The Wallace and Freeman (1987) MML estimate is, therefore, given by minimising Equa-
tion 3.15.

Derivation of Wallace and Freeman (1987) Approximation of Parameters for the
Normal Distribution

This section reproduces, from Wallace (2005), the derivation of the Wallace-Freeman approxi-
mation of data modelled using a Normal distribution with unknown parameters for mean, g,
and standard deviation, o. Let the data be ¥ = x1, x9, ..., x, and likelihood function be:

F( &, o) 1]':[ exp< Z o 2)

=1
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Assume that each datum is measured to the precision (PoM) of € and € < o. The negative log
likelihood function is:

N

) N vy — p)?

L(p,0) = —log f(F|p, o) = 7 log(2) +N10g"+z( 202M)
=1

The first and second derivatives of the negative log likelihood function with respect to the
parameters are:

N

oL (i — )
(‘M__; o?

7L _N

oz o2

9L N al

= _1/.3 )2
9 =~ )
”L__N 3y 2

det(F(p,0)) = —

Substituting this and the above expression for £ into Equation 3.15 gives:

1((4.0). %) = log(s2) ~log(h(u.0)) + ¢ log (%)%log(zm

= (@i — p)’
+ Nlogo—Nloge+ > M 11 (3.16)

: 202
1=1

Assuming that p and ¢ have independent priors. With little prior knowledge, assume there is
no reason to prefer any particular location for the distribution and, therefore, the prior density
for p is uniform within a range, R,. Furthermore, assume a bland prior on ¢ that expects o
to be small, with a density proportional to % That is, log o has a uniform prior density over a

range, R,. In this scenario:
1 1
h — (=
w0 () (o)
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—log(h(p,0)) = —log ((R%) (0113))

=log R, +logo R,
= logo +log R, R,

Thus,

Which, substituted into Equation 3.16 above and letting v* = > (x,, — u)?, gives:

. 1 2N2\ N v?
I((p,0),Z) = log(ke)+log o +log RuRo+§ log | —- +E log(2m)+ N log o — N log €+ﬁ+1
o o

Note that the unbiased estimates for the mean and standard deviation are: p/ = & 3, @y, and
o' =4 /ﬁ. Which, substituted into the above equation gives:

1 1 2
I((,0),) = log(ry) +log RuRy + 7 log(2N?) + (N — 1) log (NU— 1)

N 2m N -1
—1 — — 41 1
+ 5 0g(€2>+ 5 + (3.17)

Equation 3.17 is the expression for the message length of N data points modeled by a normal
distribution using the Wallace-Freeman approximation for unifom priors. The MML estimates
for p and o that minimise I((u, o), &) correspond to the solutions of g—i =0 and g—fr = 0. These
are:

N N
. 1 R 1 .
famrn = - E x; and Oy = N_1 ;_1 (zi — )°

=1

MML Inference When an Explicit Fisher Information Matrix for a Hypothesis
Cannot be Defined

The previous section described how model parameters can be estimated using the quadratic
approximation method of Wallace and Freeman (1987). This method is directly applicable
when the hypotheses are backed by statistical models with real-valued parameters. However,
not all statistical inference problems define hypotheses of this kind. For instance, consider the
problem of hierarchical classification of N items with K attributes. A hierarchical classification
hypothesis will have to specify (at least) the following five pieces of information (Wallace and
Boulton, 1968):8

1. The number of classes.
2. The hierarchical tree of these classes.
3. The model (or distribution function) for each class in the classification.

4. The class to which each of the N items belong (and this could be either a deterministic
or a probabilistic membership depending on the type of the classification problem).

$Recall from Section 3.2, that information is additive.
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5. The deviations of each item from its assigned class in the proposed/hypothesised classi-
fication.

Comparing these enumerated items against the MML’s two-part message framework (see Equa-
tion 3.4), one can conclude that the first three items form the first part (model-part) of the
message, while the last two items contribute to the second part (data-part) of the message. It
may be true that each item corresponding to the classification problem (or any inference problem
in general) can individually be supported by statistical distributions (with unknown param-
eters) and, hence, their expected Fisher information matrix may be computable and applied
only individually for each item (information term). However, finding the Fisher information
collectively for all the terms involved in the hypothesis can be intractable, if not impossible, in
some cases. Therefore, in such cases, the MML objective is framed to minimise the two-part
message by individually accounting for the message length terms of all its constituent pieces
of information (Wallace and Boulton, 1968). Therefore, the MML inference in such cases is
done by breaking down each of the two-part message into individual terms (message blocks),
whose Shannon information content are computed separately, under the objective that the total
(as sum-of-the-parts) message length is minimised. The problem of structural alignment
considered in this thesis falls into this category.

3.4 Codewords, Prefix-Free Codes and Universal Codes
for Integers

While the MML framework requires only the measure of information of various terms (and does
not actually require any encoding or decoding scheme), for completeness, this introduction of
MML is concluded by providing a brief overview of codes and encoding.

Over a binary Shannon channel, each message length term is a long sequence of bits con-
taining many codewords. Each codeword is bit string (often of variable length) containing
an encoded piece of information that the sender (Alice) wants to transmit, losslessly, to the
receiver (Bob). The length of a codeword is simply the number of bits that go into forming
that codeword. Therefore, a lossless message is a concatenation of a set of codewords that is
decodable at the receiver’s end.

Information theorists and computer scientists are interested in constructing codewords for
a set of possible symbols generated from some source that is producing these symbols. Each
codeword should exhibit the following properties:

1. Uniquely encode a symbol,
2. Contain enough information so that the encoded symbol is decodable, and

3. Be non-redundant so that the code is efficient (or contain more information than is re-
quired).

As seen in Section 3.2, theoretically, the shortest lossless code for a symbol is given by the
negative logarithm of the probability of that symbol. In practice, the length of the codewords
vary according to the entropy in many useful codes. Such codes are not only of variable-length
(dictated by the statistical model supporting the encoding of the symbols) but also prefiz-free.
A prefix-free code has the property that no two codewords share a common prefix bit string.!

TPrefix-free codes are uniquely decodable, but not all decodable codes are prefix-free.
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The Huffmann code is an optimal (non-redundant), variable-length, prefix-free code (Huff-
man, 1952). The most common use of prefix-free codes is for encoding integers (or any countable
set of things over an infinite range).

Provided the range of values to be expressed is known and each value has a uniform prob-
ability, the optimal code length to state any integer in the range is simply the logarithm of
the size of the range. However, if the range of values is not known, an alternative method is
required. Elias (1975); Rissanen (1983) and Wallace and Patrick (1993) give methods to state
positive integers from an unknown range. Each essentially chooses a variable length integer
representation and transmits it. However, since the range is unknown, the length of the value
being transmitted should be transmitted first, and the length of that length and so on. This
regression, however, decreases in size very rapidly as it takes the form:

log #(n) = log(n) + log(log(n)) + - - -

for all positive terms, where n is the size of the original integer representation to transmit.
Rissanen (1983) gives:
Linteger () = log *(n) + log,(2.865) (3.18)

where 2.865 is a normalising constant such that the sum of all values from the distribution
is 1: >0, 2~ finteger(®) = 1.0, In some cases, when using this encoding scheme, the range of
integers that must be encoded begins at zero: 0 < n < oco. In this case, [iteger(nn) is defined
as: linteger(n) = log *(n + 1) + log,(2.865). This method of variable-length encoding for
integers is used extensively throughout this thesis.

3.5 Summary

Statistical inference is the process of selecting a hypothesis based on some observed data, facil-
itating the prediction of unobserved data. In this context, a hypothesis is a fully parameterised
statistical model. The parameters of the statistical model are estimated using an estimator that
should have at least the three key properties of: invariance to reparameterisation, invariance to
transformation of the data space, and zero bias. Fitting these criteria, The Minimum Message
Length (MML) framework for inductive inference provides a practical, reliable, and objective
method for model selection. MML does this by linking Bayesian statistics and information
theory with data compression. The next chapter will present a method for applying MML
to the problem of selecting the best protein structural alignment hypothesis. This method is
grounded in rigorous statistical methods and lossless data compression.



Chapter 4

A Framework for Assessing Alignment
Quality Using Information Theory

“We can only see a short distance ahead, but we can see plenty there
that needs to be done.”

— A. M. Turing (1950)

This chapter presents an MML based framework for assessing protein structural alignment
quality. This framework treats a structural alignment as an instance of the general class of
inference problems, where an alignment is a hypothesis explaining the structural relation-
ship between two proteins. Each alignment hypothesis is seen as an attempt to explain the
coordinate data of the pair of proteins. The explanatory power of each alignment is then
quantified, using principles of information theory, as the amount of lossless compression
obtained from encoding the coordinate data of the proteins using the knowledge of the
correspondences provided by the alignment. This framework is then benchmarked, using a
large set of SCOP domain pairs, against other popular structural alignment scoring func-
tions. Additionally, a set of alternative alignments suggested by Zu-Kang and Sippl (1996),
which are ambiguous in terms of RMSD and number of correspondences, are examined
in detail. Finally, the level of agreement between scoring functions on the SCOP data is
quantified and found to be minimal, except when the scoring functions are closely related.
This confirms the findings of Kolodny et al. (2005); Hasegawa and Holm (2009); Sippl and
Wiederstein (2008); Slater et al. (2013) and Ma and Wang (2014) which indicate that the
current state-of-the-art structural alignment programs produce contradictory results.

This chapter is based on the paper: Collier, J. H., Allison, L., Lesk, A. M., Garcia de
la Banda, M., Konagurthu A. S. (2014). A new statistical framework to assess structural
alignment quality using information compression, Bioinformatics 30(17): i512-i518.
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4.1 Introduction

s introduced in Section 2.2, a pairwise alignment is an order-preserving assignment of one-
to-one correspondences between the amino acids of two proteins. While alignments can
be computed based on sequence information alone, structural alignments (which are computed
based on the conformational similarity) are generally accepted to be more reliable, since struc-
ture changes more conservatively than sequence in the evolution of protein domains (Richard-
son, 1981; Chothia and Lesk, 1986; Murzin, 1998; Edwards and Deane, 2015). Indeed, struc-
tural alignments are often used as the standard by which to judge the quality of sequence
alignments (Mizuguchi et al., 1998; Walle et al., 2005; Edgar, 2010).

The problem of aligning protein sequences is very well understood: many rigorous statistical
models have been proposed to quantitatively assess sequence alignment quality (Karlin and
Altschul, 1990; Altschul, 1991; Allison et al., 1992). This has, in turn, helped standardise the
task of measuring sequence alignment quality and, thus, the task of generating meaningful
sequence alignments. In fact, it has been argued that newer sequence alignment methods yield
diminishing (if any) improvements, in so far as an evolutionary relationship can be inferred
from sequence information alone (Edgar, 2004).

The mature statistical basis of sequence alignments stands in stark contrast to the current
state of the art for structural alignment methods. The last four decades have seen the develop-
ment of many methods aimed at producing biologically meaningful structural alignments, with
the number of new methods estimated to be doubling every five years (Hasegawa and Holm,
2009). Several comparative studies have observed many inconsistencies and paradoxes when
comparing the alignments generated by existing methods. Noteworthy among these studies
are those by Kolodny et al. (2005); Hasegawa and Holm (2009); Sippl and Wiederstein (2008);
Slater et al. (2013); and Ma and Wang (2014). A common theme emerging from all of these
studies is the need for a systematic framework to asses the quality of structural alignments.
While a handful of quantitatively rigorous statistical models for structure comparison have been
proposed for this (for example, see Levitt and Gerstein (1998)), there is no consensus regarding
their usefulness.

Guided by good biological insights, current structural alignment methods define a scoring
function to quantify the structural alignment quality. This has traditionally been achieved by
combining the contributions of a small number of important criteria into an easy-to-compute
scoring function, as seen in Section 2.2.5. Broadly, in their different manifestations, these cur-
rent scoring functions use two key criteria: coverage and fidelity. Typically, coverage measures
the number of correspondences in an alignment and, in some cases, also considers the number
of gaps. Fidelity, measures how similarly positioned the aligned residues are. Fidelity is com-
monly (but not always) based on the root-mean-square deviation (RMSD) computed after the
least-squares superposition of corresponding residues is found (see Section 2.2.3).

To search for the best structural alignment, the goal of alignment programs is to simultane-
ously maximise coverage and fidelity. However, these two objectives are in direct conflict with
each other (Irving et al., 2001). Most of the proliferation of quality scores for protein structural
alignments arise from attempts to reconcile this conflict, with scoring functions differing mainly
in how they make the trade-off between these two criteria. This has lead to a situation where
existing scoring functions produce conflicting results, even when aligning structures that have
only moderately diverged in evolution (Kolodny et al., 2005; Hasegawa and Holm, 2009; Slater
et al., 2013). Since this traditional approach to formulating a scoring function has been explored
extensively over the last four decades, further development along the same methodological lines
is unlikely to provide any major breakthrough.
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In this chapter, a radically new approach to assessing the quality of a protein structural
alignment is proposed. This approach uses the information-theoretic Minimum Message Length
(MML) (Wallace and Boulton, 1968; Wallace, 2005) criterion. This method has a statistically
rigorous foundation and it overcomes the reliance of existing approaches on formulating an
ad hoc trade-off between coverage and fidelity. This MML based method, as explained in
Section 4.3, can make a natural and objective trade-off between these two objectives. This
chapter is best contextualised using the background information for the structural alignment
problem provided in Section 2.2.2 and that for MML inference provided in Section 3.3.

4.2 Review of Popular Alignment Quality Measures

This chapter uses nine of the most widely accepted structural alignment scoring functions for
benchmarking: DALI z-score (Holm and Sander, 1993), GDT_-TS and LGA_S3 (Zemla, 2003),
MI and SI (Kleywegt and Jones, November 1994; Kolodny et al., 2005) SAS (Subbiah et al.,
1993), GSAS (Kolodny et al., 2005), STRUCTAL score (Subbiah et al., 1993; Gerstein and Levitt,
1998; Levitt and Gerstein, 1998), and TM-Score (Zhang and Skolnick, 2005b). While these
scoring functions were introduced in Section 2.2.5, they are described in more detail below as
this is necessary to fully analyse the results presented in Section 4.8. For some of the measures
described below, the criteria for statistical significance is unclear. However, a method such as
that used by Holm and Sander (1998) or Levitt and Gerstein (1998) to compute an empirical
z-score is widely applicable to all alignment methods. As in Table 2.2, coverage and fidelity
terms will be highlighted in blue and red respectively.

DALI score introduced the concept of elasticity based on the alignment of distance matrices
(see Section 2.2.4). The score is intended to compensate for plastic deformation in structures by
using a relative intra-structure distance between C, atoms, rather than the distances between
corresponding residues after least-squares superposition. The formulation of the DALI score is
as follows:

DALI_score = Z d3;

ij
i=1 j=1

Ne Ne (QF _ IIO’/;?,-*“’7,:1_}||e(d;,/a)Q7 i ]

{®E7 =]
In this formulation, N, is the number of correspondences, i and j are indexes of the " and
the j** pair of corresponding residues, d° and d” are the intra-protein distance matrices for
proteins S and T, ©F is a similarity threshold, set to 0.2, allowing for deviations between
adjacent matched secondary structural elements, and a = 20A, is an empirical value for the
size of a typical domain. Each matrix cell in d° and d? contains the intra-structural distance
between the residues within a structure, where d7; is the average of distance between the ith
and j* corresponding C, atoms in S and T di; = 0.5(d;§- + d;). The DALI_score evaluates
coverage by summing the score over all corresponding pairs in .S and 7', and fidelity by taking
the difference in intra-residue distances between the two structures.

The DALI program, which uses DALI_score to evaluate structural alignments, defines an
empirical, length-independent z-score to evaluate the statistical significance of an alignment.
Given a pair of protein structures, (S,T), with lengths, |S| and |T|, a length term of L =



54  CHAPTER 4. AN MML FRAMEWORK FOR ASSESSING ALIGNMENT QUALITY

VS| x |T| is first computed. Using this, the DALI z-score is defined as follows:

L' =7.95+0.71L — 0.000259L% — 1.92 x 10753
DALI_score — I/
0.5 x L/

Z — 8SCore =

An alignment between a pair of structures that share a similar fold or topology are usually
assigned a DALI z-score greater than 2 (Holm and Sander, 1998). The z-score is measured
as the number of standard deviations from the mean of the distribution of DALI scores from
an all-vs.-all comparison. This value is theoretically unbounded. As the DALI z-score is a
transformation of the raw DALI score and a measure of significance, it will be used as bench-
mark alignment quality measure instead of the raw DALI_score. Without accounting for the
construction of the distance matrices, the DALI score is a quadratic, O(N?), time operation.

STRUCTAL score (Subbiah et al., 1993; Gerstein and Levitt, 1998; Levitt and Gerstein, 1998)
was developed to outperform methods relying on intra-protein distance matrices such as DALT
(above). The STRUCTAL score measures fidelity as the distances, d’s, between corresponding
C, atoms. Alignment coverage is indirectly accounted for by summing over all corresponding
residues, and also more directly, by subtracting the number of gaps (IV,) from the score. The
STRUCTAL _score has the following form:

Ne

STRUCTAL_score ; T 10N,

In the above equation, N, is the number of assigned correspondences, M is the maximum score
given to any given correspondence which is empirically defined to be 20A, d; is a threshold dis-
tance which is set to 5A. The range of values from the STRUCTAL_score is unbounded. Though
Levitt and Gerstein (1998) provide a method for computing a z-score (see Table 2.2), no thresh-
old for similarity is set. Therefore it is unclear what values of the STRUCTAL score constitute a
statistically significant alignment. It is easy to see from its definition that the STRUCTAL_score
is a linear, O(N,), time operation in the number of correspondences.

TM-Score (Template Modelling Score; Zhang and Skolnick (2004)) is a modification of the
STRUCTAL _score. TM-Score attempts to remove the dependence on the length of the protein
chains being aligned. It defines a normalisation constant, dy, as a function of the length of the
largest structure: dy = 1.24¢/max(|S], |T|) — 15 — 1.8. The constants are obtained empirically
in order to ensure consistent length normalisation. The formulation is similar to that of the
STRUCTAL _score above:

Ne

TM-S ! > !
-Score = —
min(| S|, |T1) &1 + (5 /ao )?

In this equation, N, is the number of assigned correspondences, J; is the distance between the
i pair of corresponding C,, atoms after least-squares superposition. The authors of TM-Score
do not clearly define a threshold for statistical significance (Xu and Zhang, 2010). However, a
TM-Score larger than 0.3 is said to have a p-value of less than 0.001, and a TM-Score greater
than 0.5 is said to come from alignments of structural pairs in the same fold (Xu and Zhang,
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2010). The time complexity of TM-Score is linear in the number of equivalences: O(N,).

GDT_TS (Global Distance Test: Total Score; Zemla (2003)) is a score originally designed for use
in measuring the quality of structures predicted from sequence. GDT_TS measures the average
number (coverage) of well-fitting residues (fidelity) as a percentage of the total number of
correspondences (V). ‘Well-fitting’ in this case means the corresponding pairs of C, atoms
with distances (after least-squares superposition) below a set of distinct pre-specified thresholds
which are set to 1A, 2A, 4A, and 8A. There is an alternative definition of the global distance
test (GDT) measure, with tighter distance thresholds, called GDT high accuracy (GDT_HA). In the
high accuracy version, the distance thresholds are halved to: 0.5A, 1A, 2A, and 4A. GDT_TS
takes the following formulation:

24 Nsi<cy
GDT_TS = 100 x % , C;€{1.0,2.0,4.0,8.0}A

In the above equation Nj <, is the number of correspondences superimposed with a distance
below a threshold, C; € {1.0,2.0,4.0,8.0}A. The result is normalised such that the range of
possible values is between 0 and 100. However, the criteria for determining the statistical signif-
icance for an alignment is unclear. GDT_TS requires a least-squares superposition which can be
accomplished in O(N,) time, and the count of well-fitting correspondences takes O(N,) time.
Therefore, GDT_TS is a linear, O(N,) time computation.

LGA_S3 (Local Global Alignment Score; Zemla (2003)) is also designed for measuring the quality
of structures predicted from sequence. LGA_S3 is a weighted combination of two other scoring
functions. LGA_S3 simply provides these two scoring functions parameters in the form of a set
of increasing distance thresholds, D, for the distance between corresponding C, atoms. LGA_S3
then weights the results. In practise, this means that tighter (smaller) distance threshold
parameters are given greater weight. The weighting function, W, takes the following form:
D| |D|—i+1

2 PEHEE(D,)
(1+ D) x |D[/2

W(F, D) = (4.1)

In this equation, F is one of the two scoring functions (discussed specifically below) used by
LGA_S3, and D is a set of increasing distance thresholds. The final result is normalised based on
the number of thresholds, |D|. The set of distance thresholds is iterated over, at each iteration
a threshold is provided, as a parameter, to F' and the result is weighted (between 0 and 1). The
weighting becomes smaller for each iteration, as the thresholds become larger. For example, if
D contains 10 thresholds, on the first iteration the result from F will be given the weight 1.0.
On the 5 iteration the assigned weight will be 0.6, and on the final iteration the weight will
be 0.1.

The two scoring functions used by LGA_S3 are called GDT (Global Distance Test, which
provides the global aspect of the score) and LCS (Longest Continuous Segments, which provides
the local aspect of the score). The definition of GDT is similar to that of GDT_TS as described
above. Instead of a set of threshold parameters, only one, t, is provided at a time:

N,
GDT(t) = 100 X %

e



56 ~CHAPTER 4. AN MML FRAMEWORK FOR ASSESSING ALIGNMENT QUALITY

LCS computes the longest set of contiguous correspondences (with intervening gaps) that
superimpose below a given threshold. This can be defined mathematically by letting M be the
set of all possible sets of contiguous correspondences. Then M; is a particular set of contiguous
correspondences, and M;; is the j™ correspondence in the i contiguous set of correspondences.
Using this notation, LCS can be defined as:

LCS(t) = max({||M;]| | V4, M;; <t}) VM, € M

In this equation, ¢ is a threshold parameter. Sets of contiguous correspondences in M are
selected if they match the condition that every correspondence in the set, M;, is less than the
threshold. The length of longest of the sets that match this condition is the result of the LCS
scoring function.

Finally, LGA_S3 combines GDT and LCS, using the weighting function (W, see Equation 4.1
above) with a user defined weight, w, as follows:

LGA_S3 = w - W(GDT, {0.5,1.0,...,10.0}) + (1 — w) - S(LCS, {1.0,2.0,5.0})

LGA_S3 first applies the weighting function, W, as defined above to the GDT scoring function
with the set of thresholds, C; = {0.5,1.0,...,10.0}. Then the weighting function is applied to
the LCS scoring function with the set of thresholds, C; = {1.0,2.0,5.0}. The results of these are
summed according to the user defined weighting parameter, w, which has a range of 0 < w < 1.
The range of values from LGA_S3 is 0 to 100. However, the criteria for determining the statistical
significance for an alignment is unclear.

The time complexity of LGA_S3 is bound by the computation time for LCS and GDT_TS. As
discussed above, GDT_TS takes linear time, O(N,). The time complexity of LCS is quadratic in
the number of correspondences, O(N?) because it needs to find all contiguous corresponding
segments. There are a fixed constant number of thresholds to iterate over, therefore, the time
complexity of LGA_S3 is quadratic in the number of correspondences, O(N?).

SAS (Structural Alignment Score; Subbiah et al. (1993)) and GSAS (Gapped Structural Align-
ment Score; Kolodny et al. (2005)) were devised as independent measures of alignment quality
to be used for the benchmarking of many protein structural alignment programs. This bench-
marking was carried out by Kolodny et al. (2005). The SAS makes a simple trade-off between
the fidelity as measured by the RMSD after least-squares superposition, and the coverage as
measured by the number of assigned correspondences as follows:

100 x RMSD

SAS =
Ne

GSAS extends SAS in order to account for gaps by subtracting the number of gaps (NN,) from the
coverage term. In effect, this penalises gaps in the alignment. In the case where the number
of gaps is larger than the number of matches, GSAS concludes that the alignment is poor and
assigns it the worst possible score: 99.9. For all cases where N, > Nyqp5, GSAS is defined as:

100 x RMSD

GSAS =
N. — Ny

The best possible alignment is given a cost of 0 from both SAS and GSAS, there is no upper
bound for SAS. The worst possible score for GSAS is 99.9 However, the criteria for determining
the statistical significance for an alignment is unclear. The time complexity for both SAS and
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GSAS is linear in the number of correspondences: O(N,). This is due to the computation needed
for a least-squares superposition (see Section 2.2.3).

MI and SI (Match Index and Similarity Index; Kleywegt and Jones (November 1994)) were
devised for use by the LSQMAN (Kleywegt, 1996) alignment program. Along with GSAS above,
these scores are also used as independent measures for the evaluation of protein structural
alignment methods (Kolodny et al., 2005). SI has a similar formulation to SAS with the same
coverage and fidelity terms:
min(|S|, |T]) x RMSD

Ne
MI is a normalised score, taking values between 0 and 1. Following the notation of Kolodny
et al. (2005), MI is defined to be 1— the original version of the score. In this sense, values of
MI closer to 0 indicate better alignments. The formulation takes the following form:

SI =

14+ N,

=1
il (1 +w x RMSDY(1 + min([S]. |7]))

In this equation, w is a user defined weighting parameter. Kleywegt and Jones (November
1994) suggest values for w in the range of 0.1 to 1. Kolodny et al. (2005) use the specific value
of w = 2/3, and this value is also used throughout this thesis. The criteria for determining the
statistical significance for an alignment using either of these measures is unclear. The time
complexity for both SI and MI is bounded by the computation of the RMSD term, which takes
O(N,) time.

Each of the protein structural alignment scores discussed above treat coverage and fidelity
in ad hoc terms. The next section will present a new way of thinking about the alignment
problem, where a statistically rigorous foundation is built on information theory and statistical
inference.

4.3 Structural Alignment as an Inductive Inference Prob-
lem

The goal of inductive inference is to propose a theory (or hypothesis) that is best able to explain
the observed data. The selection of the best structural alignment fits naturally into the general
class of inference problems, since a structural alignment is a hypothesis that attempts to explain
the residue-residue relationships between protein structures whose observed data are the 3D
atomic coordinates.

MML (Wallace and Boulton, 1968; Wallace, 2005) provides a practical information-theoretic
criterion for hypothesis selection based on observed data (see Section 3.3.3). A framework based
on MML is used in this chapter to formulate an objective assessment criterion for structural
alignment quality, one that can reliably differentiate between the quality of competing align-
ments. As explained in Section 3.3.3, MML attempts to transmit, losslessly, the observed data
using a hypothesis. The shorter the combined two-part (hypothesis + data) message is, the
more favourable the hypothesis is regarding the data. Conceptually, this transmission occurs
between some hypothetical transmitter and receiver. However, no actual encoding or transmis-
sion is required in order to compute the length of the two-part message. The data here are the
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3D C, atomic coordinates of a pair of protein structures: (S,7T),* and the hypothesis is the
alignment, A.
Two possible scenarios arise from this description:

(1) If the two structures are unrelated to each other, one cannot do better than to encode
and transmit the information of the two structures independently, one after another.
That is, knowledge of one structure does not inform the receiver about the other and,
thus, knowledge of the atomic coordinates in S cannot be used to compress the atomic
coordinates in 7T". This form of independent transmission is called the null model message.

(2) On the other hand, if the two structures are related (i.e.,, if there is a meaningful align-
ment between the two), then knowledge of the coordinates in S informs the receivers
expectations of the coordinates in 7. The more closely related the structures, the more
information one reveals about the other. The transmitter can therefore use this similarity
to compress the coordinates in T using what the receiver already knows about the coordi-
nates in .S. In order for the receiver to decode the coordinates in T losslessly (i.e., to the
precision to which the transmitter sees the original data), they will require the coordinates
in S plus the proposed relationship (i.e.,, the structural alignment) to 7. This allows the
transmitter to encode T" more concisely than stating 7" using a null model. Herein, this
form of transmission will be referred to as the related model (R-model) message.

This MML framework for structural alignment is intuitive. If the proposed alignment re-
lationship is a poor one, then the encoded R-model message will be inefficient (i.e., long).
Alternatively, if the alignment relationship is a good one, then the R-model message length
becomes efficient (i.e., short). Therefore, the total message length of the lossless transmission of
coordinate data using an alignment hypothesis forms an excellent measure to assess the quality
of this structural alignment. It follows that the best structural alignment is the one with the
shortest total two-part message length of lossless transmission.

4.3.1 An Information Measure of Structural Alignment Quality

Formally, let A denote some alignment between the coordinate data of a pair of protein struc-
tures, (S,T). The proposed measure estimates the Shannon information content (Shannon
(1948); see Section 3.2) which states that, given an event E with probability Pr(E), the infor-
mation content of E is — log,(E) bits.

In this context, the information content (or length) pf the null model message, where S and
T are assumed to be unrelated can be simply stated as:

Inull(<Sv T)) = - 10g2(Pr(S)Pr(T))
]nuu(S) + ]nuu(T) bits. (42)

Similarly, the information content (or length) of the R-model message I(A, (S,T)), is the
negative logarithm of the joint probability of the alignment hypothesis and the data:

I(A, (S, T)) = — log,(Pr(A, (S,T))) bits.

*S and T are used to refer specifically to the 3D coordinate data in two structures.
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Using the product rule of probability over the events A, S and T

Prior of alignment Likelihood

—~ ———
Pr(A, (S, T)) = PrA) Pr((S.T) | A) (4.3)
Pr(A.(S.T)) = Pr((S.T)) Pr(A| (5. 7)) (4.4)
Prior of data Posterior

where Pr(A, (S,T)) is the joint probability of the alignment A and the structure coordinates
in S and 7. This product rule can be restated in terms of Shannon’s information content by
applying a negative logarithm to both sides of the equation:

—log,(Pr(A, (S,T))) = —logy(Pr(A)) — log,(Pr((S, T) |4))

J

—~ N~ ~

1(A(S.T)) 1(4) 1(ST)A)
= logy(Pr((5,T))) —logy(Pr(A[ {5, T)))
1(S.1)) 1(A|(5.T))

Therefore, the total R-model message length for transmitting A, S, and T is:

I(A(S,T)) = w +I((S,T)|A) =1(A)+ I(S|A) + I(T|S,.A)

First part Second part
— I(A) + Lna(S) + I(T]S, A) bits. (45)
0~ ~ -~
First part Second part

where transmitting the alignment takes I(A) bits, transmitting the coordinate data from S
takes I,(S) bits, and transmitting coordinates from the target structure 7' using A and S
takes I(T'|S,.A) bits. In these terms, the first part of the message, I(.A), measures the alignment
hypothesis complexity (shown in blue). The second part of the message measures the fidelity
(shown in red). Note that I(S|A) = L,u(S) because S is assumed to be independent: A does
not inform S.

4.3.2 Statistical Properties of the Information Measure
The I-value measure has the following three key properties:

1. The difference between the lengths of the messages needed to transmit the structures S
and 7" using any two alignments, gives their log-odds posterior ratio.

Formally, given any two competing alignment hypotheses, A; and Aj,, the difference in
total message length between these is:

I(A2, (5, T)) = I(A2, (S, T)) = —log(Pr(Ay, (S,T))) + log(Pr(Ay, (5, T)))

B Pr(As, (S,T))
=l (Pr(Ah s T>>)

From the product rule of probability, for an alignment hypothesis, A:

Pr(A, (S, T)) = Pr((S, T))Pr(A| (S, T))
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Therefore, the log-odds posterior ratio between any two competing alignment hypotheses
A; and A, is:

This proposition is important when comparing competing alternative alignments between
protein structures S and 7', they can now be compared based on their message lengths:
the best alignment hypothesis, A*, is the one that results in the shortest message length
for 1(A*,(S,T)).

. The information measure permits a natural null hypothesis test where the statistical signif-

icance of any proposed alignment hypothesis can be estimated by comparing the R-model
message length with the null model message length. Any alignment hypothesis, A, with
and R-model message length worse (longer) than that of the null model message length
must be rejected:

If ](./4, <S, T>) Z Inu11(<S, T>> = nun(S) + ]nuu(T) Reject .A

This is because the null model hypothesises no relationship between the pair of structures,
(S, T). The coordinates of S and T are stated independently of one another. Therefore,
their transmission does not benefit from any compression. If a proposed alignment, A,
causes the message required to state I(A, (S,T)) to be longer, then it is a less likely
hypothesis by the reasoning from property 1 stated above.

This property is important in deciding whether S and 1" are related at all. Or, more gen-
erally, in deciding whether (and to what extent) a given alignment defines a relationship
between S and 7.

. The structural alignment problem involves a trade-off between the conflicting objectives

of maximising the coverage and fidelity. Note that coverage (in its various manifestations
in existing scoring functions) is a crude approzimation of the alignment hypothesis com-
plexity. Similarly, the fidelity of a structural alignment is approzimated using the RMSD
after least-squares superposition or using some distance measure.

The information measure provides an objective, formal trade-off between the coverage, as
measured by the complexity of the alignment hypothesis (.A) and the fidelity of the struc-
tures given the proposed alignment (I(7'|S,.A)). Unlike previous attempts, these terms
are not ad hoc approximations, as they represent rigorous estimations of the Shannon
information content based on lossless encoding and compression.

The following sections explore the details of computing the message lengths of each term in

Equation 4.5, I(A), Ih,u(S), and I(T|S,.A), using various encoding schemes. Note that these
encoding schemes are improved further in Chapter 5.
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4.4 Formulation of the Alignment Encoding Message Length:
I{A)

This section describes four possible methods of encoding the alignment string. While describing
these, the term index will be used to describe the number of columns encountered since the
beginning of the alignment, and the term offset will be used to describe the number of residues
in either S or T" that have been encountered since the last match state in S or T', respectively.

(a) (b)

Figure 4.1: (a) Order-preserving protein structural alignments can be encoded from as a string
derived from three-state automaton. (b) An example alignment of two protein sequences con-
taining all possible state transitions. Note that the transition from a delete state to an insert
state is not present because it is equivalent to the insert to delete transition. This example
contains two contiguous blocks of correspondences (highlighted).

An order-preserving alignment, A, between the pair of protein structures, (S,7’), defines a
state string over three states: match (m), insert (i), and delete (d) (see Section 2.2). This
string is derived from a Finite State Automata (FSA), as shown in Figure 4.1, and encoded as
a message. To be decoded, the receiver needs to know the length of the alignment (|.A]), plus
the contents of the string. The length of the alignment will be stated using the universal code
for positive integers as described in Section 3.4. This code transmits the length in fiyeger(|A)
bits.

Fixed Width Encoding: This method encodes the alignment as a string of states. In the
example from Figure 4.1(b) the string of states would be: “iiimmmidddmmmmd”. Each state in
the state string can be encoded over a uniform probability distribution. As an alignment can
be in three possible states, a state can be encoded in logs(3) = 1.58 bits. This will result in the
message length for any alignment, A, being the number of states in the alignment plus log,(3)
bits for each state:

Irixed wiatn(A) = linteger(|A|) + [A]logy(3)  bits.

As demonstrated in Section 4.4.1 below, this encoding method is too inefficient and is not
considered any further.

Time complexity: for computing I(.4) using this method is constant since only the length
of the state string is required.
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Corresponding Block Encoding: This encoding method treats an alignment as an ordered
set of contiguous, monotonic blocks of correspondences that do not contain any gaps. In the
example from Figure 4.1(b), such blocks are highlighted in gray. Each block of correspondences
can be identified by a tuple of three values: the offset of the first corresponding residue in S,
likewise for the first in 7', and finally the length of the block of correspondences. For the example
in Figure 4.1(b), the alignment has two blocks of correspondences which are highlighted: (0, 3, 3)
and (3,1,4). To make the message decodable, the transmitter must also state three preliminary
values: the number of (tuples representing) matched blocks in the alignment, and the number
of trailing i and d states that occur after the final matched block. Thus the encoding of the
example alignment in Figure 4.1(b) is: 2,0,1,(0,3,3),(3,1,4) as it has two matched blocks,
zero trailing insert states and one trailing delete state. All values are transmitted using the
integer code (see Section 3.4) resulting in:

[Block<-/4) - [integer<2) + Iinteger(o) + [integer(l) + [integer(o) + Iinteger(3> + Iinteger(3)
+ ]integer(3) + ]integer(l) + ]integer(4) bitS.

Time complexity: of this Block alignment encoding scheme is linear in the length of the
state string. This is because the string needs to be iterated over to find the indexes of the
blocks of correspondences.

Run Length Encoding (RLE): As before, this method encodes the alignment as a string of
states. In the example from Figure 4.1(b) above, the string of states would be: “iiimmmidddmmmmd”.
Biological macromolecules retain local similarities between related structures such as those cre-
ated by helical secondary structures. These are often aligned together as a contiguous run of
correspondences with contiguous runs of gap states (i or d) in between. Therefore, it may
be assumed that biologically significant alignments are generated by automata that only in-
frequently transition between different states and instead prefer to continue in the same state,
(see Figure 4.1(a)) usually resulting in long blocks of equal states.

This knowledge is used by the RLE encoding method to efficiently encode an alignment state
string as follows. Firstly, state the total number of contiguous runs in the alignment, which is
6 in the example from Figure 4.1(b). Then state the type and length of each run. Thus, the
example alignment state string in Figure 4.1(b) whould be encoded as: 6, (1,3), (m,3), (i, 1),
(d,3), (m,4), (d,1). All integer values are transmitted using the integer code (see Section 3.4),
while states are transmitted using a fixed-width code in log,(3) ~ 1.58 bits.

Time complexity: of the RLE method is linear in the number of states in the alignment state
string. Each state in the string needs to be examined to find the length of each run.

Adaptive First-Order Markov Model Encoding: An alternate method is to treat the
alignment state string as a sequence of transitions between states, rather than a sequence of
states. In the example from Figure 4.1(b), this would mean encoding the alignment state
string, “iiimmmidddmmmmd”, as a series of state transitions: (i — i), (i — i), (i — m),
(m—m),(m—>m), (m—1i), (i »>d), (d—d),(d—4d),(d—>mn), (m—m), (m—mn), (n—mn),
(m — d). For the sake of brevity, this thesis uses the notation, md to refer to the (m — d)
transition and so on. This series of state transitions can be encoded very efficiently using an
approach similar to the adaptive encoding method used by Wallace and Boulton (1969) over a
3-state Markov chain. This model permits 9 possible state transitions, mm, mi, md, im, ii, id,
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dm, di, and dd. Associated with each possible state transition is a transition probability, as
in Figure 4.2, Pr(mm), Pr(mi), Pr(md), and so on. The transition probabilities are constrained
such that the sum of all probabilities along edges leaving a state must sum to 1. For example,
Pr(mm) + Pr(mi) + Pr(md) = 1.

While the above probabilities can be computed for any given alignment on the transmitters
side, the receiver needs to know these probabilities in advance to be able to decode the align-
ment. An adaptive code is an efficient approach to construct a decodable message over this first
order Markov model. The adaptive encoding here requires maintaining nine running counters,
one for each possible transition probability, all initialised to 1. As a boundary case, the first
state is transmitted with a uniform probability of 1/3. Traversing the alignment string left to
right, for every observed transition, the transmitter estimates its probability by dividing the
current value of the corresponding transition counter by the sum of all counters from previous
to any state. After estimating the probability, the transmitter encodes the current alignment
state using this probability and then increments the corresponding counter by 1.

The code length to encode each state is the negative logarithm of its estimated probability.
Summing this over all state transitions in the alignment FSA string, and adding it to the
code length required to transmit the size of the alignment over the integer code results in the
estimation of I(A) using this method. From the adaptive transition probability estimates in
Table 4.1 below, the example in Figure 4.1(b) would be encoded with the following message
length:

Ivarkov(A) = Tinteger (15) — logy(1/3) — logy(1/3) — logy(2/1) — logy(1/5) — logy(1/3) — logy(2/4)
— logy(1/5) — logy(1/6) — logy(3/7) — logy(4/s) — logy(2/9) — logy(3/7) — logy(%/s)
— log,(3/9) — log,(%/10)

The example alignment in Figure 4.1(b) is encoded using the adaptive Markov method as
described above in Table 4.1.

Time complexity: for computing I(.A) using this method takes linear time in the length of
the state string. This is because each transition between states in the state string needs to be

examined in order.
Constraints: Pr(m@
Pr(mi) = Pr(md)
Pr(im) = Pr(dm)
r(di) = Pr(id) :
(11) — Pr(dd)

Pr(di)
Pr(ii)

Figure 4.2: A three-state automata, with transition probabilities marked, used for adaptive
first-order Markov encoding of an alignment. Symmetrical transition probabilities are enforced
according to the constraints listed on the left.
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Table 4.1: An illustrated example of the transmission of the alignment state string in Fig-
ure 4.1(b), “iiimmmidddmmmmd” using the Adaptive First-Order Markov encoding method. A
star (*) is placed next to a counter value when it is updated after being used to encode a
state transition. The state transition probability is estimated before the transition counters are
updated. These values are given in parentheses. Note that this update occurs in symmetrical
rows according to the four symmetry constraints listed in Figure 4.2.

Alignment

transitions: | i |i—i|i—i|li—»n|n—n| n—-n|n—i|i—-d|d—>d|d=>d|d—>n|n—n| n—n n—n| n—>d
m—m counter | 1 1 1 1 (1)2* | (2)3* |3 3 3 3 3 (3)4* | (4)5* | (5)6* |6
m—1i counter | 1 1 1 1 1 1 (1)2* | 2 2 2 2 2 2 2 3*
m—d counter | 1 1 1 1 1 1 2% 2 2 2 2 2 2 2 (2)3*
m—* total |3 | 3 3 3 B2 @5 o7 |7 7 7 7 M8 | ®9 | (910 | (10)12
i—m counter | 1 1 1 (1)2* |2 2 2 2 2 2 3% 3 3 3 3
i—i counter | 1 (1)2* | (2)3* |3 3 3 3 3 4* 5* 5 5 5 5 5
i—d counter | 1 1 1 1 1 1 1 (1)2* |2 2 2 2 2 2 2
isFtotal |3 |34 | (@5 | (56 |6 6 6 ©7 |8 9 10 10 10 10 10
d—m counter | 1 1 1 2% 2 2 2 2 2 2 (2)3* |3 3 3 3
d—i counter | 1 1 1 1 1 1 1 2% 2 2 2 2 2 2 2
d—d counter | 1 2% 3* 3 3 3 3 3 (3)4*% | (4)5% |5 5 5 5 5
a>*total |3 |4 5 6 6 6 6 7 M8 | (®9 | (910 |10 10 10 10
Estimated

probability 1/3 | 1/3 2/4 1/5 1/3 2/4 1/5 1/6 3/7 4/8 2/9 3/7 4/8 5/9 2/10

4.4.1 Selecting an Alignment Encoding Scheme

As illustrated above, there are many possible encoding schemes available to encode alignments.
The aim is to define the best encoding method, that is able to state an alignment using the
shortest possible message. To determine which of the above schemes is best, they were eval-
uated using pairwise benchmark alignments provided by the SABmark (Walle et al., 2005)
database. SABmark provides 29, 759 pairwise alignments in May 2016, when this evaluation
was conducted.

Each of the alignment encoding schemes above was used to compute the length of the align-
ment encoding, I(A), for all of the benchmark pairwise alignments provided by SABmark. The
results are plotted in Figure 4.3 using a notched box-and-whisker plot to show the distribu-
tion of encoding lengths . Based on these results it is clear that the Markov encoding scheme
provides the best compression among the methods discussed, closely followed by the Block
encoding method.

The Adaptive First-Order Markov scheme has a median encoding length for I(A) of 111.3
bits with an inter-quartile range of 68.09 bits. The next best is the Block encoding scheme
which achieves a median encoding length for I(A) of 131.9 bits with an inter-quartile range of
78.33 bits. The RLE encoding scheme achieves a median encoding length for 7(.A) of 145.4 bits
with an inter-quartile range of 90.7 bits. Finally, as expected, the naive fixed width encoding
scheme is much worse than the others. It achieves a median encoding length for (.A) of 324.9
bits with an inter-quartile range of 259.9 bits. Therefore, the Adaptive Markov encoding
scheme is used, for the remainder of this chapter, as the scheme for the estimation
of I(A) since it results in the shortest encoding length of the benchmark alignments
and the smallest deviation from its median.

4.5 Formulation of the Null Model Message Length: I,,,;(-)

The null model message transmits the protein coordinates in S and T independently, that is,
without an alignment hypothesis. This is done to either transmit S (for later transmission of
T using an alignment hypothesis) or to test the alignment hypothesis against the null model
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Figure 4.3: A comparison of the
Alignment message length statistics various alignment encoding schemes

] | presented in Section 4.4. The plot

N ; breaks the range encoding lengths
%zooo— | into four parts: the bottom line of
£ the box marks the 25" percentile
£ of the message lengths, the line
§°T | through the center of the box marks
% the median or 50" percentile of the
g ook | message lengths, while the top line
= ‘ in the box marks the 75" percentile
g | of the message lengths. The length
é” ol | | of the bottom and top whiskers rep-
% i 1 i ;esent the range of the first and
= ourth quartiles, respectively. The
ol e % % % | size of the notch shows the 95% con-

——— E — —— fidence interval for the median.

statement of S and T'. Recall that in this work, only the C, atomic coordinates are considered
(see Section 4.3). Recall also, that protein coordinate data are recorded to a precision of
three decimal places in the PDB (see Section 2.1.2). Even though this is not the experimental
precision to which protein structures are determined. In this work, the coordinate data is stated
to three decimal places so that the receiver can reconstruct the coordinate data to the same
precision, €, that the transmitter sees in PDB coordinate data files (see Section 2.1.2).

This section presents several potential null model encoding schemes. Note that a useful
null encoding scheme should be independent of the coordinate frame-of-reference: it should not
depend on the position and orientation of the structure in space.

Fixed-width encoding: The most naive Null encoding treats the (z,y, z) coordinate data
as a string of symbols drawn from a dictionary of 12 elements: {0,1,2,3,4,5,6,7,8,9, —,.}. For
example, a C, atom with coordinates x = —1.739,y = —34.450, z = 10.061 can be expressed as
the string: “—1.739 —34.45010.061”," which is 19 symbols long. Letting C' denote a chain of C,,
coordinates, a particular coordinate in C, C; is represented as a string of symbols containing
|C;| such symbols. The transmitter simply states the number of symbols in the string in
Linteger(|C5]) bits and then the transmitter encodes the string itself in |C;] log,(12) bits. Using
this measure, the chain of C, coordinates, C is encoded using a message with a length of:
Tfixed-wiath (C) = Tinteger (|C]) + [C| X (Linteger(|Ci|) + |Ci] logy(12)) bits.

Each symbol is assigned a unique fixed-size code of log(12) ~ 3.6 bits. Therefore, the
message length required to encode the example above, using the fixed-width encoding method
iS Linteger (19) + 1910g,(12) =~ 77 bits.

This encoding scheme has problems that make it undesirable as a null encoding model.
Firstly, this encoding method does not take advantage of crucial aspects of the protein structure,
especially the nature of the data as chain of coordinates. Furthermore, each symbol in the
dictionary is not equally likely and thus transmitting each symbol over a uniform distribution

fThe receiver can delimit = from y from z coordinates using the position of the decimal point. The next
coordinate begins after encountering three symbols after a decimal point.
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(where each symbol in the dictionary is assigned an equal probability) is inefficient, giving a
poor estimate for L, ((S,T)).

Time complexity: The time required to compute the null model message length depends
on the number of coordinates, and the number of symbols per coordinate. Since the number of
symbols per coordinate is essentially constant, computing the null model message length with
the fixed-width encoding model takes linear time in the number of coordinates in the chain,

o(|C]).

Bounding-box encoding: A more efficient encoding method bounds the space around a
protein chain with a cuboid, or bounding box. The space within the bounding box is then
divided into elements of size € x € x €. Any C, coordinate can then be stated as the coordinates
of an element to the correct precision of measurement. Firstly the transmitter establishes
preliminaries. The size of the bounding box may be encoded using the fixed-width encoding
described above. And the number of C, coordinates in the chain of atoms, C, can be encoded
using the integer code in fipteger(|C|) bits.

To encode the positions of each C, atom, let the bounding box have total edge lengths:
ox,dy, and dz. The x coordinate of any element within the bounding box can then be stated
in log (%) = log(dz x 1000) bits, and equivalently for the y and z coordinates. Therefore, a
chain of C, coordinates, C, is encoded using this scheme in: Ipounding-box(C) = Ilinteger(|C|) +
Tfixed-width (02) 4 Thixed-width (0Y) + Taixed-wiasn (02) + |C| X logy(dzdydz x 1000%) bits.

While more efficient in terms of message length than the fixed-width encoding scheme, this
bounding-box approach has similar problems to the fixed-width encoding scheme, including
not taking advantage of the fact that the protein is a chain of coordinates. The next encoding
scheme to be discussed rectifies this issue by accounting for the protein chain.

Time complexity: The time complexity for computing the null model message length using
this approach takes constant time, O(1). This is because no iteration is required.

Uniform-directional encoding: A better model that takes advantage of the nature of pro-
tein chains is defined by Konagurthu et al. (2012). This scheme represents the coordinates
of C, atoms using a spherical coordinate system with three axes: (r, (0, ¢)). This coordinate
system is orthogonal and equivalent to the Cartesian coordinate system.

Firstly, recall that the distance between successive C, atoms in a protein chain is highly
constrained around 3.8A (see Section 2.1.5). Given a chain of coordinates, C,Cs, ..., C,, any
coordinate C; can be transmitted given the previous C;_;, by first transmitting the radius r;
between C;_; and C; using a normal distribution N (r; p, o) stated to e = 0.001 A precision,
with = 3.8 A and ¢ = 0.2 A. The length of the message to encode r; is I(r;).

Lagins (15) = —10g2 (N (rj; p1, ) - €)  bits. (4.6)

This is the standard method to transmit the distance between consecutive C, atoms
which is used throughout this thesis.

With this information transmitted, the receiver now knows that C; lies on a sphere of radius
r; centred at C;_;, but does not yet know exactly where on the sphere Cj lies. Assuming that
C; is distributed uniformly over the surface of the sphere, the transmitter can discretise the
surface of the sphere into cells, each of area €?. Using this discretisation, C; can simply be
transmitted as a cell index number, c¢;, over a uniform distribution. With the knowledge of
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Cj_1, rj and ¢;, the receiver can reconstruct C; to € precision. Stating the cell index number
uniformly on a sphere with surface area equal to 47r; takes:

2

I(cj) = —log, (#) = log,(4mr?) — 2logy e bits. (4.7)

J

Figure 4.4: A stylised representation of the
uniform directional encoding model. The di-
rection of an unknown coordinate, C;, from
the position of a known coordinate, C;_1, is
\ encoded on the surface of a sphere dissected
| into cells with area €. Each cell is num-
bered (or indexed) according to an agreed
upon scheme. The index number of the cell
containing C; is transmitted with uniform

probability.

’//

-
}/

To transmit the chain of C, coordinates Ci,Cs,...,C, using this encoding model, the
message starts with the number of C, atoms in the chain, |C], followed by incrementally
transmitting (using the method above) the chain of coordinates. |C| can be transmitted using
the integer code in fipteger(|C|) bits (refer to Section 3.4). From Equation 4.6 and Equation 4.7,
the message length required to state a coordinate, C}, is:

Lan(C}) = Ladius(r:) + I(c;)  bits. (4.8)

The total message length required to send a chain, C, of coordinates is therefore:

IC]
Iuniform—sphere(C) = Iinteger<|CD + Z Inull<Ci> bits.
=2

Time complexity: The time required to compute the null model message length using this
scheme depends on the computation of the radius and the position on the surface of the sphere.
Both of these (constant time) operations, are performed |C| times for each C, atom in the
coordinate chain. Therefore, the uniform-directional encoding model is a linear time, O(|C),
operation.

4.5.1 Selecting a Null Encoding Scheme

To determine which of the three null encoding schemes described above is best, they were evalu-
ated using 3000 randomly selected SCOP domains (see Section 4.8 and Appendix A for details).
Each SCOP domain was encoded using each of the three encoding models and the resulting mes-
sage lengths divided by the length (number of C, atoms) of the domain. This calculation gives
an average message length to encode a C, coordinate in that domain. The results were plotted
using a notched box-and-whisker plot to show the distribution of average message lengths in
Figure 4.5. The fixed-width encoding method encodes a C, coordinate with a median average
message length of 51.24 bits and inter-quartile range of 0.75 bits. The bounding-box method
requires a median 45.4 bits on average to encode a C, coordinate with an inter-quartile range
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Null model message length statistics
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Figure 4.5: A comparison between the average (per C,) message lengths of various coordinate
encoding models. The notched box-and-whisker plots divide the data as follows: the bottom
of the box is the 25" percentile of average message lengths the, line through the center of the
box is the median or 50" percentile of average message lengths, and the top line in the box
is the 75" percentile of average message lengths. The length of the bottom and top whiskers
represent the range of the first and fourth quartiles respectively. The size of the notch indicates
the 95% confidence interval for the median. Outliers are shown as red points.

of 1.52 bits. Clearly, the most efficient method of encoding is the uniform-direction method
encodes which encodes a C,, coordinate with a median average message length of 37.16 bits and
inter-quartile range of 0.23 bits. Therefore, the uniform-direction encoding scheme is
used as the null model for all experiments in this chapter.

4.6 Formulation of the Coordinate Compression Model:

I(T|S, A)

With the information of S and A known to the receiver, the transmitter can now use that
information to encode the coordinates of T'. Intuitively, encoding of T' is based on the fact
that when scanning A from left to right, T contains runs of coordinates that alternate between
blocks of insertions and matches with respect to S and the stated alignment. Note that, in
this transmission, all deletion blocks (with respect to S) in T" are ignored as they contain no
information to be transmitted about 7' (this can be seen in Figure 4.1(b)). More formally, the
insertion blocks are encoded as follows. Let A yield {Zi,...,Z,,} insertion blocks, where any
T represents a consecutive run of coordinates that are inserted in 7" (with respect to S). Each
insertion block is transmitted, using Equation 4.5, as a null message taking:

m |Ik|

Lng(T1S, A) = > Lun(Zi)

k=1 i=1
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For the example in Figure 4.1(b), the alignment yields two insert blocks. The first containing
three residues from 7', {R,G,T}. The second contains only one residue from 7', {S}. As
described above, these four coordinates are transmitted using the uniform-direction model.
What remains to be sent are the coordinates in the blocks of coordinates in T that are
aligned to corresponding C, coordinates in S. Which, for the example in Figure 4.1(b), are
{V,S,R}, and {G,T,L,T}. Let {5,5,...,8n.} and {f1,%5,...,txn,} denote the ordered set
of corresponding coordinates in S and T, respectively. The receiver already knows S and the
alignment. From the alignment information the receiver can infer the indexes of the aligned
residue-residue correspondences between S and 7. In the example from Figure 4.1(b), these
correspondences are, (E, V), (K, S),(K,R),(G,G), (V,T),(G,L), and (S, T). Thus, the following
procedure can be used to transmit the aligned coordinates in 1. To start the procedure, the
first! three matched coordinates in T' {t;,,t;,,t;,} are sent over the null model message taking:

[startup(T’S> A) = null({ﬂ,é;tg}) bits.

For the example in Figure 4.1(b), these first three matched coordinates in T are, {V,S,R}.
The transmission of this startup message ensures that orientation information is available to
the receiver. The remaining aligned coordinates in 7" are then transmitted incrementally so that
the receiver does not need to know the orientation of 1" after least-squares superposition ahead
of time. Instead, the receiver computes a superposition adaptively, based on the information
it has at any point in time. This is achieved by the following method. To transmit the
current matched coordinate fjﬂ, the transmitter considers only the set of matched coordinates
{ﬂ,t},. . ,fj,fjﬂ}. For simplicity, let this set represent the transformed state after least squares
superposition with the corresponding coordinates in S (see Section 2.2.3). In this procedure,
an adaptive superposition is repeated for each pair of aligned coordinates. Throughout this
procedure the set of coordinates from S is treated as fixed (under orthogonal transformation)
while all coordinates in T" are rotated and translated. An example of adaptive superposition is

illustrated in Figure 4.6.

Figure 4.6: An idealised example of the adaptive superposition used to send the matched
residues in 7' (in blue) incrementally given the knowledge of S (in black). Both structures
have 8 points and are assumed here to be in one-to-one correspondence. Assume that the
receiver already knows the first 3 points of 7. The transmitter sends the fourth point in T
by superposing all previously matched points between the two structures. (Green crosshairs
shows the rotational center of superposition.) This orients the fourth point (in red) in T or,
more generally, ¢;11, whose deviation from its corresponding s;;; can be encoded over a von
Mises-Fisher spherical distribution.

fOnly the first, not the first in every matched block.
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—

Using this setup, t;4; is transmitted over a directional distribution on a sphere. This is
achieved by first transmitting the radius r; = \t;H — t;| over a normal distribution as in
Equation 4.6. This allows the transmitter to state fjﬂ as a point on a sphere with radius r;
centred at t; However, it is not stated over a uniform distribution (which would make it a null
model description), since the knowledge of the correspondence between t_;+1 with s;,; informs
the receiver about its position on the sphere (provided the assigned correspondence is a ‘good’
one). Since the receiver already knows the corresponding point s;;q, after transmitting r;, a
von-Mises Fisher (vMF) directional probability distribution is used to state fjﬂ more concisely.
In directional statistics, the vMF distribution (see Section 5.2.2) gives a probability density
function on the surface of any sphere. In 3D, the probability is distributed symmetrically
around a mean direction with circular density contours. This effectively allows the receiver
to predict the direction of the next coordinate, gaining compression when the prediction is
accurate.

Using this distribution to transmit fjﬂ, Zj41 is computed as the direction cosines of the
vector t_;+1 — t;, and fi;41 as the direction cosines of the vector 5,4, — t_; The probability of
stating t_;-+1 to the required precision using the vMF distribution over the surface of a 3D sphere
of unit radius is then given by:

K PN
Pr(4) — 12 KT
H(#) = 27 (e —e™") ‘

where €% = j—z, accounting for the scaling of the sphere of radius r; to a unit sphere. Transmis-

sion of each tJjH requires the concentration parameter .

The mazimum-likelihood estimator is used based on the available superposition (see Mardia
and Jupp (1999)). The above procedure works only when the receiver and transmitter are
encoding and decoding the points using exactly the same concentration parameter x. To avoid
stating k explicitly as a part of the message, and to minimise the computational complexity of
the procedure, a maximum likelithood estimate, Kk, can be inferred based on the previous z;’s
observed so far in the incremental procedure described above using a method by Banerjee et al.
(2005). In fact, neither transmitter nor the receiver need to store all previous values of 2 since
> &; forms the sufficient statistic for k,,; and this can be updated efficiently as the procedure

_ N .
iterates. If there are N previous & observations, let R = Z:Tlx, then:

R(3 — R?)
1— R?

Rml =

Since the encoding of a current ; is based on a k), the receiver can decode the coordinates by
computing the same k., that the transmitter uses to encode the coordinates. The code length
to state & using a vMF distribution on a unit sphere is then: Iyu¢(%) = —log(Pr(z)) bits.

Each t_;'—i—l is transmitted iteratively over this procedure, which is termed adaptive superpo-
sition. An illustration of this adaptive superposition procedure is shown in Figure 4.6. The
message length required to transmit the matched coordinates in 7" with respect to the matched
coordinates in S is:

Ne

Imatch(T‘Sa A) = startup(Tlsa A) + Z L‘adius(”) + Ivmf(ii) bltS

=4
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Combining the message lengths of transmitting coordinates in the insertion and matched blocks
gives:

I(T]S, A) = La(T|S, A) + Inaeen (TS, A)  bits.

4.7 Handling Shifts and Rotations

So far, the information measure has been estimated under a rigid model of structural alignment.
The rigid model treats the structures being aligned as rigid under least-squares superposition.
This model can be generalised to handle certain common types of plastic deformations com-
monly observed in protein evolution, such as hinge rotations and shifts (see Section 2.1.6 for an
introductory treatment of plastic deformations in protein structures). Handling these deforma-
tions requires a modification in the way I(T|S, A) and I(A) are estimated, yielding a flexible
model of transmission. A flexible encoding model does not treat the structures as rigid, but
allows for shifts and rotations.

Without loss of generality, assume that 7' contains a certain number of shifts and rotations,
with respect to S, associated with its residues. In computing I(7|S,.A), alignment A is par-
titioned at the residues in 7" where the shifts and rotations occur. For example, consider the
alignment in Figure 4.7 containing a hinge rotation. Then, the alignment can be partitioned
into two separate parts: before the hinge and after the hinge. In this example, the hinge is at
residue 10 of T'.

m 1 x| % 1
123 4567890123 123 45 567890123
S: ——XXX——-XXXXXXXXXX — ——XXX-—-XX XXXXXXXXX
T: XXXXXXXXX[X---XXXXX XXXXXXXXXX X——-XXXXX
1234567890 12345 1234567890 0 12345
1 1 1
A[T;:Tm} A[Tl(;i,Tm]

Figure 4.7: An example alignment to be encoded with a hinge in T at residue offset of 10. This
column is framed and marked by the star () on the left. The flexible alignment is then treated
as two separate partial alignments on the right, where a partial alignment contains residues T}
to Tip, and the other contains residues T to Ti5.

Let these partial alignments be denoted as A[T7, ..., Tio] and A[Tho, ..., T15], identifying the
start and end residue indexes in T at which the partition is defined. Then I(7T'|S,.A) is computed
as I(T)S, ATy, ..., Ti])+ I(T|S, AT, . .., T15]) using the unmodified coordinate compression
model from Section 4.6 above. More generally, if there are k residues in 7" about which shifts
or hinge rotations are defined, the full alignment A is partitioned into k + 1 partial alignments:
AT, ..., T, AL, ..., T, ..., AT, ..., Tir|], where iy < iy < --- <1, < |T|. Given these
partitions, I(7T|S,.A) can be computed as I(T|S, A[T1,...,T;]) +--- + I(T|S, Alix, . .., |T]]).
This immediately poses another inference question: Given an alignment A of S and T, how
many shifted or hinge rotated residues does it contain? Note that adding a shift or hinge
rotation has an overhead for which must pay by achieving a better fit, if it is to be accepted.
The overhead is a statement of the number of shifts or hinge rotations, k, which can be efficiently
encoded in [ipeger (k) bits, plus the positions of the shifts/hinges, which can each be transmitted
as integer offsets from the beginning of T" also using the integer code (see Section 3.4). This
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message length represents a further trade-off between complexity (in this case the number of
shifts/hinges) and the fidelity of fit after rotating or shifting.
Inference of shifted/rotated residues: A dynamic programming algorithm (see Section 6.2.4) is
used to optimally partition A minimizing (T[S, .A). The algorithm first constructs a matrix M
of size |T'| x |T'| such that each cell M (i, j) (1 <i < j < |T|) stores the value I(T'|S, A(3,...,J))
that is, the value of a partition when there are no hinges from ¢ to j. The best partition
of A is then computed using the following one-dimensional dynamic programming recurrence
relationship:

AN ji-l M(17j)+[integer<1)7
PlL--nd) = m:“{ P(L i) 4 M(5,9) + Tngeger (P(L. - 0) +1) W1 << [T]
where any P(1,...,14) gives the optimal partitioning (positions of the hinges/shifts) up to the i**
residue in 7', 1 <1 < |T| and |P(1,...,7)| gives the number fo such partitions. This recurrence
relationship simply states that the prefix of the alignment from 1... 7, can be optimally stated
with no hinges/shifts (first line of the formula), or with the optimal segmentation of the prefix
1...7 < j plus another segment from i ... j. At the end of this procedure the value P(1,...,|T)
gives the component message length I(7T'|S, A) of Equation 4.5, in a way that handles shift and
hinge rotations. This method of computing I(T|S, A) is used for all experiments in
the remainder of this chapter.

4.8 Results and Discussion

In this Section, the information measure is compared with the nine popular scoring functions
discussed in Section 4.2: DALI z-score (Holm and Sander, 1993), TM-Score (Zhang and Skol-
nick, 2004), MI and SI (Kleywegt and Jones, November 1994), STRUCTAL score (Subbiah et al.,
1993; Gerstein and Levitt, 1998; Levitt and Gerstein, 1998), GDT_TS and LGA_S3 (Zemla, 2003),
SAS (Subbiah et al., 1993), and GSAS (Kolodny et al., 2005). Notably, there is no gold standard
to compare structural alignment quality measures against. This has doubtless led to some of
the proliferation of these measures (Slater et al., 2013). Rather than establishing the informa-
tion measure as superior, the results in this section are a consistency check amongst these other
quality measures and against the SCOP (Murzin et al. (1995); see Section 2.1.4) hierarchy as
a baseline.

The section is divided into two experiments. Firstly, a large scale comparison is made
among these scoring functions using the SCOPe (Fox et al., 2013) database to ensure that
the information measure follows the expected profile of alignment quality between the levels
of the SCOP hierarchy. Secondly, the level of disagreement between these scoring functions is
evaluated. This evaluation relies on measures for disorder in ranked lists. Such measures are
presented in Section 7.1 along with a new MML based measure based on similar principles to
the MML based alignment quality measure described in this chapter.

Notched box-and-whisker plots are employed throughout this thesis because they
can be very useful for encapsulating the distribution of the data. Any ‘box’ in a box-and-whisker
plot represents the region between the first (25th percentile) and the third (75th percentile),
where the height of the box gives the interquartile range (IQR). The second quartile (median)
mark is shown as a red line within this box. The ‘whiskers’ in these plots subtracts/adds 1.5
times IQR to the first/third quartile on the lower/upper side, where the distribution between
the two whiskers accounting for over 99% of the distribution (assuming the data follows a
normal distribution). Further, the box is ‘notched’ on the sides, where the height of the notch
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gives the 95% confidence interval around the median. Although this is not a formal statistical
test, the non-overlap comparing two boxes (dealing with the same data) is often used as strong
evidence that their medians are statistically different (Chambers, 1983).

4.8.1 Selection of Domains from the SCOP Database

Pairs of structural domains were randomly selected to vary along the hierarchical groups defined
by SCOP (Murzin et al., 1995): Class, Fold, Superfamily and Family. This results in a collection
of 500 domain pairs for each of the 5 levels of the SCOP hierarchy yielding 2500 SCOP domain
pairs from 3000 unique domains. According to SCOP (see Section 2.1.4), domains sharing a
family level relationship are most likely to have descended from a common ancestral domain
and, hence, are very close in their structural distance. Domains related up to the superfamily
level are also likely to be evolutionarily related, although their structures are often diverged
moderately (or more). Domains sharing a common fold share a common structural core made
up of major secondary structures that have a preserved geometry of interactions between them.
At a class level, domains do not share any major structural relationship beyond the level of
widely-prevalent standard supersecondary structures.

The method used to make this selection and a complete list of these 2500 domain pairs can
be found in Appendix A. These data are used for both of the experiments below, and are also
often used by experiments in later chapters.

4.8.2 Experiment 1: Benchmarking Against the SCOP Hierarchy

This first experiment tests the ability of the ten different alignment quality measures to differ-
entiate between protein domains with a varying closeness of structural relationship. To do this,
a data set of 2500 SCOP domain pairs were randomly selected (see Appendix A) according to
the SCOP hierarchy: Family, Superfamily, Fold, Class, and Decoy (see Section 2.1.4). Where
a decoy refers to a domain that is not in the same class as its associated, randomly selected
pair. For each domain pair, an alignment is generated using the popular structural alignment
methods DALI (Holm and Sander, 1993), TM-Align (Zhang and Skolnick, 2005b), LGA (Zemla,
2003), CE (Shindyalov and Bourne, 1998), and FatCat (Ye and Godzik, 2003). Each of these
alignment programs produces sets of 2500 alignments each (i.e., 500 for each level of the SCOP
hierarchy). Each set is then scored with each of the nine scoring functions mentioned above
plus the information measure. Note that this experiment seeks to compare scoring functions
rather than alignment programs. The alignment programs simply serve as a method to supply
various alignments to the scoring functions.

Note that for the information measure, the compression gained (in bits) over the null model
message length is shown, that is, the ([,un((S,T)) — I(A, (S,T))) message length. Thus, the
greater the compression, the better the alignment. In contrast, when using raw message lengths
(I(A,(S,T))), the shorter the message length, the better the alignment.

The following two figures (Figure 4.8 and Figure 4.9) show notched box-and-whisker plots
of the results from these comparisons. Each figure has 5 rows of box-and-whisker plots, one
for each scoring function used to compute the alignment score. Each column corresponds to
the alignment program used to generate the alignments. The plots can be visually compared
by looking across a row. Each notched box-and-whisker plot displays the numerical scores (as
quartile marks) produced by an alignment method and scoring function pair, over the 5 groups
of approximately 500 alignments each. The size of the notch indicates the 95% confidence
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interval for the median score. Note that each scoring function has a different range of possible
values and therefore, looking down a column the y-axis scales will be different.

A cursory inspection of these box-whisker plots indicates that, for the given alignments
which might not be the best/optimal ones,® all scoring functions consistently differentiate be-
tween the SCOP groups to some extent. However, none of the scoring functions can be said
to separate the SCOP groups cleanly nor to be clearly better than the others. This probably
reflects the fuzzy classification boundaries of SCOP, and partly the quality of the (potentially
sub-optimal) alignments of domain pairs generated by these popular alignment methods. For
example, the authors of TM-Score, Xu and Zhang (2010), claim that the numerical score of
< 0.5 corresponds to alignments not being in the same fold. However, the box-and-whisker
plot in Figure 4.8 corresponding to TM-Align alignments scored with TM-Scoreshows that the
median score for domains that only share a Fold level relationship is 0.5 and, thus, only half
the alignments of domain pairs in the same Fold classification have a TM-Score below 0.5. The
same is true of the DALI z-score, which defines a significance threshold for domains in the
same fold of z-score> 2 (Holm and Sander, 1993). In Figure 4.8, the plot corresponding to
DALI alignments scored using the DALI z-score, the mean DALI z-score on SCOP domain
pairs that share a Fold classification is 4.5, though more than 25% of these alignments generate
a DALI z-score less than 0. On the other hand, the information measure finds that more
than 75% of the alignments generated for SCOP domains with the same Fold classification
by every alignment program have a compression greater than the significance cutoff of 0 bits.
Furthermore, it finds the median compression for unrelated (Class and Decoy) pairs for every
alignment program to be less than zero bits of compression: not significant. There are no clear
significance criteria for the remaining scores.

Surprisingly, TM-Align generates the highest scoring Family, Superfamily, and Fold level
alignments using DALI z-score. Unsurprisingly, TM-~Align and LGA alignment programs per-
form best when evaluated against their own (native) scoring function (Recall that the native
score for LGA is LGA_S3). Inspecting the plots for information measure compression, alignments
generated by DALI and LGA achieve the greatest compression for domain pairs in the same Fam-
ily and Superfamily, TM-Align finds the best alignments for domain pairs in the same Fold,
and Class. Evaluating alignments using the STRUCTAL score, TM-Align generates the best
alignments for domains in the same Family, TM-Align DALI and FatCat perform similarly well
on domains in the same SuperFamily, TM-Align performs best for domains in the same Fold,
and FatCat performs best on domain pairs in the same Class. When inspecting the plots for
the related MI and SI scoring functions, alignments produced by the CE program generate the
best scores on domains on all classification levels when scored with SI, and TM~Align performs
best at all levels using MI. Inspecting plots of the SAS score, alignments produced by the CE
alignment program perform best on domains in the same Family, Superfamily, Fold (FatCat
using GSAS), and Class. TM-Align generates alignments that achieve the smallest (best) SAS
scores on unrelated decoy domains. Finally, the GSAS score does not clearly determine the best
alignment program for domains in the Class or Decoy sets. Alignments produced by These
results are summarised in Table 4.2 which shows the alignment programs that produce the
highest score for each level of the SCOP hierarchy.

It is difficult to come to a conclusion regarding either the best or the worst scoring function
based on these results as they do not show a consistent pattern of behaviour. However, they do
indicate, on an aggregate level, that each scoring function, including the information measure
described in this chapter are able to distinguish between alignments between domains at varying
levels of the SCOP hierarchy. The results of this experiment do indicate a significant degree

$A method for optimising alignments for the information measure is discussed in Chapter 6
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Figure 4.9: (Continued from Figure 4.8) Notched box-and-whisker plots for the 2500 alignments. Columns indicate the alignment program.

Rows indicate alignment quality criteria. Since the ordinate scale is equal throughout the row, the plots across various alignment programs
are visually comparable. Grouped within each column (left-to-right): Family, Superfamily, Fold, Class, Decoy.
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Table 4.2: A summary of the (median) best performing alignment program (rows) accoring
to the scoring functions (columns) for each level of the SCOP hierarchy. Detailed results are
shown in Figures 4.8 and 4.9

Information measure

GDT,TS‘LGA,SS‘ MI ‘SI‘ SAS ‘ GSAS ‘

compression STRUCTAL_score | DALI z-score | TM-Score
Family LGA TM-Align TM-Align TM-Align LGA LGA TM-Align | CE CE CE
Superfamily DALI TM-Align TM-Align TM-Align | LGA LGA | TM-Align | CE CE CE
Fold TM-Align TM-Align TM-Align TM-Align | LGA LGA | TM-Align | CE CE FatCat
Class TM-Align FatCat DALI TM-Align CE CE TM-Align | CE CE -
Decoy DALI CE DALI TM-Align CE CE TM-Align | CE | TM-Align -

of disagreement between the respective scores. The degree of disagreement is quantified in the
next experiment below.

4.8.3 Experiment 2: Level of Disagreement Between Measures of
Alignment Quality

This experiment seeks to quantify the degree of disagreement between the structural alignment
scoring functions. In experiment 1 (see Section 4.8.2) above, five structural alignment programs
were used to generate 2500 alignments each between randomly selected SCOP domain pairs.
Each of the 10 scoring functions were used to quantify the quality of these alignments. This
allows the ranking of each list of 2500 alignment produced by a particular alignment program
according to the opinion of each alignment quality scoring function. The ranking opinion of
each scoring function can then be compared against the opinion of the other scoring functions.
This facilitates a comparison of agreement on ranking of the best (or top-k) alignments by the
various alignment quality scores used for benchmarking in this chapter.

Several measures exist to compare top-k ranked lists (Fagin et al., 2003). Some of these are
introduced later in Section 7.1, which also proposes a new, information theoretic measure of the
disorder between top-k lists based on similar concepts that underpin this chapter. Two other
metrics are used to compare these ranked lists of alignments: one based on Spearman’s p rank
correlation coefficient (Spearman, 1904) and another based on Kendall’s tau distance (Kendall,
1938). Both are slight modifications of the original measures which were proposed by Fagin
et al. (2003).

A selection of alignment rank comparisons is shown in Figure 4.10.Y These plots show the
correlation scores for the top ranked alignment in various combinations of alignment program
and alignment scoring function. The size of the comparison is varied from k& = 1 which compares
only the top alignment ranked by each of the scoring functions, to & = 25 which compares the
top 25 alignments ranked by by each of the various scoring functions. The height (on the
y-axis) of the lines within each plot can be interpreted as the level of disagreement for a given
top-k ranking, while the slope can be interpreted as indicating the general level of agreement.
Alignment scoring functions that generate a similar ranking of alignments produce flatter plots.
Note that rankings that are in complete disagreement generate plots that increase quadratically
using Spearman’s rho and Kendall’s tau, but linear using the information cost.

The selected rank comparisons in Figure 4.10 are divided into three sections. The left-hand
column is devoted to showing scoring functions that disagree substantially on how alignments
generated by a particular protein structural alignment program should be ranked. The right-
hand column shows scoring functions that substantially agree on their ranking for a given

YThere are 225 combinations of ranked lists that can be compared. All plots can be found online at
http://lcb.infotech.monash.edu.au/~jhcoll/scop_ranking plots/.
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alignment program. The middle-column shows shoring functions with rankings between the
above extremes.

Significant disagreement | Moderate disagreement Moderate agreement

Information Measure VS LGA-S3 Dali Z-Score VS GSAS Dali Z-Score VS SCTRUCTAL Score
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Figure 4.10: Some selected examples of plots showing quantifications of the agreement between
structural alignment quality scores for the top 25 alignments between SCOP domain pairs.
The ranking is performed by the alignment quality scoring functions: the information measure,
DALI z-score, TM-Score, LGA_S3, GDT_TS, STRUCTAL score, MI, SI, SAS, and GSAS, on align-
ments computed by the structural alignment programs DALI, TM-Align, LGA, CE, and FatCat.
Disagreement in ranking is quantified by three measures: the Information Cost, Spearman’s p
correlation coefficient, and Kendall’s 7 correlation coefficient (see Section 7.1).

The results from this experiment further demonstrate the clear lack of consensus observed by
Kolodny et al. (2005), Hasegawa and Holm (2009), and Slater et al. (2013). While there is some
agreement between similarly formulated scoring functions, there is no consensus and scoring
functions produce (often completely) contradictory rankings. The results of this experiment
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reflect the standard dilemma human experts and scoring functions face in choosing between
two conflicting objectives: coverage and fidelity of fit.

4.9 Conclusions

The importance of finding biologically meaningful structural alignments has led to the intensive
development of methods for generating alignments and evaluating their quality. These struc-
tural alignment quality assessment methods largely define a function that mixes RMSD and the
number of correspondences after least-squares superposition (see Table 2.2). However, these
methods produce conflicting results and none has been generally accepted as clearly superior.

This Chapter explores the development of a framework for measuring alignment quality. The
framework uses the information content of messages that losslessly compress the C, atomic
coordinates of a pair of protein structures, given a proposed alignment. A shorter message
signifies a superior alignment. Furthermore, a method to infer the position of hinge rotated
segments in a structure given an alignment is developed. This may be used in addition to
a least-squares superposition to accurately assess alignment quality. The method contains no
adjustable parameters, as it is built on a formal Bayesian principle of Minimum Message Length
inference. It has three useful statistical properties for measuring alignment quality: 1) The
difference between the lengths of the messages needed to transmit the pair of structures using
any two alignments gives the log-odds posterior ratio. Thus, allowing a comparison of alignment
quality based on message length; 2) It permits a natural test for statistical significance by
comparison to the message length required to state the two structures independently (without
an alignment hypothesis); and 3) It achieves an objective, formal trade-off between alignment
complexity and the fidelity of fit between two structures through the alignment hypothesis
based on a rigorous foundation of Bayesian statistics and MML.

The first experiment presented in this Chapter shows that the information measure is ca-
pable of distinguishing between alignments for pairs of domains that vary in their relationship
with the SCOP hierarchy. In this regard it is competitive when compared against 9 other pop-
ular structural alignment scoring functions. Examination of competing alignments over many
pairs of protein structures from the SCOP hierarchy is a sanity check. Since domain pairs at
each level of the hierarchy vary in their structural relationship, a structural alignment quality
measure should, on aggregate be able to distinguish between domain pairs at differing levels
of the hierarchy. The results show that the information measure, using the encoding schemes
described in this chapter, is able to consistently make this distinction. Secondly, a comparison
of top-k alignment quality rankings for the SCOP domain pairs by various alignment quality
scores reveals a significant degree of disagreement and contradiction. This confirms the findings
of several important reviews of the field (Kolodny et al., 2005; Hasegawa and Holm, 2009; Sippl
and Wiederstein, 2008; Slater et al., 2013; Ma and Wang, 2014).

There is no gold standard against which to measure alignment quality measures. This
makes it difficult to conclusively determine which alignment quality score is best amongst
the benchmark set of scores used in this chapter. Each scoring function performs its own
ad hoc trade-off between the competing criteria of coverage versus the quality of fit to the
structural data that manifests in the structural alignment problem. Conceptually however, the
information measure stands out from the other scoring functions in that an objective trade-off
is computed between detailed measures of coverage and fidelity. The descriptive complexity of
the alignment hypothesis versus the compression of protein structural coordinate data enabled
by the alignment hypothesis. These theoretical properties make the MML based framework for
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measuring pairwise protein structural alignment quality a compelling choice for the development
of an alignment program in Chapter 6.

A set of encoding schemes are selected (from amongst a host of alternatives) as concise
estimates for each term in Equation 4.5. However, it is important to note that these may
not be the most concise schemes possible. A more concise encoding method, when found,
should replace the schemes suggested in this chapter. This replacement is demonstrated in
the next chapter, which identifies aspects of the encoding schemes from this chapter which are
sub-optimal and proposes methods to reduce their message length estimates.



Chapter 5

I-value: Assessing Alignment Quality
Using Information Theory

“The best explanation of facts is the shortest.”

— C. S. Wallace (2005)

This chapter introduces systematic improvements to the set of coordinate encoding schemes
used in Chapter 4. These improved encoding schemes build on the statistical models of
protein directional data developed by Kasarapu and Allison (2015). The directional models
form the basis of a sophisticated and efficient technique to define the relative position and
local geometric context of corresponding residues, and use this to compress the coordinate
data. These tmproved models for estimating the message length for terms in Equation 4.5
are more more efficient and concise than the old encoding schemes presented in Chapter 4.
This is demonstrated on alignment benchmark datasets and on 2500 randomly selected
domain pairs from the SCOP (Murzin et al., 1995) database.

This chapter culminates in the definition of a protein structural alignment scoring func-
tion, called I-value, based on the MML framework for alignment quality discussed in Chap-
ter 4.

This chapter is based on the paper: Collier, J. H., Allison, L., Lesk, A. M., Stuckey,
P. J., Garcia de la Banda, M., Konagurthu, A. S. (2016). Statistical Inference of Protein
Structural Alignments, In communication. Preprint available at URL: http://biorxiv.
org/content/early/2016/06/02/056598
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5.1 Introduction

s discussed in Chapters 2-4, the traditional approach to formulating a protein structural
A alignment scoring function involves combining the contributions of a small number of
important criteria, mainly coverage and fidelity (see Section 2.2.5). Table 2.2 showed some of
the popular scoring functions that arose in the literature, highlighting their coverage and fidelity
terms. A departure from this traditional approach is achieved by considering the structural
alignment problem as an instance of the general class of statistical and inductive inference
problems (see Section 4.3). In this light, Chapter 4 presented a statistical framework to assess
protein structural alignment quality was developed based on the information theoretic criterion
of Minimum Message Length (MML; see Section 3.3.3). In this framework, any structural
alignment, A, is a hypothesis that attempts to explain the observed C, coordinate data of
the protein structural pair in question, (S,7). The explanatory power of an alignment is
estimated and quantified, using statistical models of encoding, to losslessly explain the C,
coordinate data. This chapter culminates in the definition of a protein structural alignment
scoring function, called I-value,* based this framework, the related model (or R-model) message
length is defined as:

value = I(A, ($,T)) = I(A) + Lun(S) + I(T|S, A) bits. (5.1)
First part Secogg part

And the null model message length is defined as:

]null(<Sa T>) = null(S> + [null(T)

For any proposed alignment, the computation of I-value and comparison with I,um((S,T))
requires the estimation of component message length terms, I(.A), I, (S), and I(T|S,.A). In
turn, the estimation of these terms requires statistical models of encoding. The development of
an initial set of models was described, and the models evaluated in Chapter 4. In this chapter,
new encoding models presented that substantially improve the estimation of these terms. To
achieve this they use using sophisticated statistical models that, among other things, capture
into a parametric form the observed distribution of protein coordinates. The improvements
made in this chapter are summarised below and will be explained in detail in Section 5.2.

Improvement to the alignment encoding model, used to compute /(A): Section 4.4 pre-
sented an adaptive encoding scheme to compute the alignment complexity term, I(.A),
using a first-order Markov model. This model specifies a three-state edit machine that
can execute (with associated probabilities based on the previous state) match, insert,
and delete instructions. This three-state model is implicit in many alignment meth-
ods for biological sequences, most commonly seen in the implementation of affine gap
costs (Gotoh, 1982; Allison et al., 1992). This model is extended here to ignore the effect
of terminal gaps (insertions and deletions at the N-terminal and/or C-terminal ends of
the proteins) in the alignment. Such alignments are commonly observed when aligning a
monomeric protein with a longer dimeric protein.

Improvement to the null encoding, used to compute I,,;(-): Section 4.5 presented a prac-
tical approach to compute the null model encoding length, I,.(:) of any given protein
chain. However, this model of encoding assumed a simple prior distribution on protein

*This thesis uses the terms I(A, (S,T)) and I-value interchangeably.
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C, coordinates. Specifically, this prior assumes that the directions’ of C, atoms is uni-
form (over a unit sphere). However, the empirical distribution of the C, directions is
non-uniform (see Figure 5.5(a)). To resolve this, this chapter modifies the null model
encoding of protein chains to employ directional probability distributions (von Mises
Fisher (Fisher et al., 1987) and Kent (Kent, 1982)) that capture the empirical distribu-
tion of C, directional data into a parametric mixture model (Kasarapu and Allison, 2015;
Kasarapu, 2015).

Improvement to the coordinate compression encoding, used to compute (7S, .A):
The message length term (T[S, A) (for transmitting the coordinates of 7" given the knowl-
edge of the coordinates from S and the alignment A) is a potential source of compression
compared to the corresponding null model encoding term, I,,,;;(7"). Therefore, the model
used to compress the coordinates should build on and improve over the null model encod-
ing. Since the null model encoding is modified in this chapter, the coordinate compression
model also needs to be modified. Thus, this chapter presents a new coordinate compres-
sion model that builds on the parametric mixture model that is employed as the null
model. This new coordinate compression model takes into account both the global and
local structural similarity of C, coordinates.

The remainder of this chapter is organised into two sections beginning with a description of
the improvements made to the encoding schemes mentioned above. Benchmarking is performed
between the alignment encoding schemes and between the null model encoding schemes. Fi-
nally, the chapter concludes with the performance benchmarking of I-value using the improved
encoding schemes in comparison to the old encoding schemes. The results of this comparison
show that the message length required to state coordinate data has significantly decreased.

5.2 Improved Encoding Schemes for /-value

This section describes, in detail the improvements to the encoding schemes necessary to estimate
the message length terms I(A), Iha(:), and [(7T]S,.A). These improvements are compared
against the corresponding encoding models described earlier in Chapter 4. These improved
encoding schemes contribute to the final implementation of the I-value measure of protein
structural alignment quality as presented in this thesis.

5.2.1 Improvement to the Alignment Encoding Model: /(A)

As described in Section 4.4, I(.A) was previously computed using a first-order Markov model
based on an adaptive code. Briefly, this model treats any order-preserving alignment A as a
string produced by a three-state machine, which at each iteration produces one of the following
state symbols: match (m), insert (i), and delete (d). See Figure 5.1.

This model has nine possible transitions between alignment states, each state transition
has an associated probability. If the probabilities were known a priori (by the receiver), then
the statement cost of each state transition is the negative logarithm of the probability of that
transition (see Figure 5.1). However, in reality, the receiver does not know these probabilities

fRecall that any (z,y,2) coordinates of a C, atom can be reparameterised as (r, (6, ¢)) using an internal
(and canonical) spherical coordinate system, where (6, ¢) gives the direction of the C, atom. See Section 4.5.

¥The rest of this chapter will use the term improved to refer to the encoding schemes described in this
chapter, and old to refer to the best (final) encoding schemes presented in Chapter 4.
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Figure 5.1: A three-state
automata, with transition
probabilities marked, used

for  adaptive first-order pr?;f)szaii t(sm d)
Markov encoding of an Pr(im) = Pr(dn)
alignment. Symmetrical Pr(di) = Pr(id)
transition probabilities ml) "‘d) Pr(ii) — Pr(dd)
are enforced according to m) Pr(dm)

the constraints listed on

the right. Repeated here Pr(id)

(from Figure 4.2) for easy Pr(4)

reference.

in advance and, therefore, the encoding method infers these probabilities adaptively (based on
the information available at the receivers end).

Although this encoding scheme is highly practical and useful in estimating alignment com-
plexity, it can lead to a large overestimation of the I(A) term, in alignments that have long
terminal gaps. Importantly, long terminal gaps are rather common when comparing and align-
ing proteins. As seen in Section 2.1.4, protein domains represent the fundamental evolutionary
units in proteins. It has been well studied that the underlying genes coding for protein do-
mains often undergo duplication in evolution (Bjorklund et al., 2006). This can lead to new
evolutionary units (termed super-domains) that are larger and composed of single protein do-
mains (Richardson, 1981). Aligning proteins where one or both contain a super-domain result
in alignments containing long terminal gaps. Therefore, a small loss of efficiency in estimating
the message length, I(.A), when no (or small) terminal gaps are present is acceptable when a
large improvement can be found for the general case of alignments containing large terminal

gaps.

N- terminal gaps matched region C- terminal gaps
.............. 3
1111111 1ddddddd dmmmmllldmm dddmmm diiiiii. 1gddddd...q

NV TV
regex: i{l1} regex: d{lg} regex X regex: 1{l3} regex: d{l4}

Figure 5.2: An example alignment finite-state automata string containing long terminal gaps.
Such an alignment can be conceptually broken into three parts separated by the first and last
match state in the whole alignment. Reading left to right, these parts are: (1) the N-terminal
gaps with a regular expression of the form i{l; }d{ls}, preceding the first match, (2) the matched
region between the first and last match states, and (3) C-terminal gaps with a regular expression
of the form i{l3}d{l4} succeeding the last match state. Note (I, ls,13,14) represent the lengths
of inserts and deletes in the N- and C-terminal parts of the alignments respectively, and
they all take values > 0.

A minor improvement to the previously proposed encoding scheme makes it more expressive
in the presence of large terminal gaps (leading to shorter /(.A) terms). Figure 5.2 provides an
illustration that underpins the improvement described below. Any given alignment state string
is split into three non-overlapping regions as follows:

1. The N-terminal gaps preceding the first match in the alignment, with 1 > 0 inserts and
{2 >0 deletes.
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2. The matched region of the alignment between the first and the last match states.

3. The C-terminal gaps succeeding the last match state in the alignment, with [3 > 0 inserts
and {3 > 0 deletes.

In the context of the above segmentation, consider a hypothetical communication where the
transmitter wants to send the full alignment state string to the receiver. The transmitter begins
by sending the set of four integers (l1, (2, l3,14), representing the lengths of insert and delete
runs on either side the matched region. These integers are encoded using the log* integer
code (see Section 3.4). This allows the receiver to reconstruct the alignment state string to the
following extent (given as a regular expression): i{ly }d{lo} .* i{l3}d{l4}.

Subsequently, the transmitter can send the remaining matched region (between the first and
the last match) using the same approach as previously described in Section 4.4. This involves
sending the length (].A| — Zf‘:l l;) of the matched region using the log * code, followed by the
state string of the matched region using the adaptive code described in Section 4.3.

To illustrate the effectiveness of this improved method over the adaptive code from Sec-
tion 4.4, consider the hypothetical case of a comparison between a single domain protein (con-
taining 100 residues), A versus a two domain protein (with 200 residues), B. Assume that the
C-terminal domain of B matches exactly with A. The alignment state string, using a regular
expression, would be of the form: 1{100}m{100}. If only the C-terminal domain of B were
considered, then the alignment state string would be m{100}. Now consider the I(.A) terms for
these two alignments as computed by the old adaptive code. The former alignment with the
long terminal gap gives I(A) = 38.2 bits, while the latter alignment without the long terminal
gap gives I(A) = 24.8 bits. Now compare these values with the improved version, where the
former gives I(A) = 34.2 bits and the latter gives I(.A) = 22.8 bits, yiexlding a significant
improvement.

The same applies to real world alignments. Consider, for example, an alignment produced
by the DALT alignment program (Holm and Sander, 1993) between the structures of succinyl-
CoA synthetase from wild boar (wwPDB 1EUD-4; 305 residues; 2 domains) and the glutamate
mutase enzyme from C. Cochlearium bacteria (wwPDB 1CCW-A; 137 residues; 1 domain). DALI
aligns the N-terminal domain of wwPDB 1EUD-A with wwPDB 1CCW-A, leaving 130 gaps before
the first match state in the alignment. The matched region extends for the remainder of the
alignment and there are no C-terminal gaps. In this case, the old adaptive code encodes I(.A) in
165.1 bits, the improved version encodes I(.A) in 143.5 bits. This is a significant improvement.

Time Complexity for Computing 7(.A)

Given an alignment A, the lengths (l1,s,13,14) can be determined in O(].A])-time. As seen in
the previous chapter (see Section 4.4) the encoding of a substring of A defining the matched
region between the first and the last match states, takes time linear in the substring length.
This also takes O(|A|) time in the worst case. If the sizes of the pair of structures (S,T)
are such that |S| < |T| = n, the maximum value |A| can take is |S| 4 |T'| < 2n. Therefore,
the computational complexity of the improved I(A) grows linearly with the sizes of the two
structures.

Quantitative Evaluation of the Improvement to /(.A) Estimation

The old and improved alignment encoding scheme to estimate I(.4) are quantitatively compared
using a large set of benchmark alignments provided by the SABmark (Walle et al., 2005)
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database which provides 29, 759 pairwise structural alignments at the time this evaluation was
conducted in May, 2016.

Each alignment was encoded using the old adaptive first-order Markov scheme from Sec-
tion 4.4 and the improved version of this encoding model presented above. The results are
displayed as notched box-and-whisker plots to show the distribution of encoding lengths in
Figure 5.3.
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Figure 5.3: A comparison between the improved alignment encoding scheme (Improved) pre-
sented in Section 5.2.1, and the purely adaptive (Old) version of the first-order Markov align-
ment encoding scheme presented in Section 4.4. (a) Comparison between encoding schemes on
the entire SABMark benchmark alignment set. (b) Comparison between the above alignment
encoding schemes on SABMark filtered for large terminal gaps.

Based on these results it the Segmented Adaptive Markov encoding scheme provides very
slightly worse compression on the entire SABMark benchmark alignment set (see Figure 5.3(a).
The Old scheme has a median encoding length for I(.A) of 111.3 bits with an inter-quartile
range (IQR) of 68.09 bits. The Improved version achieves a median encoding length for /(.A)
of 112.0 bits with an IQR of 68.08 bits. 0.7 bits worse. However, when filtering SABMark for
long terminal gaps (Figure 5.3(b), the difference is reversed. On this data, the Old scheme
achieves a median estimate for I(A) of 246.7 bits with an IQR of 78.3 bits in contrast with the
Improved model which achieves a median estimate for 1(.4) of 243.0 bits with an IQR of 71.4
bits. This is a small improvement of approximately 4 bits. The improved method overcomes the
disadvantage of the old approach on alignments containing long runs terminal gaps. Therefore,
this improved encoding scheme is used by /-value and for the remainder of this
thesis.

5.2.2 Improved Estimation of the Null Model Message Length: I,,1(+)

This section describes a new null model scheme to encode protein C, coordinate chains which
modifies the corresponding encoding scheme defined in Section 4.5. Recall that, for an ordered
set of C, coordinates within a protein chain, the Cartesian coordinate of each C,, ¥ = (z,y, 2)
was transformed into ¢ = (r, (0, ¢)), an internal and canonical spherical coordinate system,
where (0, ¢) = © represents the direction of the C, vector on a unit-sphere.
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The encoding scheme for the null model description of coordinates in Section 4.5, trans-
mitted (naively) the direction of each C, over a uniform distribution. However, in reality
the empirical distribution of directions between C, coordinates is anything but uniform (see
Figure 5.5(a)).

Recently, using an MML-based unsupervised learning approach, (Kasarapu and Allison,
2015) proposed a rigorous method to infer probabilistic mixture models on directional data
that is distributed on Riemannian manifolds, mainly n-dimensional sphere and torus (Kasarapu,
2016). Their unsupervised learning technique was also applied to modelling protein C, direc-
tional data using von Mises-Fisher and Kent probability distributions. This resulted in two
separate mixture models, each elegantly encapsulating into a parametric form the underlying
empirical distribution of C, directions.

The proposed improvement to the null model results from employing these mixture models,
since they allow for the assessment of (1) the likelihood of any direction of a C, coordinate,
and through this (2) the null model statement cost of each coordinate along the chain. These
details are explained below. However, before the improved null model encoding is described, a
brief background on probabilistic mixture models is provided, along with a description of the
mixture models inferred by Kasarapu and Allison (2015).

Background on Mixture Models

Often, when dealing with real-world data, it is not possible to accurately describe the distri-
bution of this data using a single probability density function. Instead, the data should be
considered to have come from a mizture of sub-populations (see Figure 5.4). This is a concept
known as mixture modelling (McLachlan and Basford, 1987).

Figure 5.4:  An example of a mixture density (in black)

mixture—=With two gaussian distribution components. The data
is taken from the second dataset at the WWW address:
http://www.maths.bris.ac.uk/~peter/mixdata (Richardson
and Green, 1997).

Formally, a mixture model is a probability density function (PDF) resulting from a linear
combination of the probability densities from component distributions of the form:

M(;6) = Zwkfk(@ﬂ;k) (5.2)

In the above equation, v represents the random variable, M represents the mixture model
containing |M| component distributions of the form fi(.). Each component PDF, fi(.) (with
parameters 5;6) is weighted with a probability, wy, according to the proportion of the data it
explains, such that Z‘kj\jl' wg = 1. Finally, ) represents the vector of mixture model parameters

6 = {IM|, {(wk71§k)V1§k§|M|}}‘

Mixture Models of Kasarapu and Allison (2015)

Recent work by Kasarapu and Allison specifically deals with the modelling of multi-modal
directional (0, ¢) data from protein C, coordinates. In particular, the work considered the
MML estimation of probabilistic mixture models containing component PDF terms composed
of either entirely three-dimensional (3D) von Mises-Fisher (vMF) distributions or entirely Kent
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distributions (Fisher et al., 1987; Kent, 1982). This resulted in two separate mixture models,
each of which proposes a probability distribution for the directional data of protein C, atoms
along any protein chain. Specifically:

vMF mixture model (Kasarapu and Allison, 2015), represented as Myyr is a model
with 35 component von Mises-Fisher probability density functions. Each vMF distri-
bution defines contours of equal probability densities that are circular on the surface of
a three-dimensional unit-sphere. Using the notations in Equation 5.2, each f; in this
mixture model is a probability density function with three free parameters of the form:

where © is the random variable, J = (i1, k) is a vector of parameters containing the mean
direction i and the concentration parameter , and (ji-0) defines the dot product between
the two unit vectors. Finally, ¢(k) is the normalisation constant of the PDF defined as

4m sinh
c(k) = M, where sinh(.) is the hyperbolic sine function.
K

Kent mixture model (Kasarapu, 2015), represented by Mg is a model with 23 compo-
nent Kent probability density functions. A Kent distribution generalises vMF distribution
and defines contours of equal probability densities that are elliptical (rather than circular)
on the surface of the unit-sphere. Again, using the notations in Equation 5.2, each fj in
this mixture model is a probability density function with five free parameters of the form:

D) = 1 ex — (A3 - 0)?
f(vj)—c(&m p (k%1 -0) + B [(F2-0)* = (Bs- 0)%])

where v is the random variable, J = (1,92, 93, K, B) is a vector of parameters containing
an orthogonal system of unit vectors, (91, 42,793), that require only three parameters to
define, concentration parameter, k, and a parameter that controls the eccentricity of the
elliptical contours 3. The various terms of the form, (9; - 0) (for 1 < i < 3) define the
various dot products. Finally, c¢(k, 3) is the normalisation constant of the PDF defined

as:
9\ 2it3
c(k, B) = ZWZ (i 521 (‘) [21'%(“)

where I'(.) are Gamma functions, and Ik() is the modified Bessel function of the first
kind of order k£ (Mardia and Jupp, 1999).

The fidelity of these two mixture models to accurately represent, in a parametric form, the
entire empirical distribution of directional data of protein coordinates being modelled is shown
in Figure 5.5. The individual components are represented in Figure 5.5(d-e), where contour
lines encompassing 80% of the probability mass of each of the components are projected on a
(0, ¢)-plane.

Note that there are two prominent peaks visible in Figure 5.5(a). The tallest at approxi-
mately 8 = 60°, ¢ = 90° corresponds to C, coordinates belonging to helical secondary struc-
tures. The smaller peak at approximately 6 = 120°, ¢ = 300° corresponds to strand secondary
structures (see Section 2.1.1).
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Figure 5.5: Fidelity of the 35-component vMF mixture model and the 23-component Kent mix-
ture models. (a) The empirical distribution of directional data of C, atoms. The 3D plot shows
the frequencies of the observed directions of C, atoms, (6,1) denoting (co-latitude, longitude).
(b) Shows the probability density defined by the 35-component vMF mixture model (Kasarapu
and Allison, 2015). (c¢) Shows the probability density defined by the 23-component Kent mixture
model (Kasarapu, 2015). Contour lines on (d) vMF mixture components and (e) Kent mixture
components overlaid on empirical protein directional data. One equi-probability-density con-
tour is shown (in black) for each of the components in the respective mixture models. Each
contour encloses 80% of the associated component’s probability mass. Note that the black
contours are distorted due to planar projections of circular (for vMF) and elliptical (for Kent)
contours on a spherical surface.



90 CHAPTER 5. I-VALUE: A MEASURE OF ALIGNMENT QUALITY

Z

Figure 5.6: The direction (6, ¢;) = (co-latitude, longitude) of any C, atom ¢; is computed as
follows: the coordinates of the tetramer {¢;,¢;_1,¢j_2,Cj_3} are translated and rotated such
that ¢;_; is at the origin, c¢;_, lies on the negative x-axis, and c¢;_3 lies on the —z, +y quadrant
of the xy-plane. The co-latitude 6, of ¢; is then defined my measuring the angle between c;
and the z-axis. The longitude ¢, is measured as the angle between the projection of ¢; onto
the zy-plane and the r-axis.

This chapter employs each of these mixture models (M, and My,,,;) to define an improved
null model encoding scheme. They are compared against the old null model encoding scheme
(see Section 4.5) later in this section.

Null Model Encoding of Protein Chains Using Directional Mixture Models

For any protein chain containing C, coordinates represented as C' = {¢, ¢, -+ ,C,}, the im-
proved null model encoding uses the following procedure. The number of coordinates in C
is first transmitted over a log™ integer code, as in Equation 3.4, taking Ie+(|C|) bits. This
is followed by the transmission of coordinates, using either My or Mgey mixture models.
Before this, the first three coordinates {¢i, ¢y, ¢3} are transmitted exactly as previously carried
out in Section 4.5.%

The transmission of each subsequent C,, atom, ¢; = (x;,y;, 2;), is performed by transforming
it into the equivalent (r;, (6;,¢;)) (relatively-defined) spherical coordinates, where r; is the
distance (or radius) of ¢; defined from the previous C, coordinate in the chain, ¢;_4, and the
pair, (0}, ¢;) gives the direction (¢;) of ¢;, measured relative to the canonical orientation defined
by the preceding three transmitted coordinates, ¢;_1,¢;j_2,Cj—3. The canonical orientation is
illustrated in Figure 5.6.

The distance, r;, is transmitted as before (see Section 4.5), based on the observation that
the successive C,-C, distance is highly constrained (see Section 2.1.5). Therefore, each r; can
be efficiently encoded over a Normal distribution with parameters pu + o = 3.8 = 0.2A, to a
precision of statement of € = 0.001 (see Section 3.3.3). Using this scheme, Equation 4.6 gave
the length of the code required to transmit r; using this method as:

Iradius(rj) = - 10g2(€ . N(Tj; M, O')) bits.

The receipt of this distance information by the receiver reduces the uncertainty regarding the
position of ¢; by constraining it to be on the surface of the sphere with a radius of r;, and
centered at ¢;_;. For the receiver to fully determine the position of ¢; the direction, (6, ¢;), of
¢; must still be encoded.

Previously in Section 4.5, each direction, (0;,¢;) = ¢;, was encoded under the assumption
that it is uniform on the surface a unit sphere. In this chapter, each direction ¢; can be encoded
using one of the M yr and Mg mixture models. From Equation 5.2, the length of the code

$This is because the encoding scheme here requires a context from the preceding three coordinates.
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required to specify the direction, ¢;, is computed as:

| M|
Liirection (€5 = (05, &) IM) = —log,(e* - M(¢50)) = —logy(e*- Y wifulé;0x))  Dits. (5.3)
k=1

where M is either M, r or Mjepnt, and € = 0.001 is the precision of statement of data.
Combining the statement cost to transmit the number of coordinates, and the code lengths
described in Equations 4.6 and 5.3, the null model message length to transmit an entire chain

of successive C,, coordinates, C' = {é, -+ ,é,}, is given by:
]null(C) - ]integer(n) + Z Iradius(Tj) + ]direction(<‘9jv ¢]> |M) bits. (54)
j=1

Finally, using the above, the null model message length to transmit two structures (S, 7)) is
simply:
]HUH(<S7 T>) - null(S) + Inull(T) bits.

Time Complexity of Computing Ip,,n(.)

The computation of the null model message length for any chain of C, coordinates with n
atoms requires O(n) effort. This is because the computation of each Igirection(¢j|M) requires
computing the likelihood of ¢;, given each component density function in the null mixture.
The mixture models contain a constant (|Mgent| = 23; [Mymr| = 35) number of component
probability density functions. Thus, the likelihood for each ¢; can be computed in constant
time. Similarly, the computation of I agius(7;) of each C, atom is also a constant time operation.
Therefore, over all n atoms, the computation of the null model message length of a given chain
is O(n).

Quantitative Evaluation of the Improvement to Iu(.)

The null model message length derived from employing the M yr and Mgey mixture models
are compared below against each other, and also against the corresponding (uniform-sphere)
encoding method described previously in Section 4.5. This comparison is performed on the
aggregate collection of 3000 randomly selected protein domains from the SCOP (Murzin et al.,
1995) database (see Section 4.8.1). The method used to select these domains and a list of them
is available in Appendix A.

For each domain in the collection, the null model message length terms (I,,y(.)) are com-
puted using the three encoding schemes: (1) the old uniform-direction model (see Section 4.5);
(2) the improved null model using the vMF mixture (Myyr); and (3) the improved null model
using the Kent mixture (Mgen). Each of these message length terms are divided by the num-
ber of C, atoms in the domain, yielding a useful descriptive statistic, average bits-per-C,, to
compare the three null encoding schemes.

The variance of this (bits-per-C, ) descriptive statistic across the three encoding schemes for
all 3000 SCOP domains can be visually compared in Figure 5.7 using notched box-and-whisker
plots. The most striking observation is that the uniform null model varies very little about the
median value of 37.16 bits. This is because the radius (r;) of successive C, atoms is highly
constrained around 3.8A. Therefore, the radius terms take approximately 9.7 bits to state (see
Equation 4.6). Subsequently, encoding each direction term ((6;, ¢;)) uniformly on a sphere with
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Null model message length statistics
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Figure 5.7: Comparison of the average I, (.) on a per-residue basis between the improved null
model encoding schemes (using eith the mixture of vMF or Kent distributions) and the old
(uniform-sphere) null model encoding scheme, using 3000 randomly selected SCOP domains.
The y-axis shows the average message length to encode a C,, atom using the various null model
encoding schemes.

(0.001)2
sum of both the radius and direction statement costs has an average value of 37.2 bits-per-C,
atom using the uniform-direction null model. This result has very little variance based on the
uniform direction assumption.

The improvement, as measured by the bits-per-C, statistic, is categorical. The improved
null encoding scheme, using either the My or Mgen mixture models, usually encodes C,
coordinate data using a shorter message than the uniform-direction null model. The mixtures
are modelling the observed non-uniform and multi-modal directional distribution of consecutive
C, atomic coordinates better than the Old model. The median values for the improved null
encoding scheme when using M \r and Mkey are nearly identical (35.39 and 35.37 bits-per-C,,
respectively), saving about 1.8 bits over the uniform-direction null model, for every C, atom
encoded. This results in a large improvement, for example, a chain containing 100 residues
could be stated, using the improved null model encoding scheme, with a message 180 bits
shorter than the message length obtained by the Old uniform-direction scheme.

The interquartile range (IQR) for the mixture models is much greater (compared to the
uniform-direction model) as would be expected with a non-uniform distributions of directions.
This is because, over the collection of protein domains, the model is bound to encounter C,
coordinates that are distributed in high probability regions, for example, when they are a part
of helices and strands, and hence require shorter message lengths. On the other hand, there will
be C, coordinates that fall within the lower probability regions (unstructured coils), yielding
longer code lengths. However, as can be seen from Figure 5.7, the null encoding using mixture
models is vastly more concise than the uniform-direction model in general.

Comparing Myr and Mgent, the Kent mixture has the median message length, of 35.37
bits-per-C,, with the IQR covering 2.07 bits. This is nearly identical to the message length
values from the vMF mixture model with a median of 35.39 bits-per-C,and an IQR of 2.09

radius of about 3.8A (see Equation 4.7) takes close to log, <M> = 27.5 bits to state. The



5.2. IMPROVED ENCODING SCHEMES FOR I-VALUE 93

bits. The almost identical performance of the two mixture models is expected, since they have
been inferred by Kasarapu and Allison (2015) on the same empirical directional data. Since
the Kent distribution generalises (and subsumes) the von Mises-Fisher distribution, it is able to
explain the underlying data in fewer number of components (in comparison with vMF mixture),
although each region of the #¢-plane between the two models has nearly identical probability
densities (see Figure 5.5(b-c)).

5.2.3 Improved Estimation of the Coordinate Compression Model:

(TS, A)

The coordinate compression model relies on efficiently encoding the C, coordinates in T" using
the coordinate information from S (transmitted as a null model message in I,,;(S) bits; see
Section 5.2.2) and the alignment information (transmitted as a three-state string in 7(A) bits;
see Section 5.2.1).

As described earlier (see Section 4.6), this transmission is only concerned with the coordi-
nates in 7. This implies that the coordinate compression model (used when transmitting the
coordinates in T') is only interested in the insert (i) and match (m) states in the alignment.
Each C, atom in T is either aligned with some C, coordinate in S, or is left unaligned in the
alignment. Therefore, T can be partitioned into successive blocks alternating between regions
that are aligned with S and those that are left unaligned. In this case, a block means any run
of successive C, coordinates in 7' that are all either aligned or unaligned based is the A.

Let each chain of successive coordinates in T' corresponding to the insert (i) states in the
alignment be denoted by Z, and let there be m such unaligned blocks of coordinates in T (of
varying chain lengths). The coordinates in each (unaligned) block Z is transmitted using the
null model method described in Section 5.2.2. The coordinates in the chain corresponding to
each unaligned block takes I,,,1(Zy) bits to state. Observe that since these unaligned coordinates
are stated over the null model, they offer no compression with respect to their encoding using
the null model. The code length to transmit all of these runs of unaligned coordinates, Z;, in
T is:

-[unaligned (T‘S, A) = Z Inull (-Zk:)
k=1

Therefore, the potential source of compression when stating the coordinates in T efficiently,
can only come from describing the matched C, coordinate blocks. This builds on the infor-
mation from the corresponding coordinates in S, with which they are aligned (according the
information in \A). In the improved model, the code length to state these matched coordinates
in T, using the corresponding coordinates in S, relies on a combination of two encoding schemes.
The first takes into account the global structural similarity of the matched coordinates between
S and T, and is called the global model of encoding. The second takes into account the local
directional similarity of the corresponding C, atoms in S and T, and is called the local model
of encoding.

Encoding the Aligned Coordinates Using the Global Model

To compute the code length required to state the coordinates of C, atoms using the global
model, the following procedure is employed. The transmitter begins by performing a least-
squares superposition of S and T based on the correspondences defined by the alignment A.
Let t; € T denote the coordinate being encoded using the global model, which is assigned



94 CHAPTER 5. I-VALUE: A MEASURE OF ALIGNMENT QUALITY

correspondence with §; € S according to the alignment A. For convenience, assume s; and t:
are the transformed coordinates after least-squares superposition.

The resultant set of residuals (norm of the error vectors) {d;;}’s between the superposed
pair s; and t; is transmitted over a chi distribution (with three degrees of freedom) using the
MML method (see Section 3.3.3).Y The transmitter then encodes the set of distances {r;}’s
between successive ¢;_; and t;, as before, over a Normal distribution centered at 3.840.2A (see
Equation 4.6).

The information from 9;; and r; permits the construction of two spheres, one centered at
t_;-_l and the other at 5;. These two spheres will intersect in a circle,! thereby reducing the
uncertainty of t; to lie on the circle of intersection. Given this, the coordinates of t_; can be
transmitted over a uniform distribution on the circle. Figure 5.8 gives an example of this
encoding scheme, containing all of the elements described in this section.

—

Figure 5.8: An illustration of the global model for encoding the coordinate t; as a deviation
with respect to 5;. The receiver is sent d;; and r; which define a circle derived from inter-
secting spheres centered at §; and fj_l. The transmitter then states the position of t; on the
circumference of the circle of intersection between the two spheres.

To summarise, stating each matched t: requires three pieces of information. First, the
radius, 7;, which is stated over a normal distribution. Next, the residual d;; with respect to the
corresponding §; stated using a chi distribution. Finally, the statement of the position of t_; on
the circumference of this circle of intersection between two spheres using a uniform distribution.

I This is the most natural choice because the component-wise error terms (Ax, Ay, Az) of each corresponding
pair of coordinates, after least-square superposition, is best modeled over a symmetric 3D normal distribution
N (1,0), where o is the RMSD after least-squares superposition. The distribution implies that the norm of the
error vectors (\/(Az? + Ay? + Az?)) over all the residual terms is best modeled using the chi distribution.)

lignoring the pathological case when t_;,l = s; or in the best case when §; = t_;
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The message length required to state each t; € T, encoded using the coordinate information of
its matched s; € S, using the global model of encoding takes Igiobai(;5;) bits.

Encoding Aligned Coordinates Using the Local Model

The local encoding model explores the compression of t; € T based on the similarity of the
direction of its matched s; € S. This model builds directly upon the concepts used by the
null encoding model in that the position of ¢; is encoded relative to ¢;_; using a distance and
a direction. This is achieved by redistributing the mixture model probability mass around
the direction of §;. This ensures that directions near §; are more probable (see example in
Figure 5.9). The distance, r;, between ¢;_; and t; is encoded over a Normal distribution, as
before (see Equation 4.6), centered at 3.8 4 0.2A in Liaqins(75) bits.

Recall from Equation 5.2 that the null mixture model is of the form M = Z‘kj\ﬂ Wy, - fk(ﬁk),
where wy, is the weight (or probability) of the k™ component probability distribution. By the
total probability theorem, ), w, = 1. In either the Myyr or Mgen mixture model, each
component is a directional (VMF or Kent respectively) probability density function.

If no (extra) information were available about Z;, then the transmitter would have no choice
but to encode it using the null model taking Iu(();) bits. However, extra information is
available in the form of the correspondence of t; with 5;. Therefore, the probability w;, of each
component can be systematically updated using Bayes’ theorem based on this relationship.
That is, the probabilities, wy, can be systematically updated given the expectation that t; is
correlated with §;, as they are aligned.

Consider the computation of the posterior probability of the k" component distribution
given the direction §;, Pr(Component,|s;):

Wi likelihood
w}, (unnormalised) Yk — ih
%r(comp/(;nentk\§ij = Pr(Componentkg Pgl:()s i/ Component, )
Iris

constant over all mixture model components

Note that Pr(Component;) is equal to wy in the null model and Pr($;/Component,) is
the likelihood** of the direction §; given the component probability density function, fk(§,|1§k)
using the null mixture model M € {My s, Mient}. Though Pr(s;) (prior on the data) is
unknown, it gets algebraically eliminated from the equation when the posteriors (or unnor-
malised w},) are normalised so that for the normalised posteriors ), wj = 1. Therefore, each
Pr(Component,|$;) is normalised by dividing with Z',QJ Pr(Component,|s;).

The null weights, wy, are now replaced with the new normalised posterior weights, wj, in
the null mixture model M. Thus, the coordinate t; can now be encoded using the posterior-
reweighted mixture model component probabilities, wj, in the context of the matched §; coor-
dinate information.

This results in a new posterior reweighted mixture model, M’, to encode the direction of t;
using the direction of §;. This new mixture model is as follows:

| M|

M ="l fil V)
k=1

**Likelihood can be computed in constant time.



96 CHAPTER 5. I-VALUE: A MEASURE OF ALIGNMENT QUALITY

Using this reweighted mixture model, the direction #; can be encoded in: Iyirection(t;|M’) bits.
Therefore, from the above and Equation 4.6, the message length required to encode t; € T
(aligned with §; € S) using the local encoding model is:

Ilocal(t_;'lgia Ml) = radius(rj> + Idirection(£j|M/) bits. (55)

The effect of posterior-reweighting of component probabilities in the mixture model is illus-
trated in Figure 5.9. The left column (Figure 5.9(a)), shows 10,000 random directions sampled
from the 35-component vMF mixture model inferred by Kasarapu and Allison (2015). The
top row shows the planar view with contour lines from the vMF mixture model components
projected onto the plot of sampled data (already shown in Figure 5.5(d)), and the bottom row
shows the directional data distributed onto a sphere. Posterior reweighting causes a redistri-
bution of probability mass around the direction, §;. Figure 5.9(b) shows the effect of posterior
reweighting around an §; in part of a helical secondary structure, and Figure 5.9(c) shows
posterior reweighting around an §; in part of a strand secondary structure.
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Figure 5.9: The effect of posterior reweighting on a null directional mixture distribution. The
top shows sampled data (in color) from the mixture distribution with overlaid mixture com-
ponent contours (in black). The bottom row shows the same sampled data projected onto a
sphere. (a) Data sample from Myr. (b) Data sampled from M., after posterior reweighting
into a helical secondary structure. (c) Data sampled from M, after posterior reweighting into
a strand secondary structure. Note the grouping of the probability mass around the expected
direction.

For example, assume that the matched coordinate, 3; € S, had the direction, §; = (6 = 90°, ¢ = 50°).
This will result in the reweighting according to the local encoding scheme, which is shown
in Figure 5.9(b). In this case, the majority of the component probability is distributed at
the components near s;, as indicated by the tight clustering of the sampled directions from
the posterior-reweighted mixture model. Another example is shown in Figure 5.9(c) where
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$; = (0 = 60°,¢ = 210°). In this case, the vMF components in this area are not so tightly con-
centrated and thus, the sampled data from the reweighted mixture distribution are relatively
more diffused compared to the previous example.

In summary, the general essence of posterior-reweighting of the component probabilities is
to ensure that the probability density of the mixture model is systematically reshaped to be
more focused around the observed direction, §;. Given that t; is aligned with s;, this will ensure
that the directions near s; become more probable, as seen in Figure 5.9. This leads to shorter
code lengths to encode t; On the other hand, if t_; is misaligned with §;, the directions will
drift away from each other, yielding longer code lengths.

Combing the Global and Local Models to Encode Matched t; el

A combination of both the local and global encoding methods as described above is used
to encode any aligned t; e T. A 50%-50% two-component mixture model is defined using
the global and local encoding as follows. The probability of t? under the global model of
encoding can be computed as Prglobal(fj) = luovar®)  Jtg probability under the local model
can be computed as Prloca1(t_;'|<‘?¢, M) = 2l0cal (%515:M') " This allows for the definition of a two
component mixture model with equal (50%-50%) weights by:

Praligned(fj|§i) =0.5 Prglobal(t_ﬂgi) + 0.5 Prloca1<t_;'|§’z’, M,)

The code length to state each aligned #; can be computed from above as 1og,(PTajigned(t;]5i))-
For all the aligned coordinates, the code length to state these coordinates in 1" takes:

]aligned(T|S7 -’4) = Z lOgQ(Praligned (Ej|‘§’t))

V(gﬁ—)t-;)E.A
Thus, the message length term I(T|S,.A) under this improved model of encoding takes:

](T|S7 -/4) - ]unaligned (T|S7 A) + ]aligned (T|S, A) bits.

Time Complexity of Computing I(TS,.A)

The global model of encoding requires the least-squares superposition of the matched coordi-
nates between S and 7. The maximum number of matched coordinates in any A is bounded
by N = min(|S|,|T|). The computational effort to find the best superposition under the least-
squares measure is worst-case O(N) (see Section 2.2.3).

For the global model, the computation of the code length terms associated with d;; and
r;, as well as the encoding over the circle of intersection (between spheres) can be performed
in O(1) (constant) time. Over all aligned coordinates, the time complexity to estimate the
message length over the global model takes O(N) time, as the number of matches are bounded
by N. This is the same for the local encoding, as each aligned t_; € T requires the computation
of the re-weighted probabilities (w}’s) that take a constant O(|M]) effort (since the number of
components in the two mixtures is a constant). The encoding of unaligned coordinates of T
(encoded using the null model) has linear O(|T|) complexity. Since |T'| > N, the estimation of
I(T|S, A) given the coordinates of S and T and any alignment between them, A, has linear,
O(|T), time complexity.
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5.3 Results and Discussion

The previous section introduced new encoding models for alignments and coordinate data. The
new encoding schemes for alignments and the null model have been described and evaluated
above in Sections 5.2.1 and 5.2.2 respectively. The compression performance between the
improved models as part of I-value, and the old models described previously in Section 4.6 is
evaluated below.

Chapter 4 compared the performance of the information measure, using the old encod-
ing schemes (see Section 4.8) against the following nine popular scoring functions: DALI
z-score (Holm and Sander, 1993), TM-Score (Zhang and Skolnick, 2004), MI and SI (Kolodny
et al., 2005), STRUCTAL _score (Subbiah et al., 1993; Gerstein and Levitt, 1998; Levitt and Ger-
stein, 1998), GDT_TS and LGA_S3 (Zemla, 2003), SAS (Subbiah et al., 1993), and GSAS (Kolodny
et al., 2005). These scores were computed using a large data set of alignments produced by
the popular structural alignment methods DALI (Holm and Sander, 1993), TM-Align (Zhang
and Skolnick, 2005b), LGA (Zemla, 2003), CE (Shindyalov and Bourne, 1998), and FatCat (Ye
and Godzik, 2003). The results in this chapter are computed on the same data set. The old
encoding models are compared with the improved ones using the vMF mixture model and the
Kent mixture model.

The data used in these results are the same as those used in the evaluation of encoding
models in Section 4.8 (see Section 4.8.1). The procedure for extracting these domain pairs
is outlined in Appendix A. Further, a table of the specific domains used is also given in
Appendix A.

Each of the alignment programs listed above was used to produce a set of approximately
2500 alignments each. Each alignment is then evaluated by the old information measure from
Chapter 4, and compared against I-value in two different configurations: I-value using the vMF
mixture model from Kasarapu and Allison (2015) and the encoding schemes as described in this
chapter; and I-value using the Kent mixture model from Kasarapu (2015) and the encoding
schemes as described in this chapter.

The results of this comparison are shown in Figure 5.10, which shows notched box-whisker
plots for these comparisons over alignments produced by the various structural alignment pro-
grams. Figure 5.10(a) compares the message length using the old encoding schemes from
Chapter 4 against the encoding schemes from this chapter, as defined in Section 5.2 using
the 35-component vMF mixture. Figure 5.10(b) makes the same comparison using the 23-
component Kent mixture model. The plots show the difference in total message lengths (see
Equation 4.5) between the combinations of encoding schemes used. A negative value means
that the improved encoding scheme has performed better by encoding a shorter total two-part
message, and vice versa for positive values.

The first thing to note regarding the results in Figure 5.10 is that the new encoding schemes
significantly decrease the two-part message length, (A, (S,T)), across all alignment programs,
as the median reduction in total two-part message length is at least 100 bits. Therefore, the
new encoding models have succeed in more efficiently estimating the message length terms from
Equation 4.5. Note however, that approximately 25% of alignments generate a total message
length that is longer when using the new encoding methods. These alignments are between
domains that are unrelated: Class and Decoy. In these cases the message length can be much
greater, and also often longer than the null model message length.

Specifically, the median reduction of total message length using the vMF mixture model
ranges from —119.9 bits for LGA alignments, up to —225.8 bits for TM-Align alignments. Except
for DALT and LGA alignments, all achieved a reduction in total message length for at least
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Figure 5.10: A comparison of message length estimates of the total two-part message lengths
between the old encoding schemes and the improved versions using either (a) the mixture of
vMF distributions, or (b) the mixture of Kent distributions. The y-axis shows the difference in
total message length: negative values mean the improved encoding models produce a shorter
(better) total message length; positive values mean the old encoding models produce a shorter

message length.
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75% of the alignments generated. The difference is even greater when examining the total
message length reduction using the Kent mixture model. The reduction now ranges from
—170.9 bits for LGA alignments up to —322.9 bits for TM-~Align alignments. This is a significant
improvement over both: the old models for encoding, and the vMF mixture using the new
models for encoding.

There are two important points to take from this experiment. Firstly, the R-model encoding
in Section 4.6 can easily gain compression over the uniform null model defined in Section 4.5.
In the worst case the old coordinate compression model is equal to the old null model encoding.
This suggests that the uniform null model is too naive a representation of protein directional
data and the null directional models proposed by Kasarapu and Allison (2015) and Kasarapu
(2015) are far better models of protein directional data. Secondly, the improved, R-model using
the mixture of Kent distributions is able to achieve greater compression over the null model
than when using the mixture of vMF distributions, at the same time more heavily penalising
poor correspondences. This is a desirable property because the more efficient the encoding
schemes allows for a more accurate bound on the true information content.

5.4 Conclusions

At its core, the structural alignment problem depends on the trade-off between two conflicting
objectives: maximising the coverage, and maximising the fidelity of fit (Irving et al., 2001).
A method to objectively resolve this tension was proposed in Chapter 4 which outlined a
framework for assessing structural alignment quality, an information measure (see Equation 4.5)
based on MML. Chapter 4 also set out a number encoding mechanisms to estimate the code
length for the three terms in Equation 4.5: I(A), I(S), and I(T|S, A).

This chapter develops the ideas presented in Chapter 4 further by proposing and evaluating
improved methods for estimating the code lengths for these terms. This includes an evolution
of the best encoding methods discussed in Chapter 4. Those old encoding methods were naive
but useful in paving the way for the development of more sophisticated methods in this chapter.
The main contributions of this chapter are the improved null and compression model encoding
schemes based on inferred mixtures of vMF and Kent distributions from representative empirical
protein data based on work by Kasarapu and Allison (2015). An improvement was also made
to the code length estimate for I(A) in the case where the alignment contains long terminal
gaps. The improved encoding scheme for I(.4) introduced in this chapter is a modification to
the adaptive first-order Markov scheme (see Section 4.4). It retains all of the advantages on
this old scheme while solving a problem that arises when dealing with long terminal gaps which
bias the alignment state transition probabilities.

These improvements are benchmarked against the set of 2500 SCOPe (Fox et al., 2013)
domain pairs. The same domain pairs as used in Chapter 4 for benchmarking. From these
domain pairs, a set of popular alignment programs were used to produce 12,500 alignments.
The results from this benchmarking show that the mixture of Kent distributions is more efficient
as part of the improved null model and R-model encoding and is therefore used by all later
references in this thesis to the I-value and it’s I,u(.) and I(T|S, A) terms. Furthermore,
this chapter demonstrated that the improved models for encoding are the more efficient and
discriminative when discerning between closely competing alignments. In these cases also,
the mixture of Kent distributions produces the shortest code lengths. Therefore [-value is
implemented using the Kent mixture based improved encoding models for the
remainder of this thesis.
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This chapter provides a solid foundation upon which to build an alignment search algorithm.
Various approaches to the search problem are explored in the next chapter, culminating in an
alignment program called MMLigner.
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Chapter 6

MMLigner: Searching for Pairwise
Protein Structural Alignments

“Don’t ask for guarantees. And don’t look to be saved in any one thing”
— Ray Bradbury, Fahrenheit 451

This chapter deals with methods to search for meaningful structural alignments using the
information measure of alignment quality, I-value, formulated in Chapter 4 and improved
upon in Chapter 5. It culminates in the development of a search program, MMLigner, that
identifes high quality and statistically significant structural alignments using the I-value
quality measure. The program is free-software and available for download at http://
lcb.infotech.monash.edu.au/mmligner. The consistency of MMLigner is demonstrated
by benchmarking its alignment results against state-of-the-art alignment programs. The
results produced by MMLigner are highly competitive, and often able to identify align-
ments where than current programs do not. Importantly, MMLigner is able to consistently
identify a range of significant alernative structural alignments, avoids pairing up spurious
correspondences, and prefers simple alignments over complex ones. Furthermore, struc-
tural alignments generated by MMLigner are considered at least competitive according to
popular measures of structural alignment quality and often succeeds where other alignment
programs do not identify any alternative alignments.

This chapter is based on the paper: Collier, J. H., Allison, L., Lesk, A. M., Stuckey,
P. J., Garcia de la Banda, M., Konagurthu, A. S. (2016). Statistical Inference of Protein
Structural Alignments, In communication. Preprint available at URL: http://biorxiv.
org/content/early/2016/06/02/056598
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6.1 Introduction

he pairwise protein structural alignment problem (see Section 2.2) involves the assignment

of ordered one-to-one correspondences between a subset of residues of two protein struc-

tures based on the their coordinate information. Solving this alignment problem involves three
major considerations:

Representation: Protein structural data are represented internally by alignment programs
in multiple ways. A common representation of a protein is as an ordered set of its C,
coordinates. As seen in earlier chapters, the I-value measure was defined using this
representation as it is more suitable for accurate atomic coordinate representation and

superposition. Other representations of protein structures were discussed previously in
Section 2.2.4.

Objective function: The structural alignment problem can be seen as a combinatorial opti-
misation problem, where an objective function needs to be defined to evaluate the fitness
of any possible alignment. This chapter uses the I-value definition presented previously in
Chapter 5 as the objective function. Recall that I-value measures the explanatory power
(in bits) of any alignment to describe the C,, coordinate data of the proteins being aligned.
Several other state-of-the-art objective functions have been discussed in Sections 2.2.5 and
4.2.

Search method: Given an objective function, the goal of an alignment program is to find
the best alignment(s) under the stated measure of fitness that the objective function
defines. Using I-value, this chapter will develop an effective search procedure that explores
the alignment search space and attempts to identify alignment(s) that minimise /-value.
Developing and evaluating this search algorithm forms the main focus of this chapter.

The chapter begins with a general review of common search algorithms used by popular
structural alignment programs. This is followed by a description of some of the promising
early directions this research took in attempting to find a reliable search method that optimises
I-value. The chapter then presents an effective heuristic search method that supports the
implementation of a pairwise structural alignment program called MMLigner. Finally, the per-
formance of MMLigner is benchmarked against a host of popular protein structural alignment
programs.

6.2 Structural Alignment Search Methods

The structural alignment problem is an inherently difficult computational problem (Wang and
Jiang, 1994; Hasegawa and Holm, 2009). Even with the most straightforward characterisation
of protein structures as contact maps (see Section 2.2.4), this problem can be reduced to the
subgraph isomorphism problem (Grindley et al., 1993; Raymond and Willett, 2002; Krissinel
and Henrick, 2004), a well-studied intractable (NP-hard) problem from graph theory (Garey and
Johnson, 1979). This is to say, there is no known complete algorithm that can deterministically
find an optimal solution in polynomial time, using most formulations of objective functions for
this problem.* Therefore, heuristic search strategies are commonly employed to produce near
optimal alignments in a reasonable amount of time.

*Under certain circumstances an objective function can be approximated, in a way that makes polynomial
time capable of optimising for the approximation (Kolodny and Linial, 2004).
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This section will provide a brief review of common search techniques used by popular struc-
tural alignment programs. For more thorough discussion, readers are pointed to the following
works : Knuth (1999a); Eidhammer et al. (2000); Vesterstrgm (2006); Russell and Norvig
(2009a); and Ma and Wang (2014).

6.2.1 Assembly of Well-Fitting Fragment-Pairs

Fragment-pair assembly is a widely used method to find structural alignments and it is among
the most effective ones. To describe this method of finding structural alignments, consider
the following definitions. A fragment of a protein is any contiguous region within the protein
chain. That is, if a protein structure S contains the following ordered set of C, atomic co-
ordinates {57, 52, -, 5,}, Then a fragment defines the regions of coordinates S; jvi<i<j<n =
{5, 8it1,-++,8;}, of length j —i+ 1. A fragment-pair refers to two fragments of equal lengths,
one from each of the two proteins, S and 7', being aligned. Thus, a fragment-pair identifies two
fragments of the form (S;, j,T;,. j,) such that j; —i; = jo —ia. A well-fitting fragment-pair
implies that the two fragments are superposable within a specified threshold of RMSD; that is,
RMSD(S;,..j1, T3y..j») < specified_threshold.

To find a structural alignment between two protein structures S and 7', the fragment-
pair assembly method first requires the construction of a library of well-fitting fragment-pairs
associated with those two structures.! This library is exhaustively constructed by iterating
over both structures and superimposing all possible fragment-pairs of a nominated length, L,
checking if they fit within the specified threshold of RMSD. Each superposition of fragments
takes O(L) effort (see Section 2.2.3). Therefore, constructing such a library takes O(L-|S|-|T)
effort. Since L is often a small number (< 10), and the sizes of the structures (|S| and |T|) are
< 500, this step can be computed in seconds on standard desktop computers.

Finally, an attempt is made to assemble this library of well-fitting fragment-pairs in such a
way that they jointly superimpose with each other consistently (that is, within some specified
RMSD threshold). However, exhaustively assembling fragment pairs has a combinatorial effect
on the computation time required for assembly. To overcome this bottleneck, a number of
dynamic programming-based heuristics (see Section 6.2.4) are used to construct an approxi-
mate assembly of fragment-pairs, while ensuring that the assembly does not violate ordering
constraints. Depending on the specific technique, this is sufficient to construct an approximate
alignment that is then subject to further refinements.

Using fragment pairs to construct an alignment has several advantages over dealing with
individual residue pairs. Firstly, there are often fewer consistent combinations of well-fitting
fragment pairs than individual residue pairs. Therefore, algorithms can quickly operate on the
library of fragment pairs to rapidly produce (approximate) alignments that are good start-
ing points for local search (see below). Also, fragment pairs contain the local context of the
structures being aligned, that context is largely invisible when only considering residue pairs.
Due to these advantages, this technique is used by several popular protein structure align-
ment programs such as WHATIF (Vriend and Sander, 1991), CE (Shindyalov and Bourne, 1998),
MaxSub (Siew et al., 2000), MAMMOTH (Ortiz et al., 2002), MUSTANG (Konagurthu et al., 2006)
and Fr-TM-Align (Pandit and Skolnick, 2008).

tOften all fragment-pairs in this library contain fragments with identical lengths. However, some methods
allow variable length fragment-pairs.
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6.2.2 Local Search Methods

Local search is a class of search heuristics commonly used in computer science for solving hard
combinatorial optimisation problems. The search strategy involves exploring the candidate
solution space by applying local changes to the current (best) solution found. These local
changes are made iteratively until the search converges to a solution that cannot be improved
(or some maximum allowable number of changes to the solution is reached). Depending on
the strength of the objective function, local search heuristics can find good solutions to the
combinatorial problem, even if they are not guaranteed to be optimal. Some of the commonly
used local search techniques applied to the structural alignment problem are discussed below.

Hill Climbing Search

A commonly employed local search heuristic applied to the structural alignment problem is the
Hill climbing technique (Russell and Norvig, 2009b). Hill climbing is an iterative refinement
procedure that starts from an initial (or seed) alignment. The improvements are made by
applying a set of perturbation operations to the existing state of an alignment, and accepting
only the perturbation that most improves the alignment in terms of the objective function.
Since such heuristics always make a locally optimal choice, they are said to be greedy.

Note that hill climbing heuristics find optimal solutions only if the search space over the
candidate solutions (using the defined objective function) is convex. In practice, the search
space of most combinatorial problems (as with the structural alignment problem) is a complex
(‘rugged’) function. Therefore, hill climbing techniques often get trapped within a local optima,
making them very sensitive to the starting solution. One approach that is often used to over-
come this sensitivity is to run several searches from different starting points. A more reliable
way for hill climbing to avoid getting trapped in local optima is to use stochastic approaches
that rely on randomised acceptance of improved alignments (less greedy). This addition of
randomness is fundamental to the next two local search methods described below. However,
there are some programs that usefully apply a type of hill climbing approach to at least part
of their search algorithm. These include MINAREA (Falicov and Cohen, 1996), LOCK (Singh and
Brutlag, 1997), FASE (Vesterstrgom and Taylor, 2006), and SPalignNS (Brown et al., 2016).

Monte Carlo Search

Monte Carlo methods also rely on the iterative stochastic sampling of candidate solutions from
the search space. However, unlike the greedy hill climbing heuristics described above, the
acceptance criteria of the perturbed solutions in Monte Carlo methods is probabilistic. It is
this probabilistic acceptance that potentially prevents the solution from prematurely converging
to (certain kinds of) local optima, thus obtaining for a more extensive search of the solution
space.

Many Monte Carlo search methods are adaptations of the original Metropolis-Hastings al-
gorithm as applied to statistical mechanics (Metropolis et al., 1953; Hastings, 1970). Simulated
Annealing (Kirkpatrick et al., 1983) is a practical implementation of the Metropolis-Hastings
algorithm, and a general purpose stochastic optimisation technique used to find approximate
solutions with intractably large and complex problem solution spaces. This method is analo-
gous to the controlled cooling of solids to crystalline states (to minimise defects). The intuition
behind actual annealing is based on the observation that particles of matter are randomly
arranged at high temperatures (in gaseous and liquid states) and the gradual cooling to the
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ground energy state allows those particles to arrange into a regular lattice structure. In con-
densed matter physics, the distribution of the random variable E associated with the kinetic
energy of particles at each value of temperature 7 is characterised by the Boltzmann distribution
of the form

Pr(E=FE,T) xexp (—%)
B

where exp <—“%_) is the Boltzmann factor. This distribution has the effect of concentrating

the probability on lower kinetic energy states as the temperature decreases. In the limit as
T — 0, only the lowest energy states become probable (van Laarhoven and Aarts, 1987).

In order to simulate this annealing process for combinatorial optimisation problems, specifi-
cally the alignment problem, each alignment A is treated to be analogous to some configuration
of particles. The evaluation of that alignment using a given objective function, denoted by
Q(A), can be seen as analogous to the energy state F of the random variable in the Boltzmann
distribution, and a control parameter ¢ mimics the temperature parameter kg7

Thus, the simulated annealing algorithm is run iteratively, like the original Metropolis-
Hastings algorithm, starting with a high value of the control parameter c. Each alignment A;
is perturbed to choose another alignment A; in its neighbourhood. If Q(A;) is the evaluation
of the objective function @) for the alignment A; (similarly, for Q(A;)), let the Metropolis
criterion be defined as AQ;; = Q(A;) — Q(A;). Then, if AQ;; < 0, the perturbed alignment
is accepted with a probability of 1. On the other hand, when AQ);; > 0, the odds ratio of the
Boltzmann-like distribution gives the probability of accepting the perturbed alignment 4, with
the current state of the alignment A;:

perturbed . PI(Q<A2)7 ) _ . %
PI'(A@ - >-/4j C) — PI‘(Q(Aj),C) = €xp ( c >

$)

This process of perturbing A, perturbed, A; is iterated, holding the control parameter c fixed,
until the state of the alignment approaches the mode of the Boltzmann-like distribution. The
control parameter is then gradually lowered (for example, ¢ (lowered) = 0.88¢) until ¢ ap-
proaches a small value (van Laarhoven and Aarts, 1987).

In general the simulated annealing algorithm for optimising an alignment, A, using an
alignment quality scoring function, @), follows the steps set out in Algorithm 1 below.

Algorithm 1: Simulated Annealing
input : A seed alignment A and a starting temperature, c.
output: An alignment optimised for the quality measure, Q.

1 .Al — A

2 while ¢ > small value do

3 while some number of iterations do

4 A; < perturb(A,)

5 if Q(A;) < Q(A;) then

6 ‘ .Al <— .Aj

7 else if accept with probability: Pr(A; perturbed, A;, c) then
8 ‘ AZ — Aj

9 ¢ < lower(c)

10 return A,
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The COMPARER (Sali and Blundell, 1990), DALI (Holm and Sander, 1993), and CE (Shindyalov
and Bourne, 1998) programs are some example of popular structural alignment programs that
use Monte Carlo methods to generate protein structural alignments.

Population Based Search

population based search methods are a class of general purpose stochastic optimisation tech-
niques which maintain a population of solutions at each iteration (instead of just one, as seen
in the search methods described above). Of the commonly used population based heuristics
used for the structural alignment problem, the Genetic algorithm (Fraser, 1957; Mitchell, 1996)
is arguably most popular. This search technique is inspired by the Darwinian theory of natural
selection, and borrows terms such crossover, mutation and fitness from it (Darwin, 1859).

Broadly, starting from a population of candidate solutions, this search method involves
selecting better solutions judged by a fitness (objective) function @. The selected solutions
undergo a crossover step to combine the best parts of the better solutions in the population.
This is followed by a mutation step which could involve similar perturbation operations to those
used for simulated annealing. After the selection, crossover and mutation steps, the existing
population of solutions is updated into a new population and the process is repeated until a
set of conditions are met.

The success of genetic algorithms depends on many factors, including the ability of the
perturbation operations to sample from the local solution space and generate better solutions.
This requires the definition of perturbation operations that are flexible and computationally
efficient. The structural alignment programs KENOBI (Szustakowski and Weng, 2000), K2 (Szus-
takowski and Weng, 2003) and GANGSTA (Kolbeck et al., 2006) employ a genetic algorithm using
their own alignment quality measures as the fitness function.

6.2.3 Search by Alternating Superposition and Alignment

This approach to find structural alignments is inspired by the Expectation Maximisation (EM)
technique (Dempster et al., 1977). EM is well established in statistical learning where it is often
used to optimise the parameters of a statistical model relying on hidden variables (Dempster
et al., 1977).

Let D be some data and © be some (vector of) parameter(s) being estimated based on a
statistical model with hidden variables, H. There are many classes of problems that require an
estimated © and H that optimise the given statistical model (often as a maximum-likelihood
estimate or maximum a posteriori estimate; see Section 3.3). This is near impossible with both
© and H being unknown. To overcome this, the EM approach uses the following iterative
strategy. Starting with some initial guess (or arbitrary choice) of parameters ©y, and holding
these parameters fixed, the method estimates the hidden variables H,. This is called the
Ezxpectation step (or E-step). Then, holding the estimated hidden variable H, fixed, the method
re-estimates the parameters ©,. This step is called the Mazimisation step (or M-step). These
Expectation and Maximisation steps are iterated as follows:

E-step 7 M-step E-step ,,7 M-step E-step = M-step
@0 7‘[1 )@1 >7‘[2 )@2"'@2‘—>H2‘+1———>

until either ©; = ©,,, or the maximum limit of iterations has been reached.

For the structural alignment problem, the C, coordinates of the structural pair (S,T) are
analogous to the data, D, in the general EM approach, while the parameters of superposition
(rotation matrix, translation vector, and RMSD, associated with the optimal alignment .A)
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are analogous to ©, and the hidden variables associated with that alignment A are analogous
to H. Therefore, applying the EM approach to this problem involves starting with an initial
seed alignment from which the superposition parameters (6g) are computed. Based on the
all-versus-all C,-C,, distances after superposition, a new alignment is generated (giving the
updated hidden variables ﬁl associated with this alignment). From this stage, the process
of generating superposition parameters (©;) and, through that superposition, new alignment
parameters (H;, 1) is iterated until convergence.

Clearly, this approach of alternating between superposition and alignment is sensitive to the
initial seed alignment. To overcome this issue either a reliable starting alignment is needed or the
method has to be run with multiple distinct seeds to produce more reliable results (Eidhammer
et al., 2004). Examples of protein structure alignment programs using this technique include
SAL (Kihara and Skolnick, 2003), FRAGALIGN (Akutsu, 1996) and YASCA (May, 1996).

6.2.4 Dynamic Programming Based Methods for Structural Align-
ment

Dynamic Programming (Bellman, 1952) is an important class of algorithmic problem solving
techniques which are extremely useful for addressing combinatorial optimisation problems that
allow for linear (or sequential) ordering constraints. In order to be applicable, this problem
solving technique requires the following two key properties to hold in the given optimisation
problem.

Bellman principle of optimality: The principle relies on the ability of the given problem
to be partitioned into smaller subproblems. If the optima of the global problem can be
constructed from the optima of the smaller subproblems through a strictly additive func-
tion, then the problem exhibits the principle of optimality. That is, the problem possess
an optimal substructure such that solving the subproblems optimally and summing their
objective functions will result in the optimal evaluation of the global problem.

Overlapping Subproblems: If the global problem can be divided into subproblems, and
their subproblems overlap between various branches of the subdivisions, then the global
problem is set to have an overlapping substructure. This implies that each problem that
overlaps can be optimally solved exactly once, and its optimal solution stored (memoised)
in a history (or lookup) data structure. When a problem possesses both overlapping
subproblems, and an optimal substructure, the optimal solution can be solved efficiently
starting from a (lowest-order) subproblems that are trivially solvable, and building up to
the higher-order subproblems through the memoisation technique.

Intuitively, the dynamic programming method of solving an optimisation problem involves
breaking a large, complex problem into smaller and simpler component problems and storing
their solutions in such a way that they need only be computed once (Bellman, 1952, 1957;
Cormen et al., 2009). If the problem meets these required conditions, dynamic programming
is guaranteed to produce an optimal solution.

Dynamic programming has been extensively applied to the field of sequence alignment of
biomolecules, especially for protein sequences (Gusfield, 1997). An excellent overview of the
key contributions that led to the application of dynamic programming to sequence comparison
problems is given by Kruskal (1983). Needleman and Wunsch (1970) were amongst the first to
apply dynamic programming to compare protein sequences and their technique, summarised
below, is still very common for sequence and structure comparison.
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Let N represent the alphabet of amino acids, and S = (s1, $2, 83, -+ ) and T' = (t1,to,t3,- )
denote the ordered set of amino acid symbols (or sequences) along the chain of the two proteins.
An objective function for a sequence alignment is defined using:

a scoring matrix M : X x X — R. This scores all match states in the (sequence) alignment,
and is defined as a matrix of substitution scores associated with every pair of amino acid
symbols in the alphabet.

a general subadditive! gap penalty function I' : Z — R. This function takes an integer
argument corresponding to the length, [, of a run of insert or delete states in the alignment,
and returns a real number signifying the penalty for those gap states.

Using this objective function, Needleman and Wunsch (1970) proposed a general-purpose dy-
namic programming recurrence relation of the form:

DP(0,0):=0
DP(i,0):=I(i) V1 <i<|S]
DP(0,7):=I(j) V1< <|T|
DP(i—1,j — 1)+ M(si, t;) (6.1)
DP(i, j)=max { RXADPG—L)+T0) vy << |5vi<j<|T|
max {DP(i, j = 1) +T(1)
SUS)

where D P is a history (memoisation) matrix of size |S|+1 x |T|41 such that each cell, DP(i, j),
in the history matrix stores the optimal score of the subproblem associated with an alignment
of the prefixes of two sequences, (s1, 2, 3, ,5;) With (¢1,t9, 83, , ;).

The above dynamic programming recurrence is defined using a general subadditive gap
penalty function. As it is defined, the time complexity for solving this recurrence is O(|S||T'|* +
|S||T), that is, it requires a cubic computational effort, O(N?3), where |S| = |T| = N. How-
ever, when the general subaddtive gap penalty function, I'; takes a special form, the dynamic
programming recurrence can be further simplified. For instance when I' is a linear function of
the gap length of the form I'(l) = dl, where 0 is a constant, Needleman and Wunsch (1970) sim-
plified the above recurrence into a form that takes only quadratic, O(N?), computational effort.
Similarly, Gotoh (1982) proposed yet another O(N?) time dynamic programming recurrence
using an affine-linear gap penalty function of the form I'(l) = 6,1 + d2, where d1,y are con-
stants, although the recurrence involved three (rather than one) history matrices (Eidhammer
et al., 2004).

There have been several attempts to extend the dynamic programming apparatus of se-
quence alignment to structural alignments, to be used as fast heuristics rather than as com-
plete optimal techniques. One approach has been to transform the 3D structural alignment
problem into a one-dimensional characterisation, where the symbols in such characterisations
encode the structural and physico-chemical information of successive amino acid residues within
a specified window (Levine et al., 1984; Karpen et al., 1989; Friedberg et al., 2007). Although
very fast to run, such one-dimensional characterisations of three dimensional structures do not
yield accurate results (Kolodny et al., 2005; Hasegawa and Holm, 2009). They are particularly
vulnerable when the structures being compared contain elements of secondary structures that
are deleted with respect to each other, or even when there is a major difference in the lengths
of secondary structural elements (Konagurthu et al., 2006).

A function f: R — R is subadditive if Vp,q € R, f(p + q) < f(p) + f(q)
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Another approach is to define, using a reasonable superposition of the two structures,® an
all-versus-all Euclidean distance matrix between each possible C,-C, pair. This distance matrix
is converted into a scoring matrix (analogous to the substitution matrix in the sequence align-
ment case) and, using an ad hoc gap penalty function, the structures are aligned (iteratively
as in the aforementioned EM approach) using minor modifications to the standard form of the
dynamic programming recurrence. While all of these attempts are heuristics, they have shown
promise for generating seed alignments that can be later refined (Konagurthu et al., 2006).
Other programs that use dynamic programming in some form or other include DALI (Holm and
Sander, 1993) which performs dynamic programming over a distance matrix, STRUCTAL (Levitt
and Gerstein, 1998), SAL (Kihara and Skolnick, 2003) which uses standard Needleman Wunsch
dynamic programming to find structural alignments from specially constructed scoring ma-
trices, and TM-Align (Zhang and Skolnick, 2005b), which uses Needleman-Wunsch dynamic
programming over secondary structures to obtain a seed alignment which is improved upon
using other methods.

Double Dynamic Programming

Double dynamic programming is a dynamic programming algorithm that performs superposi-
tion and alignment simultaneously, rather than alternating as described above. This is achieved
by performing dynamic programming in duplicate when constructing an alignment: once at a
global level (using a high-level scoring matrix, HL), and once at the local level (using low-level
scoring matrices, ¥ LL), for every pair of residues. This is illustrated in Algorithm 2.

Let S = (s1,82,83,++ ,8m) and T' = (t1, o, 13, -+ ,t,) denote the ordered set of amino acids
in the pair of structures, S and 7. For each pair of residues, s; and t;, a low-level scoring
matrix, ¥ LL, is constructed under the constraint that this pair forms part of the optimal path.
Under this constraint, a superposition (see Section 2.2.3) is calculated, then the alignment
objective function is used to fill-in the scoring matrix. Note that, a superposition of a single
residue pair does not orient S with respect to T. One way of establishing an orientation
is to define a unique reference coordinate system using the residues around s; and ¢;. For
example, the triplets {s;_1, s;, si+1} and {¢;_1,%;,t;41} can be superimposed in order to orient
S with 7. Then, depending on the objective function being optimised, (s;,t;) can be forced
into the optimal path within ¥ LL by either setting the score in “LL;; to be so high that the
optimal path must pass through it, or by computing the optimal path first through ¥ LL,,,
(1 <k <4,1 <1 <j), then again through “LLy, (i < k < m,j <1 < n) and joining the
paths.

The high level scoring matrix, H L, is constructed by accumulating (normalised) scores from
all of the low-level scoring matrices. This reinforces higher scoring alignment paths through
HL and eliminates lower scoring paths. Finally, a Needleman-Wunsch dynamic program is
run, using H L as the scoring matrix, to find the optimal path. The time complexity of this
double dynamic programming approach is quadratic in the size of the structures being aligned.
Assuming that |S| < |T'| and N = |T'|, each low-level matrix can be computed in O(N?) time.
Since the are N? low-level matrices that go into building the high-level matrix, construction
of HL requires O(N?) time. Finally, dynamic programming on HL requires O(N?) time.
Therefore, double dynamic programming requires O(N?) time to find an alignment.

Double dynamic programming was used by the landmark SSAP (Taylor and Orengo, 1989;
Orengo and Taylor, 1996) protein structure alignment program, which is also used as the
automatic basis for classification by the CATH domain classification database (see Section 2.1.4;

$This can be computed from an initial seed alignment, as seen in the local search methods.
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Algorithm 2: Double Dynamic Programming

input : A pair of protein structures: S and T’
output: An alignment

1 HLH — [0]\S\><|T|

2 for i + 1 to ||S]| do

3 for j «+ 1 to ||T|| do

4 YLL[] + create_low level(i, j)

5 HL[] <« HL]] + normalise(Y LL)

6 return run_dynamic_program(H L[ ])/* Return the optimal path through HL  */

Orengo et al. (1997)). The SAP (Taylor, 2000) algorithm applies double dynamic programming
several times in an iterative manner.

6.3 Searching for Structural Alignments Using /-value

This section presents a structural alignment program, MMLigner, that uses the MML based
I-value measure developed in Chapter 4 and improved in Chapter 5. MMLigner implements an
efficient search heuristic that initially finds a reliable set of seed alignments for a given pair of
protein structures using methods similar to those described in Section 6.2.1 earlier. These seed
alignments are then refined over an EM-like approach (see Section 6.2.3). In this section, the
alignment search heuristic will be referred to as the ‘MMLigner algorithm’.

The full details of the design principles behind the MMLigner algorithm are described in
Section 6.3.2. However, before settling upon the MMLigner algorithm as the method of choice
to search for structural alignments using I-value measure, many different approaches were
trialled during the long gestation of this thesis. The most promising of these is a heuristic
based on dynamic programming, and discussed below in Section 6.3.1. Although this search
method lacks the computational efficiency and consistency that was finally achieved using
the MMLigner algorithm, the dynamic programming heuristic is nevertheless noteworthy for
potentially facilitating a visual description of the optimal alignment solution space (see below
and Chapter 8). Thus its inclusion in this thesis.

6.3.1 Dynamic Programming Using the /-value Measure

Recall that (from Equation 5.1), for a pair of protein structures (S,7"), defined as ordered sets
of C, coordinates S = {51, 5, 83,--- } and T = {#1, 19,13, -+ }, and any alignment A between
them, the I-value measure of alignment quality is defined as:

I(A (S, T)) = I(A) + Law(S)+I(T]S,A) bits.
N———— —— ~ ~ “
I-value First part Second part

As seen earlier (see Section 4.4), any (order-preserving) alignment A between the two struc-
tures can be represented as a three-state string over the match, insert, and delete alignment
states. Thus, any prefizY of that alignment string describes the alignment relationship between
the C, coordinates: Sy _; = (51,52, ,8;) with T} _; = (ﬂ,t}, . ,t;) Let A;; represent the
alignment prefix that suggests an alignment between the C, coordinates (S ;, 7. ;) and let

IGiven a string s[1---n], the prefix of the string is given by s[1---i],V1 < i < n.
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I-value(i, j) give the I-value for describing the structural coordinates (S _;,77. ;) using the
alignment A, ;:

I-value(i, j) = I(Aij, (S1..0:Th.5)) = I(Aij) + Lnan(Sh.0) + I(Th.|S1.4, Aij) bits.

Using these notations, a dynamic programming heuristic is defined using I-value as the
objective function. What is referred to as optimal is any value that is optimal according to
the heuristic, however, since the method is a heuristic, the value stored cannot be guaranteed
to be optimal. This approach is similar in spirit to the algorithm used for pairwise protein
sequence alignment in Equation 6.1, due to Gotoh (1982), using affine-linear gap penalty
function mentioned previously (see Section 6.2.4).

The method proceeds as follows. Let DPyaten, D Paetete, and D Piggere represent three dy-
namic programming history matrices, each of size |S| + 1 x |T'| + 1. Let any cell D BPuaten(i, 7),
store the optimal (or shortest) I-value(i, j) for the coordinates (S;. ;, 4. ;), such that the op-
timal alignment A“‘a“h ends in a match state. (In other words, the pair of C, coordinates §;

and t are aligned in that optimal alignment A’ﬁ“h). Similarly, the cells D Pjejese(i,7) and
DPinse,rt(i7 j) store the optimal (or shortest) [-value(i,j) such that their optimal alignments
Af;lete and Aziffert end in delete or insert states respectively, where either s; or t; are unaligned
in the optimal alignments corresponding to those cells.

Based on this, a heuristic dynamic programming recurrence is defined, where the cells within
the three history matrices, {D Ppascn, D Paelete; D Pinsers |, storing I-values for the subproblems
(that is, the alignment of (S ;,77.;)), can be updated from the neighboring subproblems
(involving (¢ — 1,7 — 1)-cells, (i — 1, j)-cells and (i, j — 1)-cells). For instance, the value stored
at the cell DPaten(i,7), where the alignment A‘“"‘“h ends in a match state, can be derived
from the alignment solution associated with one of the following cells: DPmatch( 1,7 —1),
D-Pdelete( 1;] 1) or DPlnsert< 1 ] - 1)

Let Al _, ., represent the update to the I-value term required for expanding the alignment
Al | (associated with DPaeen(i — 1,5 — 1)) by a further match state. This new align-
ment A’“’a“h is associated with the cell D Pyasen(?, j). Therefore, the term Al , involves the
following updates:

Update to I(S): The coordinate 3; € S is stated using the null model (see Section 4.5) taking
Inuu( ) bits.

Update to I(7'|S,.A): The coordinate fJ € T is stated using the coordinate compression model
encoding (see Section 4.6) using the information from §; taking Injgned(t;]5;) bits.

Update to I(A): I(A73*") (see Section 4.4) can be updated from I(Af*5% ;) by:
e removing the code length term accounting for its length, Tingeger(| AT, |)
e adding the code length term accounting for the length increase, lingeger (|AF5T 1 +1)
e adding the code length to state the m — m alignment state transition, — log, (Pr(mm))

The general set of recurrences relationships driving this dynamic programming heuristic and
the update terms are listed below:

D-Pmatch(l ]- j - ]-) + A]m—m
DPmatch@aj) = min DPinsert(l 1 j - 1) + A]:L—>m
DPdelete(Z ] - 1) + A]d—m

where
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Alysn = Lun(5i) + Ialigned<7?j|§;') — log,(Pr(mm)) — 1nteger(|~’4matlcjh )+ Imteger(‘Amathjh |+ 1)
Al = Lun(5:) + Ialigned<t_;'|§i) — log,y(Pr(im)) — lntegerOAzmSie;tlD + Imteger(‘Amsiejrtl‘ +1)
A[d~>m = Inull(§i> + Ialigned(t_;‘gti) - 10g2(Pr(dm>> - 1nteger(‘Ade]ie]tel ) + Ilnteger(‘Ade]ie]tel‘ + 1)

DPmatch( 1 j) + A]m—>d
DPdelete(iaj) = min DPlnsert( 1 J) + A[1—)d
DPierete(t — 1,7) + Alysq

h ng matc matc
T ALe = Lun(®) = 10g5(Pr(nd)) — Tinseger (JATSF ) + Fintoger (| AT + 1)

I,
Alise = Tn(fD) ~ 102(Pr(3a)) — Tuneser (|ASST]) + Foseger (AT + 1)
Ajdﬁd = [null(F) 10g2<Pr<dd))_[integer(’ delete‘)—i_[lnteger(’ delete|+ )

DPmatch(iaj - 1) + A[m—>i
DPinsert(ia.j) = min DPinsert<i7j - 1) + A]’i%i
DPdelete<i7j - 1) + AId%i

h - . matc matc
where A[m%i == Inull<5i) - 10g2(P1”(m1)) - 1nteger< Al tl;l ) + Lnteger(’Az tl;ll + 1)
Al = [null(gi) - logQ(Pr(ii)) - mteger(‘A;nsiejrt ) + Imteger(|-’4;nsle;t| + 1)
AId—>i - Inull<§i) - IOgQ(PT(dl)) - Iinteger(| ?i]f;eb + ]integer(| ?i]f;e| + 1)

The above recurrence involves latent variables in terms of nine transition probabilities,
Pr(mm), Pr(im), Pr(dm), ... and so on, that dictate the encoding of each state transition in the
alignment encoding. These terms can be inferred using an EM approach (see Section 6.2.3).
Starting with some initial values for these probabilities, the E-step involves running the above
dynamic program to find an alignment. The M-step involves updating the transition probabili-
ties derived from the resultant alignment and iterating the dynamic program until convergence.

The above set of recurrences do not guarantee finding the optimal alignment using the
I-value measure. This is because the I-value measure does not obey the Bellman principle of
optimality (Bellman, 1952): the global structural alignment problem cannot be broken down
into strictly additive subproblems (as being shown in the aforementioned recurrence relation-
ships). This is mainly due to the fact that the estimation of I(7|S,.A) terms is not additive as
it relies on superposition and the superposition depends on the correspondences assigned by the
alignment (see Section 2.2.3). For various (i, j)-cells in the dynamic program, the superposition
changes depending on the alignments and, hence, the additivity breaks down.

Generating Landscapes of Structural Alignment Quality

Despite the above dynamic program being a heuristic, it often results in very good structural
alignments, particularly when the dynamic program is not distracted by early greedy choices
during the recurrence. This is useful, as it can be used to produce very interesting and insightful
visualisations of the structural alignment landscape. A landscape L, of alignment quality
between structures S and 7' can be defined by a matrix of order (|S| + 1 x |T'| 4+ 1). Each cell



6.3. SEARCHING FOR STRUCTURAL ALIGNMENTS USING I-VALUE 115

L(i,7) of this matrix stores the I-value of the best alignment passing through (or involving) the
pair of coordinates §; and t;

To compute L(i,j), the method begins by computing the dynamic programming history
matrices {D Puaten, D Paciete; D Pinsers }» as shown in the aforementioned recurrence. After this,
the same dynamic programming is carried out, but in the backwards direction by revers-
ing the order of coordinates in S and T. The resulting history matrices are denoted by
{bwdD Pyatcn, bWd D Pyeiete, bWd D Piygers }- Using these history matrices computed in both the
forward and reversed directions, £(i, j) can be computed as:

E(Z7J> = min (meatch(i,j), DPinSeIt(i7j>7 DPdelete(iaj))
+ min (deDPmatch(ia ])7 deDPinsert (7'7])7 bVle)]Ddelete ('l, .7))

Plotting the matrix £ leads to a visual appreciation of the optimal alignment landscape
using the I-value measure. An example of this landscape for the pair of protein structures,
Succinyl-CoA synthetase from Sus scrofa (wwPDB 1EUD-A; a two domain protein containing
305 residues) and Glutamate mutase from Clostridium cochlearium (wwPDB 1CCW-A; a single
domain protein containing 137 residues) is given in Figure 6.1. Notice that there are two “val-
leys” through which an alignment path is traced (in red and yellow). These paths correspond
to the two alternative domain alignments identified by the algorithm. The first is an align-
ment of the N-terminal domain from wwPDB 1EUD-A with wwPDB 1CCW-A. The second is the
alignment of the C-terminal domain of wwPDB 1EUD-A with wwPDB 1CCW-A. A more detailed
analysis of the alignments between this pair of structures is given later, in Section 6.3.2 and
Figure 6.2. More examples of these landscapes can be found in Section 8.1.4.

‘Competing Alignment landscape for 1EUDA vs. ICCWA | Competing Alignment landscape for 1TEUDA vs. ICCWA |

|-value

1CCW (Chain A)

1EUD (Chain A)

Figure 6.1: A visualisation of the landscape of competing alignment quality for the pair of
structures, 1EUD-A and 1CCW-A. The two best alternative alignments are highlighted in red and
yellow.

Summary

This section has described a dynamic programming based heuristic to search for structural
alignments using the /-value measure of alignment quality. The evaluations of the performance
of this heuristic shows it does not consistently generate high quality alignments.| The inconsis-
tencies arise, in many cases, due to premature greedy choices that are globally suboptimal and

IResults are not included because a completely new search method is proposed (see Section 6.3.2), which
supersedes this heuristic.
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distract the dynamic programming algorithm from finding a reasonable structural alignment.
However, when the algorithm does find a good structural alignment, it can be used to visualise
of the landscape of optimal alignments, from which alternative alignments can be interactively
explored. Since it is critical to have a consistent and reliable alignment search method, a
different search strategy was explored, and the resulting method is explained in Section 6.3.2
below.

6.3.2 The MMLigner Algorithm

This section describes the final version of the heuristic search procedure used by MMLigner to
identify statistically significant and biologically meaningful pairwise alignments using I-value
(see Chapter 5) as the objective function. An important advantage of the search method
detailed in this section is that it is able to explore alternative structural alignments for the
same pair of structures and report those that pass the null hypothesis test as described in
Section 4.3.

The MMLigner search method is carried out in two phases. The first phase, called seed-
ing, combines fast fragment assembly using sufficient statistics for superposition with dynamic
programming (see Section 6.2.1 and Section 7.2). The aim of this phase is to quickly and
deterministically generate alternative structural alignments by efficiently clustering consistent
assemblies of well-superposable fragment pairs for the two given structures S and 7. The sec-
ond phase, called refinement, optimises these seed alignments using the I-value criterion with
an expectation maximisation optimisation algorithm (see Section 6.2). This search procedure
is illustrated by example using the pair of structures wwPDB 1EUD-A and wwPDB 1CCW-A
already used in the previous section. This pair of structures was earmarked as a difficult case
for structural alignment by Sippl and Wiederstein (2008), as they possesses two plausible al-
ternative structural alignments and, hence, they are useful in demonstrating the effectiveness
of the MMLigner search method for identifying and reporting alternative alignments.

Phase 1: Generating Alignment Seeds

This phase is intended to extract a set of good seed alignments. Briefly, phase one consists of
the following steps:

1. Find all equi-sized contiguous fragments from each structure that fit within an RMSD
threshold. This identifies locally fitting fragment pairs.

2. Filter the fragments found in step 1 by eliminating all fragment pairs that do not jointly
fit below an RMSD threshold. This eliminates locally fitting fragment pairs that are not
globally useful.

3. Cluster the remaining fragment pairs into groups that fit consistently.

4. For each cluster, build a scoring matrix based on the superimposed fragment distances
within the cluster. Then use dynamic programming to build a seed alignment from the
cluster.

The remainder of this section details each of the above steps.
Phase 1, Step 1: Identification of a library of maximal fragment pairs (MFPs).

Given a pair of structures S and T, the algorithm identifies all well-superposable, maximally-
extended fragment pairs that fit within a threshold of RMSD of 2 A. A Maximal Fragment Pair
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(MFP) is the central unit of operation for phase 1 and it is defined as a contiguous well fitting
pair of fragments with at least 6 residues. An MFP can be considered as a contiguous diagonal
series of cells in a matrix with |S| rows and |T'| columns. An MFP of length [, starting at S;
in S and starting at 7 in T', is represented by the diagonal starting at Di]. and occupying the
diagonal for [ cells. The results of this step, defined in Algorithm 3, is a library of MFPs for
the given pair of structures being aligned. This library can be visualised in matrix form as in
Figure 6.2(a).

Algorithm 3: Identify library of MFPs
input : A pair of protein structures: a reference structure, S, and a target structure, T’
output: All maximally sized fragment pairs that fit within a threshold of RMSD

1 mfplibraryl ] < []

2 for i < 1 to ||S|| — 6 do

3 for j < 1to ||T|| —6 do

4 ss < superimpose(S; it¢, T} j+6)

5 for [ < 6 to min(||S|| —4,||T|| — j) do
6 if not superseded(ss, mfp_library[]) and rmsd(ss) < 2.0 then
7 | mfp-library|] < append(ss)

8 else

9 ‘ break

10 ss <= update(Siyr1, Tjri11)

11 return mfp_library] |

Algorithm 3 systematically searches over S and T', growing every possible MFP from the
minimum size of 6 until the RMSD threshold is broken. This is performed rapidly by using
the addition update function for superposition sufficient statistics defined Section 7.2.4. An
MFP is not added to the library if it is superseded by an MFP already there. A superseding
MFP is one that contains all the same correspondences and more. If a valid MFP is superseded
by an MFP already in the library, it is not added. Note that superseding is distinct from
overlapping. Overlapping occurs when MFPs share some, but not all, of their residue-residue
correspondences.

This procedure results in a large search space as shown for example, in Figure 6.2(a), where
the blue highlighted areas represent MFPs found using this method for the pair of structures
wwPDB 1EUD-A and wwPDB 1CCW-A. The next step is used to reduce the library of MFPs by
eliminating globally poor fitting areas.

Phase 1, Step 2: Filtering the library of MFPs. The MFP library from step 2 is filtered
in this step to contain only MFPs that can be jointly superposed with at least two other MFPs
in the set. To begin, every pair of non-overlapping MFPs that can be jointly superposed
under the threshold of RMSD of 3A is stored. Any MFP that does not superpose within this
threshold is discarded since it shows no evidence of being spatially consistent with any other
MFPs in the set. This eliminates MFPs that are locally but not globally meaningful. For each
pair of MFPs that jointly superpose within the RMSD threshold, the algorithm extends the
superposition further using yet another (non-overlapping) MFP. Thus, a superposition using a
triplet of MFPs is formed. Any triplet of MFPs that does not jointly superimpose below the
threshold of RMSD of 4A is discarded. This further prunes the original library of MFPs (see
Figure 6.2(b)).
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Figure 6.2: Illustration of different steps used in MMLigner’s heuristic search using the example
of wwPDB 1EUD-A and wwPDB 1CCW-A. See Section 6.4.1 for more details about this structural
pair. (a) A 2D matrix showing the full library of maximal (well-superposable) fragment pairs
(MFPs) identified by MMLigner. Each pair is represented as a contiguous series of diagonal
blue dots. (b) Filtered set of MFPs were each listed MFP jointly superposes with two other
(non-overlapping) MFPs in the set. (c) Separation of the filtered set of MFPs into two clusters
of consistently fitting MFPs. (d) Determination of a tentative seed alignments for each cluster
shown as a source (bottom left) to sink (top right) path. (e) Refinement of the tentative seed
alignments using [-value measure. (f-g) Superposition of the two structures using the final
two alternate alignments found post refinement. Note, the first and second rows in Table 6.2
corresponds to the alignment paths shown in black and magenta in (e).
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If carried out naively, this filtering procedure can be computationally expensive. However,
by using sufficient statistics of superposition as described in Section 7.2, the filtering procedure
can exhaustively and very efficiently compute joint superpositions over all MFP pairs, and
their further extensions to MFP triples, by benefiting from the constant time update feature
from Section 7.2.4. To do this, when the original library of MFPs is computed, the sufficient
statistics of the superposition in each MFP is also stored. The sufficient statistics and, hence,
the RMSD of joint superposition of pairs of MFPs can be computed as a constant time update
using the sufficient statistics of individual MFPs. Similarly, extensions of pairs to triples can
also be updated in constant time. As a result, the identification of MFPs and the pruning can
be carried out exhaustively in the matter of a few seconds. Figure 6.2(b) shows the result of
filtering the set of MFPs from Figure 7.5(a).

Phase 1, Step 3: Clustering the filtered set of MFPs. The aim of this step is to
partition the filtered set of MFPs into groups (or clusters) of consistently fitting MFPs. A seed
alignment can then be generated within each cluster.

The clustering heuristic proceeds iteratively as in Algorithm 4. First, the filtered set of
MEPs is sorted in decreasing order of length (in terms of number of residue pairs in each MFP)
and the longest MFP in the filtered set is assigned as the initial singleton cluster. The iterative
process of clustering then starts by traversing the remaining sorted list of filtered MFPs, starting
from the longest. For each MFP in the list, the algorithm checks whether it can be added to
any of the already created clusters. If it can, it is added into that cluster. Otherwise, a new
cluster is created with this MFP as its singleton member. An MFP can be added to a cluster
if the MFP jointly superposes with at least 40% of the MFPs already assigned to that cluster.
This is repeated until all MFPs in the filtered list has been assigned to a cluster.

At the end of this procedure, there may be clusters that contain only a small number of
short MFPs, and/or a set of MFPs that largely overlap in a small section. Such clusters should
be discarded. To achieve that, if the combined, non-overlapping length of the MFPs in the
cluster is less than three* times the minimum MFP length, that is if the cluster defines less
than 18 consistent correspondences, the cluster is eliminated. Note that this is not applied
simply to clusters containing only a small number of MFPs since, for closely related structures,
an MFP can contain a large proportion of one or both structures and is thus meaningful in
defining an alignment.

The remaining clusters are used in the next steps to identify seed alignments. Figure 6.2(c)
shows the top two clusters of MFPs (based on the combined length of MFPs in them) for the
filtered set from Figure 6.2(b).

Phase 1, Step 4: Finding a seed alignment using the clustered MFPs. In this final
step for phase 1, the set of MFPs in each cluster are converted into a weight matrix, which is
used to construct a rough seed alignment using a dynamic programming technique. Dynamic
programming is introduced in Section 6.2.4 above.

A scoring matrix, D, with |S| rows and |T| columns is computed for each cluster. Every
MFP over 3 x MIN_MFP_LEN is assigned a simple (RMSD,N,) type score based on the scoring
function from Ilyin et al. (2004) as in Equation 6.2.

V =025 N, - ¢ 039RMSD? (6.2)

**Three due to the filtering step accepting a triplet of MFPs
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Algorithm 4: Clustering filtered MFPs
input : A filtered set of MFPs
output: A set of MFP clusters

1 MFP|| <« sort_by_length(MFP[])

2 clusters|] <[]

3 for mfp in MFP[] do

4 for cluster in clusters| | do

5 if mfp superimpose with > 40% of cluster < THRESHOLD then
6 cluster < add_to_cluster(cluster)

7 continue

8 if not member_of_cluster(mfp) or empty(clusters|]) then

9 | clusters[ ] < append new_cluster(m fp)

10 return clusters] |

Each cell occupied by these MFPs in D are assigned the value WVFP,LEN' This process of

filling cells in the matrix is repeated for non-overlapping MFP pairs (and triples) by multiplying
the number of ways a MIN_ MFP_LEN MFP can be tiled over the total extent of matches described
by the MFPs in the pair (or triple). This process reinforces closely matching residue pairs and
eliminates poorly matching residue pairs.

Once the scoring matrix D has been constructed using the above process, an alignment is
produced using the constant gap-penalty dynamic programming technique described in Sec-
tion 6.2.4. The gap-penalty is set to zero to ensure that the generated alignment is constructed
purely based on the geometric scores from the clustered and filtered MFPs. The recurrence
relation is as follows:

M0,0 - O

Mi’g — MO,j — 0
M; 11+ Di,j

Mi,j = Imax Mi—l,j (63)
Mi,j—l

This relation fills a memoisation matrix, M, from which the optimal path is extracted. This
procedure is repeated for every cluster identified step 3 to generate geometrically plausible seed
alignments as input to phase 2, which is described below. Figure 6.2(d) shows the alignment
paths found for the top two clusters identified in Figure 6.2(c).

Phase 2: Refinement of the Seed Alignment Using /-value Criterion

Phase 1 of the procedure produces geometrically plausible seed alignments that are optimised
in phase 2 through a series of small perturbations. Using each seed alignment as the starting
point, a series of perturbations are carried out to identify the final alignment that the MMLigner
search method reports. The fitness of each (perturbed) alignment is evaluated using the I-value
measure (see Chapter 5). In particular, the fitness is maximised as the amount of compression
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the perturbed alignment achieves over the null model message length:

compression(A, (S, 7)) = Lwu((S,T)) — [-value
- Inu11<<Sa T>) - ](A7 <S’ T>)

The procedure is described by Algorithm 5 below. Broadly, the approach is similar to
the EM method introduced in Section 6.2.3. It treats alignments as a list of matched blocks
in the same way as the corresponding block alignment encoding method represented align-
ments in Section 4.4. The algorithm iterates over each match block in the alignment and
applies a series of primitive perturbation operations to it and to any leading and trailing
gaps. This is repeated, operating upon the current best alignment at each iteration, until
the method converges or reaches the maximum of 25 iterations. Note that the perturbation
functions: ExtendMatchBlock, ShrinkMatchBlock, SwapMatch, SlideMatchBlock, and
RealignClosest are defined below.

Algorithm 5: Heuristic Expectation-Maximisation search

input : An initial (seed) alignment, A, and a pair of structures, (S, T)
output: An /-value (locally) optimal alignment, A4*

1 nlters <0

2 A" A

3 while nlters < 25 do

4 best_ival < compression(.A,(S,T))

5 | ptrbd] ] <[]

6 | ptrbdival] ]+ []

7 for i < 1 to ||matched_blocks|| do

8 for n <~ 1 to 6 do

9 for perturbType in {EztendMatchBlock, ShrinkMatchBlock, SwapMatch,

SlideMatchBlock} do

10 Atmp < perturbType(i, n, left)

11 ptrbd_ival[ | < append(compression(Asmy,(S,T)))
12 ptrod| | < append( Ay )

13 Aty < perturbType(i, n, right)

14 ptrod_ival| | < append(compression(Agmy,, (S, T)))
15 ptrod[ | < append (A, )

16 Aimp < RealignClosest(i)

17 ptrbd_ival| ] < append(compression( Ay, (S, T)))

18 ptrod[ | < append( Ay )

19 Aty < best(ptrbd_ival[ |, ptrbd] |)
20 | if ptrod_ival[ Ay, | < best_ival then
21 A=Ay
22 best_ival < ptrbd_ival[Asy, |
23 nilters <— nilters +1

24 return A*

There are five primitive perturbation operations defined for this algorithm. Four of these
primitive operations take 3 arguments: 1) the index'™ of the matched block to operate upon,

tIn these examples the first index is 1.
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2) the size of the operation to perform, and 3) the direction to perform the operation. The
meaning of the direction argument is dependent on the operation being performed, however it is
generally related to the use of gaps either left or right of the matched block. The fifth primitive
perturbation operation, RealignClosest, takes only one argument, the matched block index.
All of these operations are described below alongside minimal working examples.

ExtendMatchBlock(i,n,direction) : This primitive tries to extend the i*" matched block
by n residues either on the left or right of the matched block depending on the direction
argument. That is, it tries to create new matches out of the deletes and inserts flanking
the matched block in the specified direction. The number of new matches is limited by
min(|inserts|, |deletes|) on either flank of the i*" matched block. For example, there are
3 deletions and 3 insertions on the left of the matched block marked by ‘*’ characters over
residues 4,5,6,7 in T" below. Therefore, the size of the matched block can be increased by a
maximum of three matches to the left. In the example below, it is extended at the left by
adding 2 matches for residues 2,3:

Before Operation After
*ok Kok ook Kk
123 4567 1 234567
S XXX---XXXX | ExtendMatchBlock (2,2,1eft) | X-XXXXXX
T ———XXXXXXX —XXXXXXX
1234567 1234567

ShrinkMatchBlock (4,n,direction) : This primitive tries to shrink the i*" match block by n
residues either on the left or right of the matched block depending on the direction argument.
That is, it tries to remove matches by converting matched pairs of residues into insertions and
deletions flanking the current matched block in the specified direction. The number of removed
matches is limited by the size of the matched block being operated upon. In the example below,
the matched block index 1 marked by ‘*’ characters over residues 4,5,6,7 in T" below is shrunk
from the right by converting the three matches between residues 5,6,7 into inserts and deletes,
thus shrinking the match block to a size of 1 between residues 4 in S and T

Before Operation After
KKK *
123 4567 123 4 567
S XXX---XXXX | ShrinkMatchBlock (2,3, right) | XXX---X---XXX
T ——-XXXXXXX ———XXXXXXX---
1234567 1234567

SwapMatch(i,n,direction : This primitive tries to swap n aligned residues across a monotonous
(only inserts, or only deletes) gapped region from an adjacent matched block to the i*" matched
block (or vice versa) in the specified direction. The number of gaps remains constant but the
size of the block increases by the size of the swap. The size of the swap is limited by the
number of matched residues in the adjacent matched block. In the example below, the second
matched block, marked by ‘*’ characters, containing residues 7,8,9 from T is increased in size
by swapping the match of residue 3 in the adjacent matched block to the right. Thus increasing
the size of the second matched block by 1, now containing residues 6,7,8,9 from 7"
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Before Operation After
* kK * oAk K
123 456 12 3456

S XXX---XXX | SwapMatch (2,1, right) | XX---XXXX
T XXXXXXXXX XXXXXXXXX
123456789 123456789

SlideMatchBlock(i,n,direction) : This primitive tries to change the residue-residue corre-
spondences of the i*" matched block by moving (or sliding) n residues in S left or right relative
to T" according to the direction. Note that the number of correspondences in a block remains
constant or reduces (no new correspondences are created), and that a shift left in S is equivalent
to a shift right in 7" and vice-versa. The size of the shift is limited by the size of the matched
block being operated upon, plus the number of gaps available in the direction of the shift. Two
examples are shown below. The first involves shifting a matched block, the residues 1,2,3 in
S to the left by two positions reducing the match block for residues 1,2,3 in 7" to just 1. The
second example shows the same shift but this time to the right. In this case the shift is not
over gaps but over unaligned residues, resulting in no decrease in match block size for but a
change in which residues are aligned:

Before Operation After
* Kk *
123 456 123 456
S XXX--XXX SlideMatchBlock (1,2,1eft) | XXX----XXX
T XXXXX-XX ——XXXXX-XX
12345 67 12345 67
* Kk * Kk
123 456 123456
S XXX--XXX SlideMatchBlock (1,2, right) | ——XXXXXX
T XXXXX-XX XXXXX-XX
12345 67 12345 67

RealignClosest (¢) : This primitive is a special case in that it operates over an area and, thus,
no size or direction is given as an argument. This primitive is a limited version of the dynamic
programming algorithm used in step 4 of the phase 1 seeding procedure. It realigns the entire
region around the specified match block (including its flanking gaps), based on C,-C,, distances
after superposition of the structures based using the current alignment. For example, assume
that in the alignment below all residue pairs in the first matched block marked by ‘*’ fit well.
Assume also, that the 2 inserted residues fit well with the 2 deleted residues. Performing the
RealignClosest (0) operation on this matched block results in an alignment of all 5 residues
in S: 1,2,3,4,5. Note however, that the original aligned block need not be preserved, and
could be replaced by a more well fitting set of matches for the given alignment.

Before Operation After
*okx *ok Kk K
123 456 123456

S XXX--XXX RealignClosest (1) | XXXXXX
T XXXXX--X XXXXXX
12345 6 123456

The procedure begins by building a scoring matrix, D, from the residues in S and T,
restricted to those contained in the matched blocks and surrounding adjacent inserted and
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deleted residues. Firstly, the entire structures are superimposed according to the unmodified
alignment, then, in the range of residues above, an inter-residue distance matrix is constructed
containing the distances between all pairs of residues from S and 7T in the restricted range.
Each value in D is then computed as the inter-residue distance subtracted from the largest
inter-residue distance in the distance matrix.

Once D has been constructed, a new alignment for the restricted range in S and T is
produced using a constant gap-penalty dynamic program. The recurrence relation is given
in Equation 6.3 with the gap penalty set to zero. Extracting the optimal path produces a
re-alignment of the restricted range around the indexed matched block. This re-aligned area
replaces the restricted range in the alignment.

All seed alignments produced from phase 1 are refined using the above primitives over
an EM algorithm, as defined in Algorithm 5. At each iteration, the algorithm attempts to
exhaustively perturb each match block using the above perturbation primitives, and greedily
chooses the best perturbation by assessing the level of compression using the [-value. This
continues until either the alignment converges (it always will but might take a long time) or
reaches the maximum number of iterations. This behaviour is intended to ensure the algorithm
explores the local space thoroughly around the starting point provided by the first, seeding
phase of MMLigner.

6.4 Results and Discussion

In this section, the performance of MMLigner is evaluated and compared with the following
popular structural alignment programs: CE (Shindyalov and Bourne, 1998), DALI (Holm and
Sander, 1993), LGA (Zemla, 2003), FatCat (Ye and Godzik, 2003), and TM-Align (Zhang and
Skolnick, 2005b). The evaluation takes three forms. First, the utility of MMLigner in reporting
alternate (competing) structural alignments is explored using case studies. Secondly, three
structural pairs from Sippl and Wiederstein (2008) on difficult structural alignments are used to
qualitatively compare the above alignment methods with MMLigner. And third, a quantitative
evaluation is undertaken on how well all of these alignment methods perform in discriminating
closely-related, moderately-diverged, highly-diverged and unrelated proteins as defined by the
SCOP (Murzin et al., 1995; Lo Conte et al., 2000) hierarchical domain classification database.
Here, the performance of these alignment programs is measured by the set of alignment quality
measures discussed in Chapter 4 and using the same set of 2500 randomly selected domain
pairs from Section 4.8 (also listed in Appendix A).

6.4.1 Identification of Alternate Structural Alignments

First case study: wwPDB 1EUD-A versus wwPDB 1CCW-A. Consider again the alpha
chains (chain A) from the pair of proteins: Succinyl-CoA synthetase from Sus scrofa (wwPDB
1EUD-A) and Glutamate mutase from Clostridium cochlearium (wwPDB 1CCW-A). As indicated
before, wwPDB 1EUD-A contains 306 amino acid residues, while wwPDB 1CCW-A contains 137
residues. The SCOP database dissects wwPDB 1EUD-A into two domains, dleudal (region
A:1-130) and dleuda2 (region A:131-306), and classifies them under different folds. The N-
terminal (CoA-binding) domain, dleudal, falls under NAD(P)-binding Rossmann fold, while
the C-terminal domain, dleuda2, is classified under Flavodoxin-like fold. In contrast, SCOP

classifies wwPDB 1CCW-A as a small subunit domain, dlccwa_, also under the Flavodoxin-like
fold.
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Interestingly, the two domains of the Succinyl-CoA synthetase, dleudal and dleuda2, share
self-similarity and, hence, it is possible to align wwPDB 1CCW-A to either the N-terminal region
(A:1-130) or C-terminal region (A:131-306) of wwPDB 1EUD resulting in two alternate align-
ments. This structural pair is among a set of hard structural alignments identified by Sippl
and Wiederstein (2008).

MMLigner successfully identifies both these alignments (see Figure 6.2(e-g)). Of the other
programs, only DALI identifies both these alignments as being significant, while CE, FatCat,
TM-Align, and LGA yield just one significant alignment of wwPDB 1CCW-A involving the C-
terminal domain of wwPDB 1EUD-A. See Section 6.4.2 for further discussion about the quality
of structural alignments produced by these alignment methods.

Second case study: wwPDB 2SAS-A versus wwPDB 1JFJ-A. Consider the alpha chains
(chain A) from the pair of calcium-binding proteins from Branchiostoma lanceolatum (wwPDB
2SAS-A: 134 residues) and Entamoeba histolytica (wwPDB 1JFJ-A: 185 residues). The corre-
sponding domains in SCOP, d2sasa_ and d1jfja_, are classified within the Calmodulin-like
family (suggesting close evolutionary relationship). Both the domains contain a duplication of
two EF-hand (helix-loop-helix) motifs. That is, there are four EF-hand motifs in each domain,
with two EF-hands forming the N-terminus subunit and two EF-hands forming the C-terminus
subunit. However, the duplicated subunits have markedly different geometries in each of the
proteins: while the subunits are flexed compactly in d2sasa_, they are found to be relaxed in
d1jfja_.

When aligning these two structures, there are four possible alignments matching each pos-
sible pair of EF-hands between the two proteins. Let these four possible alignments be denoted
by NN, NC, CN and CC, corresponding to the matching up of the pair of FH-hands at the
N-terminus or C-terminus part of the two proteins. MMLigner identifies all four alignments and
flags them as significant (since the I-value message lengths of all these alignments are shorter
than the null model message length). These alignments are shown as four distinct source-to-sink
colored paths on a 2D plot in Figure 6.3(a) and the corresponding least-squares superpositions
of wwPDB 2SAS-A on wwPDB 1JFJ-A are shown (with colors consistent with the 2D plot) in
Figure 6.3(b-c). See figure caption for more details.

Passing the same structural pair through other structural aligners for a comparison, it can
be seen that, excluding DALI, all other aligners return just one structural alignment of the four
possible alignments. Table 6.1 contains the coverage and RMSD values returned by the various
aligners. Notice that although DALI reports all four alignments, only two of them are reported
as competitive. MMLigner consistently produces good quality alignments on all the four cases.

To summarise, MMLigner is able to successfully identify a range of significant alternative
alignments, which are at least consistent with equivalent alignments produced by other align-
ment programs. These alternatives reveal structural relationships that are invisible when only
a single alignment is produced.

6.4.2 Performance of MMLigner on Hard Structural Alignment Cases

Three pairwise structural comparisons that are classified as ‘hard structural alignment prob-
lems’ by Sippl and Wiederstein (2008) are reported here. This dataset is used to assess the
quality of alignments reported by the alignment programs, mentioned earlier, on difficult to
align structure pairs, where multiple reasonable alternative alignments exist. The quality of
the alignments generated by these programs is shown in Table 6.2. This table gives the tradi-
tional coverage and RMSD measures. In addition, information-theoretic estimates of alignment
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Table 6.1: Assessment of structural alignments produced by MMLigner, DALI, FatCat, CE,
TM-Align, and LGA on the pair of calcium-binding domains, d2sasa_ and dijfja_. Align-
ment NN denotes the alignment of N-terminal subunit of d2sasa_ (residues 1 to 99) with the
corresponding N-terminal subunit of d1jfja_ (residues 1 to 70). Alignment CC denotes the
alignment of C-terminal subunit of d2sasa_ (residues 100 to 184) with the corresponding C-
terminal subunit of d1jfja_ (residues 71 to 134). (Similar definitions for the Alignments CN
and CC.) The Coverage column gives the number of residue-residue correspondences reported by
the respective alignment programs. The RMSD column gives the root-mean-squared-deviation
after best superposition in Aunits. The I(A) column gives the measure of alignment (descrip-
tive) complexity in bits. The compression column gives the difference between the null model
message length and the [-value for each alignment. The symbol ‘~’ is used when no alignment
is reported by the respective alignment program.

. E O B
= 8 = = 5 82 = =y 5l 8 = &
= 2 3, E |z 2 = E |z 2 =T, ¢
o = = of [e] =] 5] of [o] =] =] O

MMLigner FatCat TM-Align
alignment NN || 53 | 2.75 [93.2 | 88.9 - - - - - - - -
alignment NC | 65 | 3.42 |81.2 | 95.6 - - - - - - -
alignment CN || 62 | 2.90 |61.5 | 127.1 - - - - 67 [3.13 | 73.7 | 114.2
alignment CC |65 | 3.37 |71.1 | 116.8 39 | 5.50 | 77.9 |-58.3 - - - -

DALI CE LGA
alignment NN || 65 | 13.35 |46.9 |-306.3 - - - - - - - -
alignment NC |66 | 3.73 |92.5 | 59.8 — - - - - - — —
alignment CN || 80 | 12.53 [65.2 |-134.3 - = - = 72 15.57 |94.2 | 28.3
alignment CC | 64 | 3.51 |76.3 | 88.6 73 14.55 | 72.2 | 88.1 - - - -

(descriptive) complexity and of the compression they achieve based on the I-value measure are
provided. Note that a complex alignment, A in this context corresponds to one that takes a
long message, I(A), to encode. For the estimation of I(A) given in Section 5.2.1, the longer
the match/delete/insert blocks the simpler the alignment is measured to be.

The first two rows of Table 6.2 deal with the two alternate alignments for the pair ww-
PDB 1EUD-A versus wwPDB 1CCW-A discussed in Section 6.4.1. All the alignment programs
considered report one of the two alignments, while only MMLigner and DALI report both. In
the first case, LGA’s alignment was the worst overall in terms of coverage and RMSD, and was
flagged statistically insignificant by the [-value statistical significance test, since its I-value
message length is 5.2 bits longer the null model message length. FatCat and TM-Align produce
alignments with similar coverage but TM-Align’s RMSD is better. However, the alignment
complexity (/(A)) is significantly worse than that of FatCat’s alignment. On manual inspec-
tion, it can be seen that TM-Align aligns singleton or pairs of residues in regions of dissimilarity
purely on the grounds that they happen to drift close by in space. Manual inspection of the
other cases indicates that TM-Align often results in alignments with higher coverage than the
other alignment programs and with acceptable RMSD values but contains several spurious cor-
respondences and are, thus, more complex. DALI yields an alignment with similar coverage and
RMSD statistics as TM-Align, but with slightly less complex alignments. Both MMLigner and
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Figure 6.3: Four alignments identified by MMLigner when aligning the two calcium-binding
protein domains d2sasa_ and dljfja_. These alignments are denoted here as NN, NC, CN
and CC. (a,c,e,g) Identified alignments (NN, NC, CN, CC respectively) shown as paths from
source (bottom-left) to sink (top-right) on a 2D dot plot of MFPs found during the search in
the backdrop. (b,d,f,g) Superpositions of d1jfja_ on d2sas_ using the identified NN, NC, CN
and CC alignments, respectively.

CE produce similar alignments with the difference accounted for by the different levels of con-
servatism of their respective objective functions. In the second case, only MMLigner and DALI
produce an alternate alignment for the above structural pair. MMLigner produces the more
conservative and agreeable alignment of the two: DALI appears to be overly eager to extend
existing match blocks beyond where the structures show local similarity.

The pair dleudal versus dleuda2 (third row of Table 6.2) examines the structural self-
similarity of the two domains of the wwPDB 1EUD-A. MMLigner, CE, and TM-Align produce
agreeable alignments with minor differences that can be put down to differences in the objective
functions being optimised. Qualitatively, these alignments are similar. Other aligners, DALI,
FatCat, and LGA produce poor-quality alignments.

To summarise, MMLigner consistently produces reliable structural alignments for each of
these hard structural alignment cases from Sippl and Wiederstein (2008). CE in most cases
performs equally well, however it is unable to identify alternate alignments when they exist.
DALI and TM-Align produce good alignments in a good number of cases, but are sprinkled
with spurious correspondences upon closer inspection. LGA consistently produces the worst
alignments of the programs used in this comparison. Furthermore, MMLigner can identify
alternative alignments for the same structural pair when they exist, and it does so consistently
compared to other programs. Most programs are designed to report only one alignment.
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Table 6.2: Performance of several popular structural alignment programs on the hard structural
alignment cases reported by Sippl and Wiederstein (2008). The meaning of table headers is
the same as in Table 6.1. The alignment of wwPDB 1EUD-A versus wwPDB 1CCW-A should
generate two alternate structural alignments (see Section 6.4.1). The symbol ‘" is used when
an alignment program did not report an alignment.

H H Coverage ‘ RMSD

I(A) | Compression || [| Coverage [RMSD | I(A) | Compression ||
CE

MMLigner
1EUD-A vs. 1CCW-A 118 3.15 [120.0 146.7 119 3.26 {123.6 89.6
1EUD-A vs. 1CCW-A 98 3.17 | 1114 108.2 - - - -
dleudal vs. dleuda2 94 3.36 | 111.2 109.6 97 3.39 [ 112.8 97.3
DALI TM-Align
1EUD-A vs. 1CCW-A 125 3.77 1139.9 91.4 125 3.45 | 146.8 68.6
1EUD-A vs. 1CCW-A 111 3.87 | 116.1 69.1 — — — -
dleudal vs. dleuda2 122 11.4 | 93.3 -137.7 99 3.43 [ 131.8 69.0
FatCat LGA
1EUD-A vs. 1CCW-A 125 4.44 11141 61.0 122 6.19 | 187.4 -5.2
1EUD-A vs. 1CCW-A — — — — — — — -
dleudal vs. dleuda2 105 5.79 1102.3 -14.3 112 | 11.11 | 108.4 -88.4

6.4.3 Large Scale Comparison on SCOP Domains with Varying Struc-
tural Distance

Finally, a quantitative analysis on a large data set of protein structures is undertaken to assess
whether these programs can discriminate between protein structural pairs across the entire
spectrum of structural and evolutionary distance. A statistically large data set was selected
from SCOP. This is the same dataset used for experiments in Section 4.8 and in Section 5.3.
Domains were selected from SCOP using the procedure outlined in Appendix A, which also
gives a complete listing of the domains used.

As used previously, performance of the alignments generated by various programs is evalu-
ated using the descriptive statistics for observed coverage, RMSD alignment descriptive com-
plexity (/(A)) and compression gained (both in bits) using /-value. Analysing this large amount
of quantitative data across these four criterion requires efficient graphical representations to
glean clear insights.

Figure 6.4 presents a matrix of box-and-whisker plots, where the four rows correspond to
each of the four criteria: coverage, RMSD, alignment complexity and compression; and the six
columns correspond to the six alignment programs: MMLigner, CE, DALI, TM-Align, FatCat,
and LGA, respectively. Each plot in the matrix summarises, as notched box-and-whisker plots,
the distribution of data for a specific alignment program (in columns) measuring a specific
alignment quality criterion (in rows) across each of the 5 levels of the SCOP heirarchy: Family,
Superfamily, Fold, Class and Decoy.

Examining Figure 6.4, it can be seen that the median (red line within the box plots) statis-
tics for alignment coverage criterion corresponding to DALI, TM-Align, and LGA are similar and
dominate those corresponding to other programs, including MMLigner. The median alignment
coverage for CE and FatCat remains the most conservative over all the programs. However,
analysing coverage in isolation is not useful without putting it in the context of how well the
structures fit. Comparing the median alignment RMSD statistics after the best rigid-body su-
perposition of respective structures based on the generated alignments, it is clear that MMLigner
yields the most favourable profile across the SCOP groups, followed by CE and FatCat. DALI
and LGA yield alignments with poorest fits, especially for Family, Superfamily and Fold groups.
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Since their coverage statistics dominate over the other alignment programs, it can be inferred
that DALI and LGA have a tendency to over-align residues at the cost of a poorer fit between the
structures. This behaviour has been observed on more careful manual study of many alignments
and superpositions (similar to what was observed above for the hard structural alignment cases
described by Sippl and Wiederstein (2008).) TM-Align’s RMSD profile, although poorer than
programs such as MMLigner, CE, and FatCat, remains reasonably well behaved for the Family,
Superfamily and Fold groups. However, as noted in the previous section, upon manual inspec-
tion of individual cases, TM-Align tends to greedily align spurious residues when they appear
spatially proximal even though that is by chance, yielding more complex alignments than what
is acceptable. This behaviour can be observed by studying the plots for TM~Align alignment
complexity which steadily increases from Family through to Decoy and is substantially larger
than that of other alignment programs (except for LGA) from Fold through to Decoy.

Analysing the spread of the interquartile (IQR) range across the alignment programs for
coverage and RMSD, MMLigner appears to produce the most balanced alignment of all. The
compactness of these boxes indicates its consistency over other programs to identify meaningful
structural alignments. The non-overlap of the notches (that, as indicated earlier, signifies the
95% confidence interval) of MMLigner plots suggest that the medians are statistically different.
No other program produces non-overlapping notches between boxes across all groups for the
coverage statistics. Notice that MMLigner coverage gradually decreases moving from Family to
Superfamily to Fold. However coverage falls significantly when moving from Fold to Class and
decreases further for the Decoy group. The median coverage MMLigner produces for the Class
group sits at 35 correspondences, and the median for the decoy set sits at 18 correspondences.
These correspondences are due to MMLigner rightly aligning up to two distinct supersecondary
structures, often involving long helices, for the Class data set. For the Decoy set, these corre-
spondences are found at the level of one supersecondary structure on average. The concavity of
the RMSD median lines for MMLigner highlights what should be expected of this data set, where
the RMSD grows from Family to Fold as the structural distance grows, but decreases sharply
for Class and Decoy groups, as the relationship is rather a simple one involving supersecondary
structural matches.

This concavity is also seen in the alignment complexity plots (third row of Figure 6.4)
for MMLigner, CE, DALI, and FatCat where the descriptive complexity of alignments increases
with the growing structural distance moving from Family to Fold, but decreases for Class
and furthermore for Decoy groups where the relationship is, on average, a simple one. The
continuously increasing alignment complexities for TM-Align and LGA is suggestive of over-
alignment when the relationship is increasingly tenuous.

The final (fourth row) of Figure 6.4 shows the I-value information criterion, the total com-
pression gained (in bits) by the alignment programs compared to the null model description of
the structural coordinates. It is not surprising that MMLigner gives the best compression over-
all, as this is the objective of the heuristic search (see Section 6.3) that MMLigner is trying to
optimise. However, it provides useful information as the horizontal line at 0 bits is the discrim-
inating line for statistical significance in the [-value information-theoretic framework. When
compression is positive (above the zero line), the alignment provides a more compact lossless
explanation of the coordinates of the protein structural pair being aligned than their null model
(coordinates stated independently) description and, hence, that alignment should be accepted
as statistically significant. On the other hand, when the compression is negative (below the
zero line) the lossless explanation is longer than the null model message length and, hence,
the alignment should be rejected. Based on this, MMLigner’s boxes (hence, their corresponding
alignments) for Family, Superfamily and Fold are always above the zero line suggesting that



6.4. RESULTS AND DISCUSSION 131

these alignments are significant as measured by the I-value. The first quartile line for Class
group and the second quartile line for Decoy group lies on zero. Surprisingly, excepting CE,
on average other alignment programs produce alignments for the SCOP Fold group which are
below the zero line. Note that DALI does not return any alignment for most of the Class and
Decoy sets. The program is trained to discriminate true negatives, but is less accurate when
aligning proteins that are true positives in terms of evolutionary relationship.

It is useful to compare how alignments produced by MMLigner perform when using other
criteria for alignment quality. The scoring functions used here are the same as those used
previously in Chapters 4 and 5. Those scoring functions are: DALI z-score (Holm and Sander,
1993), TM-Score (Zhang and Skolnick, 2004), MI and SI (Kleywegt and Jones, November 1994),
GDT_TS and LGA_S3 (Zemla, 2003), SAS (Subbiah et al., 1993), and GSAS (Kolodny et al., 2005).

As above, Figures 6.5 and 6.6 present a matrix of box-and-whisker plots where, in this case,
the six columns correspond to each of the six structural alignment programs: MMLigner, CE,
DALI, TM-Align, FatCat, and LGA. The ten rows, spread over the two figures, correspond to the
ten alignment quality criteria. Each plot in the matrix summarises, as notched box-and-whisker
plots, the distribution of data for a specific alignment program measuring a specific alignment
quality criterion across each of the 5 levels of the SCOP heirarchy: Family, Superfamily, Fold,
Class and Decoy.

The performance of the various alignment programs is summarised, from Figures 6.5 and
6.6 in Table 6.3. This table shows the best performing alignment program as ranked by the
various structural alignment quality measures across the levels of the SCOP hierarchy.

Table 6.3: A summary of the (median) best performing alignment program (rows) accoring
to the scoring functions (columns) for each level of the SCOP hierarchy. Detailed results are
shown in Figures 6.5 and 6.6

‘ corfl}x);gsstion STRUCTAL_score | DALI z-score | TM-Score GDT_TS ‘ LGA_S3 ‘ MI ‘ SI ‘ SAS ‘ GSAS ‘
Family MMLigner TM-Align TM-Align TM-Align | MMLigner | MMLigner | MMLigner CE CE CE
Superfamily || MMLigner TM-Align TM-Align TM-Align | MMLigner | MMLigner | TM-Align CE CE CE
Fold MMLigner TM-Align TM-Align TM-Align | MMLigner | MMLigner | TM-Align CE CE FatCat
Class MMLigner FatCat DALI TM-Align | MMLigner | MMLigner | TM-Align | MMLigner | MMLigner -
Decoy MMLigner CE MMLigner/DALI | TM-Align CE CE TM-Align CE TM-Align

All alignment programs generate alignments that show (in Figure 6.5) the expected decay
with the levels of the SCOP heirarchy. It is to be expected that the alignment programs will
generate the best alignment according to their native scoring function. This is the case for
MMLigner and TM-Align, but not the case for DALT where TM-Align followed by MMLigner
perform even better on all levels of the SCOP hierarchy (except domains in the same class).
And the native scores for LGA grade MMLigner as producing the best alignments at all levels
of the SCOP hierarchy except for decoy domains. Counter-intuitively, MMLigner Class level
alignments are scored better than MMLigner Fold level alignments using both GDT_TS and LGA_S3.
This is likely an artifact of these scoring functions being designed to grade the quality of
structures predicted from sequence, where the alignment state string is mostly (or entirely)
made up from match states. MMLigner finds very few correspondences between domains that
share a Class level relationship, but they are relatively well fitting (see Figure 6.4).

To summarise, MMLigner is able to produce highly consistent structural alignments com-
pared to all other programs being compared in this chapter. True to the MML framework
that relies on achieving an accurate trade-off between hypothesis (here, alignment) complexity
and its fit with the observed data (here, the lossless explanation of structural coordinates).
MMLigner consistently identifies meaningful alignments, avoids pairing up spurious correspon-
dences, and prefers simple alignments over complex ones. Furthermore, structural alignments
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Figure 6.5: Notched box-and-whisker plots for the 2500 alignments. Columns indicate the alignment program: MMLigner, DALI, TM-Align,
LGA, CE, and FatCat. Rows indicate the alignment quality criteria. Grouped within each column (left-to-right): Family, Superfamily,
Fold, Class, Decoy.
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generated by MMLigner are considered at least competitive according to other popular measures
of structural alignment quality. Sometimes performing better on a scoring function than the
native alignment program, and sometimes revealing flaws in a scoring function when the score
is used for general purpose structural alignment.

6.5 Conclusions

The importance of finding biologically meaningful structural alignments has led to the intensive
development of methods for generating alignments and evaluating their quality. These methods,
however, often produce conflicting results and none has been generally accepted as clearly
superior (Kolodny et al., 2005; Sippl and Wiederstein, 2008; Hasegawa and Holm, 2009; Slater
et al., 2013; Ma and Wang, 2014).

This chapter builds upon the MML based [-value structural alignment quality assessment
measure developed in Chapters 4 and 5, to present a very reliable pairwise alignment pro-
gram called MMLigner. MMLigner is not only able to find high quality alignments for protein
structure pairs, but is also able to explore a range of potential significant alternative align-
ments. The results of rigorous testing of MMLigner on a large data set of domain pairs from the
SCOP database and selected difficult to align case studies are presented. As noted in previous
chapters, there is not gold standard against which to decide which program produces the best
alignments. That being said, the performance of MMLigner is highly competitive compared to
several popular structural alignment programs, and indeed is more reliable than others in ex-
ploring alternate structural alignments (when they exist) and when dealing with hard structural
alignment cases.



Chapter 7

Ancillary Methods: (1) Comparing Top
k Lists and (2) Sufficient Statistics of
Least-Squares Superposition

“The asymptotically best algorithms frequently turn out to be worst on
all problems for which they are used.”
— Cantor and Zassenhaus (1981)

This chapter presents the ancillary computational methods used in Chapter 4 to compare
ranked lists; and in Chapter 6 to rapidly compute seed alignments. The chapter is divided
into two main parts. The first introduces a new information measure for comparing any two
top k lists. It provides an objective trade-off between criteria that measure the dis-similarity
between lists, addressing pitfalls in the existing measures.

The second part presents a set of sufficient statistics for the least-squares superposi-
tion problem under the least squares criterion. These statistics provide an efficient way
to operate (via addition and deletion of vectors) on previously computed superpositions.
Benchmarking demonstrates a drastic improvement in the computational effort required to
compute RMSD using sufficient statistics.

The research presented in this chapter was published in the following papers:
Collier, J. H., Konagurthu, A. S. (2014). An information measure for comparing top-k lists.
In IEEE 10" International Conference on eScience (eScience). pp. 127-134.

Konagurthu A. S., Kasarapu, P., Allison, L., Collier, J. H., Lesk, A. M. (2015), On Suffi-
cient Statistics of Least-Squares Superposition of Vector Sets. Journal of Computational
Biology. 22(6): 487-497.
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7.1 An Information Measure for Comparing Top k Lists

anked results are produced in diverse settings, from the web page results of search engines

to genes in differential gene co-expression experiments or comparisons of alignment quality

across different measures, as seen in Section 4.8.3. A routine task that follows is the assessment
of variability between top-k ranked elements between two or more related lists.

Comparing top k lists has received much attention over the past decade. Among the most
cited work on this topic is that of Fagin et al. (2003), which proposes an easy-to-compute
metric built on Spearman’s foot rule (Spearman, 1904). Formally, if m; and 7y define two
permutations from the symmetric group S,, of all permutations of n elements, Spearman’s foot
rule gives the L, distance between the ranks of corresponding elements in the two permutations
as: Ly(my,me) = Y iy |mi (i) — ma(@)|, where any (i) or mo(i) is the position (rank) of the ith
element in the permutation, given some total ordering of n elements. Fagin et al. (2003) extend
this metric to compare two top k lists in the presence of non-overlapping elements (i.e., elements
that are in one list but not in the other). This is achieved by fixing the contribution, to the
distance, of the non-overlapping elements to a value greater than k, typically (k+1). Formally,
the extended metric for two top k lists 71 and 7, is defined as Li(m,72) = 2(k — |71 N ) (k +
D)+ icrinm 1T1(0) = 72(0)| = D ier—ry T1(3) = D icry—r, T2(@) where 7 N 73 is the set of elements
that overlap between the two lists, |7 N 73| denotes the number of overlapping elements, 73 — 7
gives the non-overlapping elements in 71, and 75 — 7 gives those in 5.

Although this measure can be shown to have good mathematical properties, in practice,
it has crucial limitations. Importantly, the term 2(k — |7 N 72|)(k + 1) grows quadratically
for increasing values of k£ and decreasing proportion of overlapping elements. In fact, in many
applications requiring comparison of top k lists (e.g., web search results), non-overlapping
elements form a significant proportion of the lists. Furthermore, this metric is insensitive to
the absolute ranks of the overlapping elements in the respective lists; when computing the L,
distance, the overlapping elements are re-ranked and, hence, ignore the displacement of these
elements when comparing two lists.

Another commonly used metric is based on Kendall tau distance (Kendall, 1938), or, col-
loquially, the bubble-sort distance, since it measures the number of adjacent transpositions
required to convert (i.e., sort) one permutation to another. Formally, for any two permu-
tations m; and 7o, Kendall tau distance is defined (using the same notations as above) as
K(m1,m2) = 3 vicicijon Kij(T1, m2), where r; (w1, m2) = 0if m (7)) < mi(j) and me(i) < m(j),
or k;j(m,m) = 1 otherwise. Extending this idea, the following cost function was proposed
to compare two top k lists (Fagin et al., 2006): K(7,72) = (kK — |11 N 7|)((2 + p)k — p|7 N
Tol +1=D)+ > icrinm K (T, T2) = D ier —r T1(8) = D icr,_r, T2(i) Where, p is a tunable penalty
parameter to account for the transposition distance between non-overlapping elements in 7
and 75. However, it is easy to see that this metric is also sensitive to the size of non-overlapping
elements in the two lists, in addition to the choice of penalty parameter p.

Other measures have been proposed on specialised applications (Bar-Ilan et al., 2006; Budin-
ska et al., 2011; Fury et al., 2006; Pearson, 2007; Jurman et al., 2009, 2012). Noteworthy among
these is the Canberra distance (Lance and Williams, 1966) between top k lists (Jurman et al.,
2012). This distance is a weighted variant of Spearman’s L; distance, and ensures that the
displacement of elements with higher ranks is penalised more than those with lower ranks.

Here, a new information measure is introduced to compare any two top k lists. The method
is built on the statistical framework of minimum message length encoding (MML; Wallace
and Boulton (1968); Wallace (2005); see Section 3.3.3), and investigates the compressibility
of top k lists. Intuitively, closely related lists have more information in common (and are,
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hence, more compressible) than the lists that are poorly related. Thus, the length of the
losslessly compressed message gives a natural and rigorous measure to estimate the variability
between two lists. Unlike previous work, this measure achieves an objective trade-off between
conflicting criteria, measuring the variability between lists. Mainly, these include: (1) the
measurement of dissimilarity, (2) the measurement of disarray of its overlapping elements, and
(3) the displacement of the positions (ranks) of these elements.

Note that measuring the true information content of any data is incomputable. This follows
from the fact that Solomonoff-Kolmogorov-Chaitin Complexity (Kolmogorov, 1963; Solomonoff,
1964; Chaitin, 1966) is undecidable. However, effective and efficient statistical models for data
compression provide reasonable upper bounds (i.e., estimates) of true information content.
Further, this section provides an approach to estimate the information content in any given
pair of top k lists. To keep this approach general, the models of compression use simple priors.
However, it is important to note that this information theoretic framework can be adapted to
individual contexts by accommodating prior knowledge about rankings in those settings.

The rest of the section is organised as follows. Section 7.1.1 introduces the information mea-
sure formally and describes some interesting mathematical properties. Section 7.1.2 explains
the practical details involved in estimating the information content of two lists. Section 7.1.3
benchmarks the information measure with other popular distance metrics on ranked lists.

7.1.1 Information Measure for Comparing Ranked Lists

The mathematical underpinning of the information measure to compare any two top k lists is
established here. To do this, this section recalls concepts introduced earlier in Section 3.2. For
details of how this information measure is realised in practice, see Section 7.1.2.

Definition 1. (Shannon’s information content of an outcome)
The information content of an outcome E whose probability is Pr(E) is given by I(E) =
—log (Pr(E)).

We note that I(E) corresponds to the (theoretical) lower bound on the length of the optimal
code required to losslessly encode the outcome E, as shown by Shannon’s seminal work on the
mathematical theory of communication (Shannon, 1948).

Lemma 1. (Measure of Information between two top k lists)
For two top k lists, 71 and T2, the total amount of information contained in them is I(1y,73) =
](7’1) + _[(7—2|7—1)

Proof. Using the product rule of probability, the joint probability of the two top k lists, Pr(7, 72)
is the product of the probability of the first list, Pr(7;), and the probability of the second list
conditioned on the first, Pr(m;|m):

Pr(7,m2) = Pr(m) x Pr(ma|n)

Taking the negative logarithm on both sides and applying Shannon’s insight in Definition 1
to these probabilities, gives the identity: I(71,72) = I(11) + I(72|71) O

Lemma 2. [(1,72) < I(1) + 1(72)
Proof. When the two top k lists are independent of each other

Pr(7y,72) = Pr(m) X Pr(mz|m) = Pr(m) x Pr(r)
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This implies that Pr(7y, 72) > Pr(7) x Pr(7;). Translating this into information terms by taking
the negative logarithm on both sides, results in I(7, 7)) < I(71) + I(72). O

Informally, if 7 and 75 are independent of each other, that is, if the knowledge of one list
does not inform the contents of the other list, the joint information content in these lists is
the sum of the information content in each of the lists taken separately, i.e., I(1) + I(72).
This Section uses the term NULL(7y,T2) in this work to define this upper bound on the joint
information in the two top k lists.

Lemma 3. Given three top k lists, 11, 7o and 73,

I(71,75) — I(71,73) = log (M>

Pr(mp|m)
Proof. Using Lemma 1

I(m,7) = I(n)+I(me|m) and
I(m,m3) = I(m)+ I(m3|m1).

Subtracting the two terms,

](7'1,7'2) — ](’7'1,7'3) = ](’7'1) —+ I(TQ|7'1) — (I(Tl) + ](7'3|T1>>
I(72|m1) — I(73]m1)
= —log (Pr(m|m)) + log (Pr(m3]m))

In other words, the difference above gives the log-odds conditional probability (or posterior)
ratio between the lists being compared. This establishes a rigorous statistical framework to
compare ranked lists.

A corollary of this property is that the information divergence between any two given top
k lists can be defined by treating 73 as a separate list which happens to be an identical copy of
71 as defined below.

]

Definition 2. (Information divergence or cost)
The information distance between two top k lists is measured as I(t1, 1) — (11, (13 = 11)) =

I(1o|m) — I((m3 = 71)|T1).*

Since the information divergence defined above is a function of conditional information terms
on the right hand side, we analyse below the metrical properties of conditional information
between top k lists.

Property 1. (Directed acyclic triangular inequality of conditional information)
For three top k lists, T, 1o, and T3:

*I((t3 = 71),71) should not be confused with I(7;) as the former measures the joint information in two
separate lists that happen to be identical. For I(r3 = 71,71) = I(m1) + I((73 = 71)|m1) = I(71) implies that
the conditional probability I((t3 = 71)|m1) = 0, which is the same as saying Pr((m3 = 71)|m1) = 1, suggesting
absolute certainty that 75 is identical to 7; this will be incorrect.
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I(r1]73)

TE— T — Ty
I(m|m2) < I(mi|713) + I(73]72) Imlr2) — I(rslm2)

Proof. This follows by expanding the joint information in the three lists as follows:

I(1y,12,m3) = I(m3) + I(11,72|13) = I(12) + (71, T3|72)
= I(13) + I(71|73) + I(72|T1, T3)
= I(m) + (71, 13|72)
= I(m3) + I(71|13) + I(72|T3)
> I(m) + I(m, 73|72)

Rearranging terms:

(L(73) + I(72|73)) + I(71|73) > I(72) + (71, T3|72)

= (7o, m3) + I(11|m3) > [(12) + (71, T3|T2)
- (I(TQ,Tg)—I<7'2)>+I(7'1|7'3) Z ](Tl,Tg‘TQ)
— I(Tg‘TQ)ﬁ‘I(TﬂTg) Z[(Tl,Tg‘Tg)
- I(T3|TQ)—|—I(7'1|7'3) 21(7—1|7—2)+I(7—3|7—177_2)
— I(7'3|T2>+I(7'1|7'3> 21(7'1’7'2)
O
Property 2. (Conditional Information is not symmetric)
I(11|2) # 1(m2|71)
Proof. From the product rule of probability (Bayes and Price, 1763):
Pr(r, 1) = Pr(m) Pr(ma|m) = Pr(n) Pr(m|n).
Applying Definition 1:
I(Tl,Tg) = ](’7'1) + I<7'2|7'1> = ](’7'2) + I<7'1|7'2)
Rearranging the terms above:
I(T1|7'2> = ](T2|’7'1) + I(Tg) — I(Tl),
proving the asymmetry between I(7|72) and I(7a|71). O

Property 3. (Near-coincidence of conditional information)

For any two separate yet identical top k lists 71 and 7o = 11: I((2 = 11)|11) = €, where € is
some small constant.

Proof. This follows because I(71,72) = I(71)+1(71|72). Since 7, is the same as 71, the additional

conditional information required to state a list that is an identical copy of another list, is a
small constant (in number of bits/nits required to transmit this identity). O

These properties suggest that the information measure defined here possesses near-metrical
properties, which are useful to compare top k lists.
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7.1.2 Realising the Information Measure in Practice

This section describes an approach to realise an information theoretic measure to quantify the
variability of two top k lists. This information measure can be better understood in the context
of a communication process between an imaginary pair of transmitter (Alice) and receiver (Bob).

Imagine Alice has access to two top k lists 74 and 7. Her goal is to communicate the
information in both these lists to Bob losslessly — exactly as she sees it. To achieve this, Alice
constructs a two-part message. In the first, she will transmit 7, taking 7(7) bits. In the second,
she uses the commonality (if any) between the two lists so that 75 can be transmitted more
concisely; this takes I(7y|m) bits.

In this information theoretic framework the measure of (dis-)similarity between two top k
lists is the total length of this two-part message: 1(71)+1(1a|71). 1t is easy to see that if 5 = 7,
the second part is extremely concise. On the other hand, if 75 is completely unrelated to 7,
then the amount of information to transmit the second list given the first, I(73|7), cannot be
shorter than I(7).

To achieve lossless transmission of the two lists between Alice and Bob, the following pieces
of information are necessary:

1. The size k = |r1| = |72| of these top k lists.

2. The elements in 7y, in the order they appear.

3. The overlapping elements between 71 and 5.

4. The ranks of the overlapping elements in 7.

5. The permutation of overlapping elements in 75 with respect to the ordering defined by 7.
6. The non-overlapping elements in 75 in the order they appear in that list.

In transmitting the above information, two distinct cases have to be considered:

Case 1: When the domain of elements being ranked is known, of which 71 and 7, are (partial)
top k lists. For instance, it is common in differential gene expression studies for the total
domain of genes and their labels (identifiers) to be known, and a set of top 50 differentially
expressed genes between two experiments be considered.

Case 2: Conversely, when the domain of ranked elements remains unknown. For instance, in
search results from popular web search engines, while the top search results can be seen,
the number of pages each search engine indexes is variable (and unknown) and is often

smaller than the universe of pages available on the internet.

In the remaining part of this section, these two cases are handled separately and the descrip-
tion the encoding schemes to transmit each of the enumerated pieces of information follows.

Case 1: Known Domain of Elements

Assume the size (N) of the domain is known, along with the labels (or identifiers) of elements
in it.
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Step 1: Transmitting the size of the top £ lists The size of £ < N is transmitted as an
integer code. Since both Alice and Bob know that the top k lists come from a domain of N
elements, a simple encoding of k takes log(/N) bits, assuming an uniform distribution over the
choices of k in the range 1 < k£ < N. Note that more sophisticated encodings can be defined if
there is a prior belief that the distribution of k is non-uniform.

Step 2: Transmitting 7, Transmitting the information in 7; can be achieved by commu-
nicating, over an integer code, the lexicographic index associated with 7 in some (mutually
agreed) lexicographic ordering of the k-permutations of N elements. Since both Alice and
Bob know the domain from which the ranking was generated, the lexicographic ordering of
k-permutations can be treated as a part of the code book of communication.

Step 3: Transmitting overlapping elements between 7, and 7 At this stage Bob
already knows 7;. To nominate the overlapping elements, that is, the intersection between the
two top k lists, a bit mask b is defined, where the set bits indicate the positions in 71 where the
overlapping elements reside. The transmission complexity of stating the intersection between
71 and 75 is same as the complexity of this bit mask. An efficient encoding scheme to transmit
this bit mask, assuming no prior knowledge about the distribution of the set bits, would be
using an adaptive code over a binomial distribution.

The mask by is a binary sequence of length k. The adaptive encoding requires maintaining
two running counters that count incrementally the number of Os and number of 1s, starting
from an initial value of 1. Traversing the bit mask left to right, for every symbol in by, Alice
estimates its probability by dividing the current state of the symbol’s counter by the sum of the
two counters. After the probability is estimated, Alice increments the corresponding counter by
1. The code length to state each symbol is the negative logarithm of its estimated probability.

Generalising this, if ent[0] is the number of Os and ent[1] be the number of 1s in any bit mask
ent[0]! X ent[1]!
[(11:1)! o )

bits. Figure 7.1(a) gives an example. Notice that both Alice and Bob initialise their counters
to 1. Alice encodes each symbol in the bit mask and transmits it before incrementing the
corresponding counter at her end. Bob decodes the received symbol using the same estimate of
the probability and updates the counters on his side, thus keeping both counters synchronised
to achieve a lossless communication.

of size k, then the length of the message to transmit this bit mask is — log, (

Step 4: Transmitting absolute positions in 7, of the overlapping elements. This
again defines another bit mask, by. It is easy to see that there are (Cn];[l]) possible candidates
for by, given that Bob already knows b;. Therefore, assuming these candidates are uniformly
distributed, the optimal message length to state by takes log (Cn’;[l]) bits. It is important to note
that by ignores the permutation of the overlapping elements as they appear in 7, (with respect to
71) — this is handled in the next step. While the above encoding is optimal, it does not account
for the displacement of overlapping elements in terms of their absolute ranks in the list. It
might arise in some applications that the displacement is among the criteria of comparing two
lists. Hence, a modified adaptive scheme is proposed to account for this displacement. Two
counters are used; the first tracks the number of times the symbols in bit masks b; and by
remain the same at a given position (column); the second tracks the number of times they are
different. These counters are used to estimate the probabilities while traversing along by. For
example, See Figure 7.1(b).
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by 001100100
by 001110000
ent[0]0] or ent[1]1] |123 45566 7
ent[0[1] or ent[1/0] [11111223 3
Prob. T2311526 7

by 001100100
entl0] [12333455 6
ent[1] 111233344
Prob. |1 2123435 6
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Figure 7.1: Examples of the adaptive encoding schemes for bit masks described in the main
text.

Step 5: Transmitting the permutation of overlapping elements in 7 with respect
to 7. From the previous step, Bob knows what the overlapping elements between the lists
are, but does not know in what order they appear in 7,. To transmit the permutation of these
overlapping elements efficiently, a lexicographic numbering can be mutually agreed between
them (as a part of the code book). Then, transmitting the permutation of these elements
requires simply communicating its lexicographic number over some integer code.

However, to make this transmission efficient a factoradic (or mixed factorial) base numbering
system can be employed (Knuth, 1999b). This system defines a bijection between the symmetric
group S, to n! possible permutations in that group.

Concretely, let 7 = {7 (i), 7(2),--- ,m(n)} be some permutation of n symbols, where () is
the rank of the ith element in the permutation. A factoradic of 7 defines a sequence f(m) =
(fY f2, -+, f™), where any f' is the number of js greater than i such that 7(i) < 7(j).
See Figure 7.2 for an example of a lexicographic ordering of the symmetric group S, labeled
by elements ‘a,b,c,d’, along with its corresponding factoradic sequence of digits. It can be
observed that each factoradic digit f? denotes the number of successive adjacent transpositions
on 7 required to move each 7(i)th element into its correct position. The permutation index (in
decimal) can be computed from a factoradic as >_1 ; f* x (n —i — 1)L

The sequence of digits f(m) has several interesting properties. It has been shown that, if
permutations in S, are distributed uniformly, each factoradic digit f? is also uniformly dis-
tributed in the range 0 < f* < (n — 4 — 1) (Lehmer, 1960). Also, the factoradic digits f* are
mutually independent of each other because they form projections on independent factors in
the product n x (n —1) x ---1 =n!

Thus, transmitting a permutation of overlapping elements in 7, involves transmitting its
factoradic digits in sequence. For each factoradic digit f? in the range 0 < i < n (note: f"
is always 0), any decreasing probability distribution on integers in that range can be used.
Specifically a Wallace tree code (Wallace and Patrick, 1993), which defines a code over positive
integers’ by associating each integer with the binary code used to uniquely identify a binary
tree. Since this integer code is defined over the infinite space of positive integers, the probability
associated with each code is normalised such that the total probability in the finite range
0< fi<n-—i—1addsuptol.

Step 6: Transmitting non-overlapping elements in 7. Given that the domain of ele-
ments is known and is of size N, each non-overlapping element can be stated in log, (N — |7 UTs|)
bits. With this the communication process concludes.

tSince factoradic digits start from 0, just add 1 to each digit to map it to the Wallace tree code.
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0wl a b ¢ d 60l b a ¢ d 12,0 ¢ a b d 189l d a b ¢
(0 0 0 0) (1 0 0 0) 2 0 0 0) 3 0 0 0)
loy| a b d ¢ Tl b a d c 1350l ¢ a d b 19991 d a ¢ b
0 0 1 0) (1 0 1 0) (2 0 1 0) 3 0 1 0)
201 a ¢ b d 8ol b ¢ a d 1449| ¢ b a d 200l d b a c
0 1 0 0) (1 1 0 0) (2 1 0 0) 3 1 0 0)
30l a ¢ d b 99| b ¢ d a 159| ¢ b d a 210 | d b ¢ a
0 1 1 0) (1 1 1 0) 2 1 1 0) 3 1 1 0)
40| a d b ¢ 1016 | b d a ¢ 16| ¢ d a b 22101 d ¢ a b
0 2 0 0) (1 2 0 0) (2 2 0 0) 3 2 0 0)
501 a d ¢ b 1140 | b d ¢ a 17| ¢ d b a 23.0l d ¢ b a
0 2 1 0) (1 2 1 0) (2 2 1 0) 3 2 1 0)

Figure 7.2: All possible permutation of elements a,b, c,d, their lexicographical number in base
10, and their corresponding sequence of digits in a factorial number system. The factoradic
system defines a bijection between the permutation and its lexicographic number. For example,
2110=(3,1,1,0); =3 x 3!+ 1 x 21 + 1 x 11 4+ 0.

Case 2: Unknown Domain of Elements

In this situation Alice and Bob do not know the domain of elements being sorted. In the previous
case, Steps 1,2 and 6 depended on knowing the domain and, hence, require modification. The
encodings for Steps 3,4, and 5 are as previously described.

Since this framework relies on lossless transmission and there is no prior knowledge of the
domain of possible labels in each of the two top & lists, the framework requires the lists (along
with its labels) to be explicitly communicated.

To efficiently communicate 7; and the non-overlapping elements in 75, consider the union of
the two lists, 7 U 79, such that the top k elements define labels in 7 (in that order) and the
remainder are the labels of non-overlapping elements in the order they appear in 7.

First, the size of the union |7 U 7| is transmitted using the Wallace tree code defined
over all positive integers. (This modifies previous Step 1.) Then the labels in the 7 U 7
can be compressed using, for instance, a standard, dictionary-based lossless data compression
algorithm of Lempel-Ziv-Welch (LZW) (Ziv and Lempel, 1978). The length, |LZW (11 U 73)],
in bits gives the cost to state the information in 71 and non-overlapping elements in 75. (This
modifies previous Steps 2 and 6).

Computational complexity of computing various code length terms. For case 1:
The code lengths involved in steps 1, 2, and 6 take O(1) time to compute. The adaptive code
lengths in Steps 3 and 4 take O(k) time. In Step 5, finding the code length corresponding
to the factoradic of a permutation of n overlapping elements can be achieved in O(n < k)
time (Myrvold and Ruskey, 2001). Computing the code length of each factoradic takes O(1)
time. Thus, the total computational complexity to estimate the information content in the
two lists grows as O(k). For case 2: Step 1 requires O(1) time. Steps 2 and 6 are dealt
together and involves compression of labels in the set {3 Up}. It can easily be seen that
k <|mUm| <2k LZW compression implemented naively has a time complexity of O(S|X|),
where S is the number of input symbols and N is the alphabet. For most practical applications,
both S and |X| are O(k) in size. Steps 3, 4, and 5 are the same as in case 1. Thus, the total
time complexity to estimate of the information content for this case grows as O(k?).
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Figure 7.3: Variation of costs over the set of all permutations in the the symmetric groups
(a) Ss, and (b) Syg. Spearman’s foot rule distance is in Green. Kendall tau distance is in
Blue. Canberra distance is given in Red. Information measure defined in this work is given in
Magenta.

7.1.3 Results and Discussion

Firstly the effect of disarray between permutations as assessed by various popular measures
is quantified. Figure 7.3 gives the cost associated with various measures for the set of all
permutations in symmetric groups (a) Sg and (b) Sy. Specifically, the measures used are: (1)
Spearman’s foot rule metric (L; distance), (2) Canberra distance (weighted L; measure), (3)
Kendall’s tau distance, measuring the number of adjacent transpositions to sort a permutation,
and (4) the information measure developed in this work. It can be seen that as the information
content to describe a permutation increases, all the other measures vary significantly. It is
important to note that the costs reported by all four of the considered measures are related
to the total number of adjacent transpositions of elements required to sort the permutation.
However, the measure of information accounts for the varying magnitude of disarray (given by
the permutation’s factoradic digits) of each element, instead of combining and summarising
using a simple number. Other measures overlook these individual contributions. For instance,
it can be seen from Figure 7.2 that the permutations adcb = 519 = (0,2,1,0),, beda = 919 =
(1,1,1,0);, bdca = 1019 = (1,2,0,0)y, cadb = 1319 = (2,0, 1,0), and dabc = 1835 = (3,0,0,0),)
all require the same number of transpositions (= 3), yet differ in the number of transpositions
for its individual elements.

To examine the performance of various measures on comparing top k lists, first consider
three top 250 movie lists downloaded from goodmovieslist.com, imdb.com and reddit.com.
Figure 7.4 shows the comparisons of (left to right) Goodmovies vs. IMDb, Goodmovies vs.
Reddit, and IMDb vs. Reddit, varying k from 1 to 250 in increments of one. Qualitatively the
lists corresponding to Goodmovies and IMDb are more similar than the other possible pairs. It
can be seen from the figure that both Spearman’s foot rule distance and Kendall tau distance
grow roughly quadratically with the size of k. This mainly results from the contributions to the
respective costs from the set of non-overlapping elements. As this set grows, its contribution to
the distance dominates. However, the growth of information distance! is roughly linear. This

fNote that, for these results and those to follow, the measure of information between lists is computed by
assuming that the total domain of movies is unknown, i.e., following case 2 described in Section 7.1.2.
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makes more sense, as information is additive. When the size of the list increases from k£ to k+1,
the new element that gets added to each of the two lists can in the worst case be independent
of the previous information. This implies that, in the worst case, the total information content
in the list going from £ to k+ 1 gets augmented by the sum of information in the new elements.
Therefore, the quadratic growth of the other measures is questionable.

It is interesting to note that while Spearman’s foot rule and Kendall tau distances monoton-
ically increase, the information distance plotted in the figure has ‘fluctuations’ in the amount
of information measured. These variations occurs when new elements (for increasing values of
k) cause the set of overlapping elements to grow in size. While this increases the distance to
state the permutation of overlapping elements, there is a net saving because the size of the
set of non-overlapping elements (which are transmitted using LZW compression) decreases, in
comparison with the previous values of k.

Goodmovies vs. IMDb (Top 250 rankings) Goodmovies vs. Reddit (Top 250 rankings) IMDb vs. Reddit (Top 250 rankings)
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Figure 7.4: Comparison of Information distance, Spearman’s distance, Kendall’s tau distance
on movie rankings from goodmovieslist.com, imdb.com and reddit.com
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Figure 7.5: Comparison of Information distance, Spearman’s distance, and Kendall’s tau dis-

tance on search results of Google, Yahoo and Ask. The reported values are averaged over 250
top-trending search terms comparing pairs of ranked lists for values of k£ = {10, 25,75,100}

Further, to undertake this comparison on a larger scale, the search results of three popular
web search engines are compared: Google, Yahoo and Ask. This is achieved by selecting 250
top trending search and news terms reported by Google Trends and Yahoo text Analytics for
the regions of Australia, US, India, Canada, UK, Singapore and Germany. Figure 7.5 plots the
average (mean) distance over the 250 queries computing using Information, Spearman’s foot rule
and Kendall tau measures. In this experiment, k is varied more coarsely as 10,25, 50, 75, and
100. In this figure the same growth trends from before emerges, linear growth for information
distance and quadratic growth for Spearman’s and Kendall’s distance. For k > 50, the difference
between the average distances grows drastically for Spearman’s and Kendall’s distances, while
the same using information distance does not. This suggests a major shortcoming of these
measures compared to the measure based on information.
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7.2 Sufficient Statistics for Least-Squares Superposition
of Vector Sets

7.2.1 Introduction

As seen earlier in Chapters 4-6, the optimal superposition through orthogonal transformation of
vector sets is at the core of various methods used in this thesis. Indeed the use of superpositions
is widespread in structural biology and bioinformatics (Lesk, 2001b; Eidhammer et al., 2004).
This pervasive use is mainly due to its ability to reveal information about similarities and
differences between protein substructures.

Recall that the orthogonal transformation involves finding the best rigid-body rotation and
translation of two vector sets with one-to-one correspondence. Section 2.2.3 introduced an
almost universally used criterion to define the best superposition between corresponding vector
sets. It involves minimising the sum-of-squares error over the entire search space of possible
rotations and translations, resulting in a quantitative measure, root mean square deviation (or
RMSD), after best superposition.

Given the importance of this routine, several approaches have been proposed to address
this problem over the years (Kabsch, 1976, 1978; McLachlan, 1982; KenKnight, 1984; Mackay,
1984; Lesk, 1986; Daimond, 1988; Kearsley, 1989; Cohen, 1997; Coutsias et al., 2004; Koehl,
2001). Among the popular methods to solve this problem is the method of Kabsch (Kabsch,
1978), which solves this problem using Lagrange multipliers that constrain the search to pure
rotations (and avoid improper ones, like rotoinversions).

As indicated in Section 2.2.3, an equivalent and more elegant approach to solving the same
problem was proposed by Kearsley (Kearsley, 1989) using quaternion algebra (Hamilton and
Hamilton, 1866). Quaternions are generalisations of complex numbers with direct applications
to transformations in three dimensional space. Specifically, the space group corresponding to
unit quaternions is equivalent to the group of all possible pure rotations in three dimensions
(3D) defined about an arbitrary origin. That is, any 3D pure rotation by an angle 6 about
some normalised axis n passing through the origin can be represented using a unit quaternion as

follows: [cos (g) , T sin (Q)} . Among the key advantages of using Kearsley’s quaternion method

to solve the least—squargs superposition problem are: (1) the problem can be solved analyti-
cally in quaternion parameters, and (2) the method avoids problems with singularities (and
rotoinversions) that can result from using Kabsch’s approach, where these oddities are handled
explicitly after the solution is found (Kearsley, 1989; Coutsias et al., 2004). In general, the
least-squares superposition involves a computational effort that asymptotically grows linearly
with the number of corresponding points being superimposed.

Least-squares superpositions are used extensively in the structural alignment problem, and
in this thesis. As described in Section 6.2.1, many popular methods build an alignment between
structures using fragment-pair assembly (Lesk, 1986; Shindyalov and Bourne, 1998; Ye and
Godzik, 2003; Shatsky et al., 2004; Konagurthu et al., 2006; Shatsky et al., 2002; Vriend and
Sander, 1991; Lackner et al., 2000; Kolodny et al., 2005). In fact, the MMLigner algorithm
defined this thesis (see Chapter 6) also employs a fragment-pair assembly approach to generate
an effective seed alignments (see Section 6.3.2). The general strategy involves finding aligned
(contiguous) fragment-pairs that are maximally extended, one residue-residue correspondence
at a time, starting from some minimum fragment size, until the fragment-pairs superpose within
some specified threshold of RMSD. This results in a library of well-fitting fragment pairs, whose
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computational effort grows as a cubic in the length of the structures being aligned.® Further, by
computing the joint superpositions of these well-fitting maximal fragment pairs, a structural
alignment can be assembled by gathering fragment-pairs that superpose consistently. This
involves repeated concatenation of vector sets supporting the fragment-pairs and superposition
of those fragment-pairs in the library. Such superpositions are traditionally recomputed from
scratch (even though the previous superpositions provide a wealth of information about the joint
superpositions). It can be seen that the number of joint superpositions grows quadratically in
the size of the fragment-pair library, where each joint superposition of two fragment-pairs taking
a linear effort in the size of the concatenated vector sets.

Generating joint superpositions from scratch imposes a significant computational demand
when performing a large number of superpositions, as required for computing pairwise struc-
tural alignments. One can anticipate that the amount of time spent in superposing fragments
becomes computationally impractical when aligning multiple protein structures simultaneously,
where the multiple structural alignment is commonly built using all-vs-all pairwise structural
alignments, each of which makes a very large number of calls to the superposition routine.

In this section, the least-squares superposition problem is examined and a set of statistics
that are sufficient to compute the optimal superposition parameters (RMSD of best superposi-
tion, and its corresponding rotation and translation) are derived, with mathematical guarantee
of their optimality under the least-squares measure. These sufficient statistics (Hogg and Craig,
1994) are additive. Thus, they can be used to compute new superpositions in constant time, by
relying purely on updating the statistics of the partial superpositions. Constant time update
to compute the optimal joint superpositions results in a drastic speed up, when compared to
the time it takes to recompute the joint superposition from scratch (by treating it as a new
instance of the superposition problem).

The rest of this section is arranged as follows: Section 7.2.2 provides the basic background
of the least-squares superposition problem using the widely-used least-squares criterion. Sec-
tion 7.2.3 introduces the statistical aspects of sufficient statistics, and derives the full set of
sufficient statistics for the optimal least-squares superposition problem. Section 7.2.4 provides
the update rules to compute superpositions using the sufficient statistics of superpositions of
component vector sets, under addition and symmetric difference operations. Section 7.2.5 de-
scribes an approach to speed up the diagonalisation step used in the Kearsley approach. Finally,
Section 7.2.6 benchmarks the performance gain derived from using sufficient statistics.

7.2.2 Summary of Least-Squares Superposition

Let U = {uy,--- ,4,} and V = {0y, -+ ,7,} denote two 3D vector sets with one-to-one corre-
spondence. Let the (x,y, z) components of each u; be represented here as (u;(z), u;(y), ;(2))
(a similar representation holds for #; or any other vector). The least-squares superposition
problem is a constrained optimisation problem that involves finding the best rotation (matrix)
R and translation (vector) t with the optimality criterion defined as in Equation 2.1:

Ne
€= minz |R; + t— i ||?
i=1

where ||| is the £2-norm of the vector Z, R is a 3 x 3 pure rotation matrix, and £ is a translation
vector.

$O(N?) number of superpositions, each taking O(N) superposition effort, where N is the number of residues
in the structures being aligned.
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Under this least-squares criterion, the translation with respect to the optimal superposition
is independent of rotation. This can be easily seen by differentiating £ with respect to ¢ and
evaluating it at its extremum:

o¢ 0 L O(Ril; +t — ;)
5w - a—FZ:HRui—i-t—viH :22( 7 (Ril; +1— 7)) =0

Ne Ne
= > (Ré+f-0)=0 = R> @G+Nt—» #=0
1=1 i=1 i=1
Ne Ne

. 1 1
= t= — 7, —R — i; = Centroid(V) — Centroid(U
Ne ; 1 Ne ; 1 ( ) ( )
—— ~——
V centre-of-mass U centre-of-mass

It follows that moving each of the vector sets to an origin at its centroid, about which the
rotation is defined, gives us a modified (but equivalent) objective which is independent of the
translation ¢:

n
¢ =min ) [Ra, - 7|
=1

S
v.
where, ;' = u; — L and U} = U, — Z—l

As seen in Sectlon 2.2.3, Kearsley (1989) proposed an elegant method that removes the non-
linear aspect of this problem by transforming it to an eigenvalue problem of the form Qg = Aq;,
where Q is a 4 X 4 square symmetric matrix.

(x5,

Z(y ymzp) >
(xmzp TpZm) D
( >

> LpYm — $myp)

- . . . . . . T
q= (ql,qg,qg,q4)T = (cos (g) ,n(x)sin (g) ,n(y) sin (g) ,1(2) sin (g)) are the (unknown or
to be solved) quaternion components associated with some rotation 6 about a normalised axis
n, and A is an (unknown) eigenvalue. In Equation 7.1, the notation z,, is used to denote

the component-wise difference ¥}(x) — @}(z) (and similarly v, and z,,) and z, to denote the

(2
component-wise sum v;(x) + ;(x) (similarly y, and z,). From this point onwards, the term
quaternion matriz is used to indicate the 4 x 4 square symmetric matrix in Equation 7.1 and
denote it as Q.
Diagonalising this matrix yields four eigenvalues and (corresponding) eigenvectors. The

eigenvector corresponding to the smallest eigenvalue, A, corresponds to the rotation produc-

ing the least-squares error, and the RMSD is computed as w/’\‘;“l—i"

Time complexity: The computational effort that takes to solve the rigid-body superposition
problem using Kearsley’s quaternion approach (or equivalently Kabsch’s approach) grows lin-
early with the number of vectors being superimposed. In Kearsley’s approach this is dominated
by the computation of the Q where each of 10 distinct terms in the matrix requires O(n) effort.
The diagonalisation of Q is independent of n and shows a rapid convergence with numerical
methods such as Jacobi’s diagonalisation algorithm (Jacobi, 1846).
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7.2.3 Sufficient Statistics

The rigid-body superposition problem is a geometric instance of the general regression problem
using total least-squares, where a regression line is determined that minimises the sum of the
squared errors of the observed data with respect to it.

It is widely known that solving the regression problem produces error terms that are nor-
mally distributed as N(0,0), where the mean x is 0 and o is the standard deviation which
is minimised by the problem. In fact, the least squares estimator of ¢ is also its maximum
likelihood estimator.

More formally, consider the standard normal distribution of some random variable z:

Nl o) = o exo [—%]

This normal density can be reparameterised into a general form denoting the family of expo-
nential distributions:

F(ali) = h(@)g(i7) exp (i U (x))

where h(x) = 2=, g(m) = v=rmexp (1), 7 = (&, —3%), U7(2) = (z,2%).

This transformation can be used to show certain important properties that allows efficient
computation of the maximum likelihood estimators of y and o.

Considering a sample set of observations that are normally distributed X = {zq, 9, -+, 2, }.
The likelihood for these samples is given by:

F(X]7) = (Hh x; > ) exp(ﬁTZ(_j(xi))
i=1
Taking natural logarithms on both sides gives us the log likelihood:
log(f(X]|7)) = k +nlog (g ZU x;)

where k =Y log(h(z;)) is a term independent of 7.
To find the maximum likelihood estimators 7, take the gradient with respect to 77 and set
to 0. This results in:

nV; [log (g —I—ZU x;) =
— —V,;[log (g Z
-1
RGN Zl

Notice that the maximum likelihood estimate 7 depends on the statistic S3%, U (x;) rather than
on the individual data. This suggests that to obtain the maximum likelihood estimate, the data
is not needed explicitly as it can be derived from that statistic. This sufficiency to derive the
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maximum likelihood estimator without explicit consideration of data makes >, U(x;) a suf-
ficient statistic for the exponential family of functions. As seen earlier for normal distribution,
U(x;) = (2, 22) gives the sufficient statistics of St xiand Yo, 27 (Hogg and Craig, 1994).
Sufficient statistics of least-squares superposition

For the least-square superposition, each x, y, and z component of the error vector §; = Ru;’ —v;
is assumed to be normally distributed: i.e., &(x) ~ N(u = 0,0), &(y) ~ N(n = 0,0), and
&(2) ~ N(u = 0,0). The sufficient statistlcs are now derived for o of the & (x ),Q( ), &i(2)
terms, which is equivalent to BMSD after least-squares superposition. The likelihood of the
observed normally distributed errors after superposition, E = {&;(2),&(y), &1(2) .. ., &),
zin(y), & (2)}, can be written as:

3n
2\—1 1 T2
fElo) = [Tene?) e (R, - )

= (210?)" % exp( ZHRU —v’||2> (7.2)

Examining the decomposition of:
Il = IR, = 1> = )2 + )12 — 207 R (7.3)
From Equation 7.1, the matrix Q is made up of terms of the form:
A = )(A) = u(A) and 4, = v/(A) + u(A)
where each A and B take the values {z,y, z} denoting vector components. Rewriting:

A, + Ay, A, — A

vi(A) = 5 and u,(A) = 5

The first two terms on the right hand side of Equation 7.3 can be expanded as follows:
1”4+ 1)1 = (uh(2)” + wi(y)” + wi(=)*) + (V@) +vi(y)” + vi(2)*)

1 2 2 2 2 2 2
:§(azm+xp+ym+yp+zm+zp)

1 s 1 2
S I R SR (7.4)
Ae{z,y,z} Ae{z,y,z}
R oT .
The last term on the right hand side of Equation 7.3 can be expanded as v, Rul = v} [r; ra r3]u}
where rq, ra, r3 are column vectors of the 3 x 3 rotation matrix R. Therefore:

-

R, = (e (@) + (Ve (y) + (rg)u(2) (7.5)

vl R

S
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Take the first term on the right hand side of Equation 7.5. This can be expanded as:

(v ra)uj(@) = rvi(@)u;(x) + riovi(y)ui(x) + rigvi(2)ul ()

T11 712 13
= 1 (wp + xm)(xp Trn) + I(yp + ym)(xp — Tp) + Z(Zp + Zm)(xp — Tpm)
11 712
= I(IZ - :E?n) + I(ypxp — YpTm + YmTp — ymem)
+ %(szp — ZpTm + ZmTp — ZmTm)

where 111,712,713 are the terms in the 7; column vector in R. More generally:
(Jgrl)u;(:c) = 1 A2 + AL, + c3A By + A By + ;AR B, (7.6)

where ¢, are constants in terms of components of 7.

Similarly, (vi.re)u}(y) and (vi.rs)uj(z) can be expanded as above and will have the same
form as (7.6) but with different constants. Therefore, combining Equations 7.4-7.5, the equation
7.3 can be written as:

&I1° = C12A2+C2ZA + (3 Z ApBy, 4+ G4 Z A B + G5 Z A, B,

VA#B VA#B VYA+B

where (;, are constants. Hence, the likelihood function can be written as

FE = {66066 6060 6 (}o) = (2ro?) Fexp (~520) (@01

where

U= (QZA +@ZA +G Y AB 4G Y AuBatG Y A B)

i=1 VA#B VA#B VA#B

and A, B € {z,y, 2z}
Using Equation 7.7, the negative log-likelihood is given as:

LE = {&(2), &), &1(2) .., 6n(2),6n(y), En(2) o) = —log(27f)+3n10g0+—U (7.8)

The maximum likelihood estimate ¢ can be determined by minimising Equation 7.8 and eval-
uating the corresponding o. That is:
oc o U

0

U involves statistics that do not take into account the data explicitly, and are sufficient to

estimate o (or RMSD). Therefore, the set of sufficient statistics for the least-squares superpo-
sition problem can be defined as:

:{zn:Am zn:Ap, zn:AmBm, Xn:Ame, zn:Apo} (7.10)
i=1 =1 i=1 i=1 =1
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where A and B take the values {z, Y, 2}, Ay = 0;' (A) — ;' (A) is the component-wise difference
(similarly B,,), and A, = 0;'(A) +u;'(A) is the component-wise sum (similarly B,). Altogether,
the set ¥ consists of 24 dlstlnct statistics.

In addition, using the same notation, the statistics required to compute the centroid are of

the form )", w/(A) and Yo v/(A), and these are equivalent to YoyaAmand o A

7.2.4 Updating Sufficient Statistics
Addition Operation on Vector Sets Using Sufficient Statistics

Consider two pairs of corresponding vector sets: Q <+ R containing n; correspondences and
S <> T containing ns correspondences. Let U be defined as a combination of vectors Q and
S and similarly V as a combination of R and 7. Let ¥; denote the sufficient statistics of
superposing the first pair and ¥, denote the same for the second pair. Define these as:

v, = {i Cm,iop,icmpm,icmpp,iopz)p} (7.11)
=1 =1 =1 =1 =1

v, = {nz EngEanEmanZEmenZEpr} (7.12)
=1 i=1 =1 =1 =1

Where C, D, E and F are all {x,y, 2z} denoting the components of the corresponding vectors
in the vector sets under consideration. Consistent with the previous notation (see Equation
7.10), C, and C,, (similarly D, and D,,) are the component-wise sums and differences between
corresponding vectors in Q and R. The same definitions hold for E,, (and E,) and £, (and
F,), with respect to corresponding vectors in S and 7.

The aim is to use ¥; and Wo to compute a new set of sufficient statistics ¥ (defined in
Equation 7.10) for the superposition of vector sets Y = Q + S with V = R + 7. Below, the
construction of the new sufficient statistics is derived.

The statistics involved in computing the new centroids of the sets U and V, > 7= """ ii( A)
and Y772 §(A), can be trivially updated using the statistics 1, ¢(C), Y2, F(D), Yo S(E),
and Z"Q tHF).

To compute the remaining statistics in W, define vectors:
a; = Centroid(U) — Centroid(Q) 3, = Centroid(V) — Centroid(R)
dy = Centroid(U) — Centroid(S) fs = Centroid(V) — Centroid(7).

These vectors define the corrections that are required to be made to the previous centroids to
recover the updated ones.



7.2. SUFFICIENT STATISTICS FOR LEAST-SQUARES SUPERPOSITION 153

Lemma 4. Z?:I"”"? A, = [Zf:ll C,, + nlAfﬂ + [Z?jl E,, + ngAﬁ] , where AS = 51(0) —
@1 (C) and AE = By(E) — a3(E) and A= C = E € {x,y, 2}

Proof.

=1

L:=1

_I_

Corollary 1. 7 A, = D7, C, + mAY] + [0 E, + na AL

> AuB, = i CouDpy + AC i D,, + AP i Chn + i AC AP

i=1 Li=1 i=1 i=1

n iEmFm + AﬁiFm + Af;iEm + AL AL
Li=1 i=1 i=1

where AC = 3,(C) — @1 (C), AL = B(D) — @i (D), AE = By(E) — @3(E), and AL = B(F) —
ay(F) A=C=FEe€{zx,y,z} and B=D =F € {x,y,z}

Proof.

Updated(3 CuD) = D |((C) + Bi(C)) = (@(O) + i (C))
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Similarly:
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N ConD,n + i A°D,, + i ARG, + i AC AP
=1 =1 =1 i=1

i Con D + AY i D,, + AP i Con + 1 AS AP

i=1 =1 i=1

Updated(i E.F,) = nz E,.F,+ AL nz F,+ AL nz B, 4+ nyAEAF
=1 =1 =1

i=1

Adding the two updated statistics, the lemma follows.

Corollary 2.

n=ni+no n=ni+nso [ nq n1

S22 =N Audn = | CuCu+285 3 G (A

i=1 i=1 L i=1 i—1 |
[ no no 7

+ Y BnBu+ 2083 B+ 0y (AE)?
Li=1 i=1 i
Corollary 3.
n=ni+n2

Corollary 4.

n=ni+ng

[ n1 ny n1
> CoD,+ AT D+ AP Cp+ mATAP
Li=1 i=1 i=1

i E,F,+ A} Z Fy+ Al Z E, +nyATAT

i=1

L =1 i=1

Z Cp + nq (Ag)Q
=1

> C,C,+ 207

Li=1

n9 n2
S B, +20EY B, +ny (AF)

=1

Li=1
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Lemma 6.

> A.B, = iCmDerAiiDerApDiCermAgAf
=1 =1

=1 Li=1 = i=

+ iEme + A,Enin + AfjiEm +naALAT

Li=1 =1 =1

where AG, = 51(C) = ai(C), AL = Bi(D) — ai(D), AL = B(E) — d3(E), and Al = B5(F) —
ay(F) A=C=FEe{z,y,z} and B=D =F € {z,y,z}

Proof.
Updated(3_C0,) = 3 [(70) + O = (C) + 5 (C))
) : (P(D) + A (D)) +(d(B) + (D))
_ Z [(7(C)F(D) — 7(C)F(D) + 7(C)T (D) — 7 (C)F (D))
. Z (A(C)F (D)~ &(C)F (D) + B ()7 (D) — & ()7 (D)]
N Z (#(C)A (D) ~ #(C)ai (D) + §(C)F (D) - §(C)ai (D)
. Z (G(CVA(D) = @(C)5 (D) + () (D) — G ()i (D)
= i(]mpp + iAgDp + iAﬁCp + iﬁﬁﬁf
_ i_l:cmpp + A_g i Dy + ;72 i: C, +;11A51Af
Similarly:

n2

no n2 n2
Updated(} " EnF,) = Y EnF,+ ALY F,+ Al E,+mpALAT
=1 =1 =1

=1

Adding the two updated statistics, the lemma follows. O

Deletion Operation of Vector Sets Using Sufficient Statistics

Consider the case where a superposition needs to be found under a deletion operation. That is,
let Q@ <+ R and S <> T denote two pairs of vector sets that are in correspondence. Let S C Q
and 7 C R. Under this assumption, let us defmnetd = Q@ —S and V=R —T.
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Using the same notations as in the previous section, it is straightforward to see that the
sufficient statistics W of the superposition of & with V can be derived from the sufficient
statistics Wy (of Q <» R) and ¥4 (of S <» T'). The update rules defining the deletion operation
are similar to the ones described above.

7.2.5 Computing the RMSD from Updated Sufficient Statistics

It is easy to see that Kearsley’s 4 x 4 quaternion matrix @Q given in Equation 7.1 can be
constructed using the updated sufficient statistics ¥ derived from ¥, and ¥,. The matrix Q
contains 10 distinct elements (given that Q is square symmetric) which can be computed in
constant time.

In practice, Q is diagonalised using the Jacobi’s iterative rotation approach, which annihi-
lates an off-diagonal element with each rotation. This approach has a fast convergence, and
requires no additional optimisation. However, in many cases the updated superposition shows
only a marginal change from the previous one. For example, if a current superposition were to
be extended by one pair of residues, the resultant new transformation will often, in practice,
be very close to the previously computed one. This allows the diagonalisation to build on the
previous solution.

Let Q denote the Kearsley’s 4 x4 matrix corresponding to the superposition of corresponding
vector sets i and V. From the eigen decomposition theorem, Q = SAS~!, where S is the matrix
of eigenvectors and A is the diagonal matrix of eigenvalues. Also note that Q is a positive
semidefinite matrix with the property Q7'Q = QQ*. This implies that all the eigenvectors are
orthogonal to each other. This further simplifies the decomposition to Q = SAS?T. Also, since
S is an orthogonal matrix, Q = SAST —= A = STQS.

Now, assume that the corresponding vector sets are augmented from U and V to U’ and
V' resulting in an updated Kearsley’s matrix Q’. The aim is to diagonalise this matrix into
S'A’S™". Instead of starting the Jacobi’s iterative process from scratch, use the previously
computed eigenvectors (before the vector sets were augmented), S, and compute A as STQ'S.
Notice that if the augmentation does not include drastic changes, then A is nearly diagonal
(that is, A~ N ), thus requiring very few iterations to fully diagonalise it. This provides a
further optimisation to the diagonalisation step under update operations on vector sets.

7.2.6 Results and Discussion
Consistency of Superpositions Using Sufficient Statistics

To validate the consistency of superpositions generated using sufficient statistics (under both
addition and deletion operations discussed in Section 7.2.4) the following benchmarking is
undertaken. 8992 ASTRAL SCOP (Murzin et al., 1995; Chandonia et al., 2004) domains were
used as the source structures from which superposable fragments were randomly sampled. The
general procedure of sampling is as follows. From the list of source structures, randomly choose
any structure. Within this structure choose 2 random fragments of lengths /; and [y, where
each fragment has between 10 and 40 residues. These chosen fragments form the sets Q and
S. Yet another structure is again chosen randomly from the source list, and two fragments are
randomly extracted from it with exactly the same length, [; and l5. These form the sets R and
T. Assuming one-to-one correspondence between Q <+ R the sufficient statistics ¥, of their
least-squares superposition are computed. Similarly, the sufficient statistics ¥y are computed
for the least-squares superposition between & <> 7. Defined = Q@+ S and V =R + T. The
following is computed by iterating this random sampling 100 million times:
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Figure 7.6: The CPU times (in seconds) performing joint superpositions from scratch (Blue
line) compared against the same using sufficient statistics (Green line) over 10 million random
fragment data sets derived from ASTRAL SCOP domains. The three plots vary in the average
superposition size as indicated in the title.

o

1. the RMSD of superposition of U <> V from scratch (using the raw coordinates in the
vector sets). Denote this RMSD as py

2. the RMSD of superposition of & <+ V), but using the sufficient statistics ¥; and W, of
superpositions of constituent vector sets Q <» R, and S <+ 7. Denote this RMSD as ps.

We measure the difference between the two RMSD values, Ap = p; — p2. Over the 100 million
samples, the mean and standard deviation of Ap was found to be zero to a very high precision
(< 10717).

The same experiment is repeated to validate superpositions under deletion operation using
sufficient statistics, where, in each iteration, the superposition of vector sets S <+ T, is com-
puted with S =U \ Q and 7 = V \ R. This experiment again confirms the same consistency
as observed in the test on addition operation.

Measuring the Performance Gain Using Sufficient Statistics for Superpositions

In Section 7.2.4 it was demonstrated that superpositions under addition and deletion can be
updated in constant time, building on the sufficient statistics of the constituent sets. This
was also validated empirically by the benchmarking above. Now the gain in performance is
measured using this approach by comparing it with superpositions built from scratch.

Figures 7.6(a)-(c) show the runtime plots of three sets of randomly chosen 10 million joint
superpositions carried out from scratch (Blue line) and compared against the same superpo-
sitions updated using sufficient statistics (Green line). Note that these three sets vary in the
(average) size of the joint superpositions being carried out, as indicated in the plot titles.

Note also that, when the joint superpositions are carried out from scratch ignoring the
sufficient statistics, the average size of the superpositions introduces a constant factor to the
run time. This is expected as each superposition is linear in the size of the vector sets being
superposed. Consequently, the slopes of those blue lines across the three plots in Figure 7.6
become steeper with the increase in the superposition size. On the other hand, when the joint
superpositions are updated in constant time, the updates are independent of the superposition
size. This is because, any update involves recomputing only a small (fixed) number of sufficient
statistics. This is clearly reflected in the slopes of the green lines, which remain unchanged
across the three plots in Figure 7.6.
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Table 7.1: Time taken to perform exhaustive joint superpositions on a library of well-fitting
fragment pairs between two structures from different families.

Protein Family

structural pair

Number of joint

Average size of

Time in seconds

Time in seconds

wwPDB IDs superpositions | superpositions | (from scratch) | (sufficient stats)
Serine Proteinases | 3EST vs. 2PKA 18,486,240 14 419.6 56.0
Calmodulin-like INCX vs. 28AS 67,820,481 18 1618.4 178.2
Serine Proteinases | 3EST vs. 2SNV 71,025,321 16 1328.0 187.8
Globins 1HHOA vs. 1HHOB 74,890,441 20 1923.3 194.6

More formally, if |J| is the number of joint superpositions and [ is the (average) number of
vectors being superposed, the first method (Blue line in Figure 7.6) grows as O(l|J|). Since
[ < |J| there is a linear trend (with a steeper gradient accounting for the multiplier [ in the
complexity term). In comparison, the results with sufficient statistics (Green line in Figure 7.6)
grow only as O(]J|), independently of the superposition size.

Using Sufficient Statistics of Superposition in the Setting of Structural Alignments

As discussed in the introduction, a common heuristic employed to compute a structural align-
ment between pairs of structures, involves collecting a library of well-fitting fragments. This
library is refined by jointly superposing pairs from this library, and a final structural alignment
is assembled from these results.

To test the potential performance gain by using sufficient statistics, the time taken to
undertake an exhaustive joint superposition on libraries of well-fitting fragments corresponding
to a small collection of structural pairs is measured. For each pair of structures chosen, the well-
fitting fragments are identified as those that superpose mazimally within an RMSD threshold of
2 A. Where maximal means those fragment pairs that cannot be extended any further without
violating the RMSD threshold.

Table 7.1 shows the run times of joint superpositions performed exhaustively on a small
set of protein structural pairs. As it can be seen from the table, using sufficient statistics for
superpositions results in up to an order of magnitude improvement in the run time to carry these
superpositions exhaustively. Since performing this task without sufficient statistics creates a
computational bottleneck, existing structural alignment programs attempt to drastically restrict
the number of superpositions, often trading off structural alignment quality for speed. Note
that the improvements gained from using sufficient statistics for superpositions will allow these
restrictions to be generously relaxed without any effect on the current run times, but potentially
improving the structural alignment quality.

All of the above experiments were carried out on a standard laptop with 2.2GHz Intel®
CPU and 4GB RAM.

7.3 Conclusions
This chapter presents the two ancillary methods that support this thesis:

1. A new information measure for comparing any two top k lists. By exploring their com-
pressibility, the method provides a statistically rigorous measure of variability between
ranked lists. It provides an objective trade-off between criteria that measure the dis-
similarity between lists, addressing pitfalls in the existing measures. As a future direction
of research, this measure can be used to address the important rank aggregation problem:
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What is the ‘consensus’ top k ranking that combines the top k results from multiple
sources. Notably, this measure is employed in assessing the level of disagreement between
structural alignment scoring functions on ranked lists alignments in Section 4.8.3.

. Least-squares superpositions of vector sets are central to identify similarities and differ-

ences between spatial objects. A set of sufficient statistics was derived for the least-
squares superposition problem under the least squares criterion. These statistics provide
an efficient way to operate (via addition and deletion of vectors) on previously computed
superpositions. The results in this chapter demonstrate a drastic improvement in the
computational effort required to compute RMSD using sufficient statistics. This speed-
up drives the efficiency of MMLigner in computing seed alignments in Section 6.3.2 and
I-value in computing adaptive superpositions in Section 4.6.
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Chapter 8

Conclusions and Future Directions

“Essentially, all models are wrong, but some are useful.”
— G. Box (Box and Draper, 1987)

his thesis fundamentally re-examines the underpinnings of the protein structural alignment
T problem. In doing so, it proposes a fundamental shift in the way protein structural align-
ment quality is measured and useful alignments are identified. This is built on the rigorous
statistical foundation of the Minimum Message Length (MML) principle (Wallace and Free-
man, 1987). This thesis establishes a statistically rigorous criterion, based on MML, for the
distinction between the quality of competing alignments by combining Bayesian statistics with
lossless data compression.

The development of this criterion culminated in the I-value measure of alignment quality.
This measure computes a reliable and objective trade-off between alignment complexity, a
hitherto poorly addressed characteristic of alignments, and fidelity of fit between two protein
structures. This is in stark contrast to the ad hoc combination of coverage and RMSD terms
frequently used by state-of-the-art structural alignment quality measures. The I-value equation
encompasses an objective trade-off between alignment complexity and fidelity of fit as:

IAST) = 1A+ Lu(S) +I(T]5,4)
—_——— ~—— —— ——
I-value Alignment complexity = Constant over Fidelity

all alignments

Highlighted in the equation are message length terms representing alignment complexity and
structural fidelity. The [-value measure is intuitive: a complex alignment may require a longer
message length term, I(.A), but may allow the structures to fit very well, requiring a relatively
shorter message length term, [(7T']S,.A). This situation is reversed when the alignment is
simpler, requiring a shorter message length term, /(A), but may result in a poorer fit between
the structures yielding a longer message length term, I(7T'|S, A). Therefore, the best alignment
is the one that minimises the combined two-part message length of [-value.

Supporting this information theoretic measure are the following useful properties:

1. I-value varies according to the posterior probability of the alignment. This provides
a formal trade-off between the coverage, as measured by the complexity of the align-
ment hypothesis (I(.A)) and the fidelity of the structures given the proposed alignment
(I(T|S,.A)). Unlike previous formulations of structural alignment scoring functions, these

161
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terms are not ad hoc approximations of coverage and fidelity. Instead, they rigorously
estimate the Shannon information content of the entire alignment and coordinate data
based on lossless encoding and compression.

2. The difference between the [-values of any two competing alignments, A; and A,, gives
Pr(A2[(S,T))
Pr(A,[(S.T))

discrimination between competing alignments statistically robust. The best alignment is
the one that minimises the /-value message length.

the log-odds posterior ratio, log ( ) This property makes the comparison and

3. I-value provides a natural null hypothesis test. If the I-value of an alignment A is worse
(longer) than that of the null model encoding of the structural coordinates, then .4 must
be rejected. That is, reject A if I(A, (S, T)) > L ((S,T)).

To the best of our knowledge, no other structural alignment scoring function nat-
urally demonstrates these properties.

The accuracy of [-value largely depends on the details of the specific statistical models
of encoding used for each term in the I-value equation (see Equation 5.1). The development
of these encoding models requires a high degree of innovation. To our best efforts, a set of
models and methods were developed to estimate the Shannon information content of the I-value
message length terms in Chapter 4 and significantly improved upon in Chapter 5. Our encoding
models build on the directional distributions of C, coordinate data developed by Kasarapu and
Allison (2015). All of the assumptions behind these models are open to scrutiny. However,
it is conceivable that better statistical models could be developed beyond what is achieved in
this thesis. Nevertheless, the utility of any proposed improvements to the statistical
models of encoding are best judged, in the MML paradigm, by the improvement
to the lossless two-part message length (for example, as demonstrated in Chapter 5).

This thesis attempts to rigorously evaluate the [-value measure of alignment quality. How-
ever, no accepted gold standard for structural alignments are available to carry
out an objective evaluation of alignment quality measures. In the absence of a gold
standard, various alignment scoring functions are evaluated for their ability to distinguish
between protein domains at varying structural distances, as defined by the SCOP classifica-
tion database (Murzin et al., 1995). These evaluations clearly demonstrate the highly-
consistent performance of the /-value measure in discriminating alignments across
the SCOP hierarchy (see Section 6.4, and Section 4.8). What is also clear from our evalu-
ations is the extent disagreement among structural alignment scoring functions when ranking
structural alignments, as previously observed by the host of comparative studies (Kolodny
et al., 2005; Hasegawa and Holm, 2009; Sippl and Wiederstein, 2008; Slater et al., 2013; Ma
and Wang, 2014).

Furthermore, this thesis develops a method of searching for meaningful structural alignments
using I-value as the optimisation criterion. The resulting algorithm, MMLigner, presented in
Chapter 6, is able to reliably find high-quality alignments for pairs of protein structures. Our
evaluations demonstrate the effectiveness of MMLigner over other popular structural alignment
methods, even simply judging from the combined RMSD and coverage profiles (see Section 6.4).
Importantly, MMLigner is able to consistently identify alternative structural alignments of com-
parable quality. This is a challenging problem when aligning oligomeric proteins and protein
complexes. Chapter 6 presents case studies where such alternative alignments exist for the same
structural pair. It can be seen from these results that MMLigner consistently outperforms
other methods in identifying alternative structural alignments.

This thesis also benefits from two ancillary contributions:
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1. The derivation of sufficient statistics for the least-squares superposition problem. This
results in a mathematically-guaranteed numerical method to rapidly compute joint su-
perpositions of vector sets from superpositions of its constituent subsets. These sufficient
statistics of superposition support addition and symmetric difference operations on pre-
viously superimposed vector subsets. This contribution supports the rapid and exaustive
generation of maximally superposable fragment pairs used to create seed alignments in
(Phase 1 of) MMLigner. This technique is not limited to the domain of protein bioinfor-
matics, but is broadly applicable to areas as diverse as robotics and signal processing.

2. A measure to compare top k elements of any two given rank orderings. The approach
uses the same framework supporting /-value, based on the MML (Wallace and Boulton,
1968) criterion. This information-theoretic measure to compare two top k lists reconciles:
the extent of their non-overlapping elements, the amount of disarray among overlapping
elements and the measurement of their displacement in ranks (positions). This method
is applied to the problem of comparing lists of alignments ranked by respective alignment
scoring functions (see Chapter 4).

8.1 Extensions to the Research Presented in this Thesis

There are several clear avenues for further work and improvement to /-value and MMLigner.

8.1.1 Evaluating the Quality of Predicted Protein Structures

Today, protein structure is routinely determined using experimental methods such as X-ray crys-
tallography (Kendrew et al., 1958; Muirhead and Perutz, 1963), Nuclear Magnetic Resonance
(NMR; Wagner and Wiithrich (1978)) and Cryo-Electron Microscopy (Unwin and Henderson,
1975). However, these methods are relatively expensive compared to the determination of DNA
sequence (Franga et al., 2002) that can be directly translated into protein sequence. The holy
grail of molecular biology is the accurate computational prediction of protein structures from
sequence.

Every two years the Critical Assessment of protein Structure Prediction (CASP; Moult
et al. (1995)) competition is held to test the state-of-the-art methods for protein structure
prediction. Accurate protein structure alignments are critical to the assessment of entries into
this competition. Using MMLigner and [-value to rank entries to this competition currently
stands as partially completed work which we have been unable to include in this thesis.

8.1.2 Improvements to the Encoding Models

It would be useful to add sequence information to structural information for the models of
encoding when constructing alignments of protein structures. As mentioned in Section 5.1,
rigorous statistical models for protein sequence alignment exist and may be applied in I-value
alongside structural data to improve alignment quality. The addition of sequence to the I-value
computation is a potentially important improvement.

Second, while C, atoms are the de-facto atom to use when representing amino acid coordi-
nates, they do not provide any information about the orientation of the side chain. Therefore,
it could be useful for extensions of the coordinate encoding models to take into account other
main-chain atoms and the Cg atom in order to account for side-chain orientation.
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Finally, the MMLigner algorithm could be extended to support multiple protein structural
alignment. Alignments of more than two structures reveal more information to a biologist
than does a pairwise alignment. Therefore, it is important to extend /-value and MMLigner to
alignments of multiple protein structures.

8.1.3 Identifying Closely Competing Structural Alignments

The MMLigner algorithm performs a series of slight modifications in the final step and evaluates
each modification using I-value. Recording the k£ best alignments under the I-value measure
and presenting these as closely competing alternatives, gives biologists a powerful mechanism
to evaluate points of uncertainty in the alignment produced together with a set of nearby
alignments to choose from. Note that this procedure is in addition to the distinct alternate
alignments produced by MMLigner in its current form.

8.1.4 Visualisations of Alignment Quality

The possibility of visualising the landscape of competing alignment hypotheses was touched
upon in Section 6.3.1. This landscape allows users to determine whether the alignment obtained
is unique or if there are many similar ones available providing a visual mechanism for the
improvement mentioned above in Section 8.1.3. Figures 8.1-8.5 show a range of landscapes
produced from simple, closely related proteins, to more distant relationships with multiple
potential alternates. The height of each cell is equivalent to the I-value (lower is better) of
the optimal alignment that “passes though” (an alignment considered as a path travelling from
source to sink; see Section 6.3.1). Note that the visualisations make it easy to see the relative
significance between alternatives (as the heights of valleys), the existence of areas of closely
competing alignments (as valley floors), and the general landscape of alignment quality. The
addition of interactivity to these landscapes (where a user is able to “click” on a particular cell
to examine the alignment passing through it, and the superposition (as shown below) of the
structures given by that alignment) makes for a compelling tool for the analysis of alignments
and the structural relationships between proteins. This landscape visualisation is a natural
successor to the dot-plot in the age of 3D graphics.

This visualisation was a by-product of a dynamic programming scoring matrix and thus
MMLigner is unable to build such a visualisation in its current state. Extending MMLigner to
be able to produce such a visualisation is however, very useful and an important direction this
work should take.
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Competing Alignment landscape for IHHOA vs. IMBD |
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Figure 8.1: Landscape produced when aligning human haemoglobin (wwPDB 1HHO-A) against
the closely related sperm whale myoglobin (wwPDB 1MBD). The bottom shows the superposition
calculated from the optimal alignment highlighted by the yellow line through the “valley”.
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Figure 8.2: Landscape produced when aligning the Escherichia Coli chemotaxis protein CheY
(wwPDB 3CHY) against Clostridium beijerinckii flavodoxin (wwPDB 5NLL). The bottom figures
show the superpositions calculated from the optimal alignment, shown as a yellow line, and a
closely competing alignment, shown as a red line.
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Figure 8.3: Landscape produced when aligning Cyanidium caldarium phycocyanin (wwPDB
1PHN) against sperm whale myoglobin (wwPDB 1MBD). The bottom figures show the superpo-
sitions calculated from the optimal alignment, shown as a yellow line, and a closely competing
alignment, shown as a red line.
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Figure 8.4: Landscape produced when aligning Succinyl-CoA synthetase from Sus scrofa (ww-
PDB 1EUD-A) against glutamate mutase from Clostridium cochlearium (wwPDB 1CCW-A). The
bottom figures show the superpositions calculated from the optimal alignment, shown as a
yellow line, and a closely competing alignment, shown as a red line.
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Competing Alignment landscape for 1JFJ (Chain A) vs. 2SAS

1JFJ (Chain A)

Competing Alignment Iandscgge for 1JFJ (Chain A) vs. 2SAS.

1.198
1.196
—1.194
—1.192

—1.19

1.188

1.186

1JFJ (Chain A) >

Figure 8.5: Landscape produced when aligning the pair of calcium-binding proteins from Bran-
chiostoma lanceolatum (wwPDB 2SAS-A) and Entamoeba histolytica (wwPDB 1JFJ-A). The
bottom figures show the superpositions calculated from the optimal alignment, shown as a yel-
low line, and a closely competing alignment, shown as a red line. This is an example of the
dynamic programming algorithm (see Section 6.3.1 becoming distracted by clase early matches.
Though it recovers enough to notice the CC, NC, and CN domain alignments (see Figure 6.3).
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Appendix A

List of randomly selected SCOP
heirarchy domains

Benchmarking of various alignment programs on a dataset containing 2500 structural domain
pairs selected randomly from SCOPe domain database (Fox et al., 2013). No two domains in
the dataset share more than 40% sequence identity.

The dataset is identified using the following procedure. SCOPe (Fox et al., 2013) version
1.75B domains are used and separated out into buckets depending on their sizes (number of
residues). Two domains in the same bucket differ no more than 50 residues in their lengths.
The SCOP hierarchy for all the domains within each bucket is recorded. A pivot domain is
randomly chosen from the entire SCOPe collection. Assume that this pivot domain falls with
the i-th bucket. Using the SCOP (Murzin et al., 1995) hierarchy in this bucket, we select (at
random):

This

one domain that belongs to the same SCOP Family as the pivot
one domain that belongs to the same SCOP Superfamily as the pivot, but not the Family

one domain that belongs to the same SCOP Fold the pivot, but not the Family or Super-
family.

one domain that belongs to the same SCOP Class the pivot, but not the Family, Super-
family or Fold.

one domain that belongs to a different class (a Decoy domain).

selection process is repeated until we have 500 distinct pivots and their respective five

domains. This results in 2500 distinct structural domain pairs from 3000 unique domains. A
table containing a list of the SCOP identifiers for these domains can be found overleaf.
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190 APPENDIX A. LIST OF RANDOMLY SELECTED SCOP HEIRARCHY DOMAINS

Super Super
Pivot Family Family Fold Class Decoy Pivot Family Family Fold Class Decoy
d2d0oa3 d2d0oa2 d2i7na2 dlekea- dipnOa2 dirqgal d1l9xa_ dit3ta2 dinb7a_ dilida2 d2gbgx1 dirhlal
d2cblcl d1k8rb_ d1jO0ga- d3ge3c_ d2grgal dibcoal dlybeal divlpa2 diytdal dib5ta- d3kgsa- d2ijral
difbma. d2o09cal d2o09aa- d1l3la2 d2gtia2 dlig3a2 d2hjsa2 d2cvoa2 dihéda2 d2gvial dihzta_ dina6al
dic8na. dif2na_ diza7a_ dimO6g_ didg3al dit35a_ d2pcsal d2ns9al diti7a_ difé46a_ d2pnra2 d3cxbg_
d2ah2a2 dilso7a_ d3b7ea_ d3amra_ difsv.1 dikbla3 digypa- ditfia_ dlyuaal dlwgeal dleyfa_ d2f69a1l
d2pida_ d3tzla_ d2d5ba2 dict9al dixhba2 d2o6xa_ dlixta_ dlomca_ dic6wa_ dimixb5 d2fcéal dim93.1
dipgua2 dinrOa2 d3uvka_ dijtdb_ dijeyal d2hyec3 din8yc2 d3b2ual dlw8aa_ dlds9a_ dljala3 d2idba2
dizj8a2 d2akja2 d3mmca2 dis99a_ d2nrkal diubka2 dikloa2 dikloal dlegfa_ dluoya_ d2dktal diwkta_
digaia. d2fbaa_ dihb4al dix9dal digsaal d3qoma._ d3bwucl dip5val d2bvua_ d2dpkal dlut7a_ digvea_
dledmm_ dluwsa_ dluoka2 diregbl dimiob. divdka_ d2bala2 d2nn6i2 div8qga_ dibdoa. dlo9ya_ dij2la_
dipgual d2ovrb2 d2pbib_ dlutca2 d2c3fal diwu7a2 divhéa_ dlorja- d3iqca- dit6ua. dip22ail dladua3
dimn3a. d2diOal diwiva_ dleija_ d3ag3h. d2fa8al dligza_ difxda_ d2fdna_ diffgb_ d3cjsbl dliiea_
digjwa2 digbaa2 digqial dleexa_ dihk8a. d2pOmal disazal dig99al d2fsjal diwb9a3 dig3qa2 disk7a_
d2piaal ditvcal d1ig8da2 d2dylal diso9a. d2azeal digxmal diggpb2 dldqga- d2p39a. diyrka_ d2hxva2
d2f9wal d2f9wa2 d2bhia2 dip90a_ d2iojal dihcial dluwdb_ dihu3a- dit06a_ d3efzal d2fm9al divl2a2
d3mmsa.- d3nméb_ dlybfa_ divhoa2 digwja- dix2ga2 d2vxxa- d2cé4la._ d2gyqal d2g38b1 d1d2zb_ ditlja-
d2d29al disiqal d1w07a2 d2pnral dipprml dixgba. dickma2 dipi6a2 dla0ia2 d2nu8b2 dirb55a_ dijx4a2
dijaka2 d2gjxa2 d118na2 dloz9a_ d1j5ya2 dikyqa2 dirtqa- difnoad d2q7sal d2gfqal d2b9eal d2alaa2
din7oal dixlial dlgaza- d2sqcal dlaoral dirrma._ dljbea- d2jbaa- diy7pal d2y71a_ didzfal d2fug61
d1q90b. dippjc2 dikqfc. diybicl dirwta. dit3ta7 dlecaa- digifa_ d2xkia_ dinekbl ditjlal d2veaa3
d1x58al dlakha_ digv2a2 dik6yal dlutcal d2ciob_ dla3qa2 dibvoa_ ditdwa_ dle2wal digwya_ dirOda_
d2iiza_ d2gvkal d2cb2al d2iOkail d1jl0a_ d2nzwal d2vc7a_ d3pnza_ d2imra2 d3blda_ d2bi7al ditvfa2
didjqail digtea2 d3krua_ ditjla2 diwoha_ divbva2 divema2 dijila3 dluuga_ diolta_ dix3la_ dig6sa_
dim65a_ d2anuail div77a_ divéta_ diwyzal div9ka_ dla9xab d1w96a3 d2io8a3 dixdna_ div4aa2 d3hlxa_
dinupa. dik4ma_ dijhda2 d2cbsal d3zqua. d2jmual dles9a_ d2hsjal diz8ha_ d2uubbil d2yyba_ dinlbal
d2ax3al dikyha_ d3pzsa. dlobza2 d2z6ra. dillaa2 d2etjal d1i39a_ dibcoa2 d2fxua2 dlooyal divdwa_
d2fhfa3 d2j43al dlacOa_ d2h6ua_ d2qazd. d2w6kal d2gu3al d2gu3a2 d3imab_ dlugia_ d2ywqal dippjf-
d2ywxa. d3rg8a- diqcza. ditlla2 d2j07a2 d2avuel dla9xb2 digpma2 difyea_ d2o014a2 d1j3ba2 dizt2bl
dij8ia. dinrda_ dizxta. d2cs7al dihv2a_ dli8na_ d3fsaa_ d2ov0a. dihfual dlkzqa2 d3qela_ dit3qcl
diri7ail din67al d2bcma_ dix9la_ diwjxa. d1x75al d2abOal d2fexal dip80al d2cdwa_ dirqgpa2 dikxual
dlecfa2 diqi5a2 digk9.1 d2ntkal d3f5vb_ divf7a. d3hh8a._ dltoaa. d3cx3a- d2xwpa.- d3ijwa- dipOya2
d2zbla_ difp3a_ dihi2a_ diw6kal diux5a_ d3o83a- divkOa_ d3mxma_ dikcfa2 d3ezwa2 d2fugl?2 d1j77a-
dip28a. d3czla_ d3klea. d2ciwal d1jr3d1 diwjda_ d2f2had dizy9a2 d2choa2 d2f7fal d2olral diyleal
d3buxbil d1h8ba_ dik9ua. dliioa- dic75a. dilnga2 dir85a. diqw9a2 dikfwal dimuwa_ dizmra_ d2gbdal
d2cw9al d2fxtal d2rfral d1x9ya2 dlae9a. dlaoca. ditx2a_ dleyea. d2ycix_ diykwal d2c42a4 dih9aa2
d2gu2al diywé4al dir3nal dic8ba- dilaral disvba2 d2ilqal diszpal diu9la_ dlaOpal dismye_ d2dkta2
dlugka. diwfma_ d3kwual dldcea2 d2f9hal digg3al divl2al digpmal dlefval dlod6a- diwpna_ dligra3
d2go2a- d3iira- diwbaa- d2vxti- d2edmal dlevya2 dig7sal d4ac9a2 d2f1la2 digfjal div76a- dit50a-
d11l0wa2 dicOaa2 d2p8ta2 diruOa_ d2uubc2 dlux6a2 dil5pa_ diczpa_ dirméc2 ditifa_ diwiba_ dlo7d.2
d2ljra2 d2c4ja2 d2bbea2 digmhail dihf2a2 dib67a_ dlo7fa3 d1ibza2 dift9a2 divj2a_ diraOal d2pu9a_
d2qima_ d2wqla_ d2ilbal dixsza2 dlodha_ dik3ra2 dligra2 din8ycl dikohal dlioOa_ d2xbla_ d2ibhail
d1hxOa2 dlwzaa2 digbaa3 dlaOca_ d3k40a_ dizhxa_ d2dixal didi2a_ dipkpa2 dldq3a2 d2hg7al dladua2
digibal dikgpa_ d2el8a_ d2a84a_ divpta. dirrkal d2cp8al dipgya.- div92a_ dibvsal d2izval dlehkb2
disefa. disqgda_ dixrual diw9yal dlupsal digbgal dimifa_ dlubda_ d3hpwa_ ding2a2 dijlya2 dim9za_
d3t4na. d2qrda_ d3osea. diq9ua_ d2c4bal d2gqfa2 dibd8a_ dlawcb_ d3twra_ dilmba_ dix9za_ dinuial
d3g2sa. didvpal d1hf8a2 d1k8kg_ d2eucal dikafa_ dly7ea2 d1yOya3 d2odfal diboub_ dip9ag- dlokca_
dlallb. dib8da_ d3pt8a- digteal dly9ia_ d2rabal d2vOna2 dls8na. d1qo0d- divi6a_ d2jaqa- dinO8a_
dib34a_ d1d3bb_ d2rb6ail d2f5tx1 d2pudb_ d2vvba3 dijwqa- dixova2 diq7l.1 d2ptha. dlokgal divédpa._
diws8a. d2ux6a_ d2dyrbi dikzqal dilcyal d2yx6a- d2vaca- divkka_ d2fhia3 d2gnxa2 d2fufa_ dipjqa3
d2c35al diylda_ dlyt3al diméyal d2aubal d2nmlal difx7a3 d2h3jal dligqa- dixyia- dinh2d2 digzma_
d2pfsa. d3hgma_ ditq8a- dlcoza- d1pbdx1 dizata2 d1z84a2 di1z84al divlral d2r7jal d3hOna_ divmoa_
d2dklal divega_ diwgla_ dlufza_ dig8qa.- dimkOa_ ditwfi2 dipfta- dlyuaa2 dipdOab diwvka_ dlojha_
d3i3qa- d2iuwal dinx4a_ disfna_ d2vhka. d2qfia2 diks8a- diclcal d3p2ca- d2g0da- d2o6ial dirhba_
dihéra2 dimixa2 d2v76a. diywyal ditg7al digg4a3 dipfsa- digvpa- din9wal d2exdal d2cmeal d2ctbal
d2spca.- diubpal d3f31la. dixdpal d2e9xal d2cr9al dizc6a2 dizbsal dle4ftl dihjra- d2ftsa3 d2nr9ail
dil2ha_ d2ilaa_ d2fdbm1 dindka2 d1js8a2 d2b8eal dlex2a_ d2amhal dluida_ diw94al dikjna_ dir8ia_
d3hyfa_ dizbfal dicxqa_ d2wfba_ d1i7nail dippjcl dinfda_ divlga_ d2itbal d2g2da_ dirdva_ divq8wil
d3eala_ d2plca_ d2zkmx4 divpga_ diq74a_ dilsha2 dipiia2 dlidna_ d3gdla_ d3abfa_ d2v03a_ dis7ja_
d2dgla. dipjxa_ d2p4oal dlofza_ divqg8bil diryoa_ d2daqal d3gbya. d2jngal d2do3al disddbil d2dipcil
d2cgbb. d2jqdal didnya_ digrjbil d2nn4ail d1h75a_ dig8kal d2jioal d3ouga._ dinl10a2 dlg86a_ d3mbra_
dibx7a. diskzal d2pw8i_ d2g81i1 dle8ra. d2clyc. dih9kal dih9ral diguta_ d2o0qg0al dlokial d2oeeal
divjxa. dljiga_ d2ibOal d2idxa_ diwija. din8yc4 dicida2 d2d9gb1 dirhfal dicvral dluzbal divcca.
ditOia. dirtta_ d2z98a._ dipjca2 d2cclal ditkea2 dils28a_ dixkpbl d3epua_ d2o0d0al dickva_ dlcqxa3
dle8gal diwvfal diwloal dihbna2 dlu8xx2 disr8a. dipyfa_ dlusOa. d3n6qa- dlec7al dind6a_ diyvral
dloiha_ d3pvja- d2résa. dizx5al diljatail d2qOtal d3bpsel dllmjal d2j5hal d3b2ua2 d2i9wa3 dily43.1
dilloc. dixjva2 dljeba. d3q46a_ din67a2 d1z9hail ditécal dlu6za2 dilwoqa2 dipv9al diggdal dilikpa3
dlaym3. diqqp3- d3cjib- dihx6al d2pbka. dibbea. dledqa2 digoia2 dijakal d2qapal diyvua2 d3ivra.
dlehia2 dliowa2 dleucb2 d1s68a- disawa. d2p62al d2bgwa2 dij24a_ d1y88a2 d2gw6al d2hyb5cl dihn6a_
d3ubwa.- d3ec6a- d2hq7al d2rdeal d1f39a. d1p5dx3 d1j30a- dilyuzal d2oh3al diniga_ d2f2ab1l dikféd-
dly7ba2 d3cu9a- divkda- disida- dijeybl ditaza. dizh8a2 ditlta2 didrua2 dlygyad d2fbda_ disfpa_
dipbyb. d1jmxb_ d110gqa2 d2ebsa2 d2bbva. d3arca. ditdja3 ditdja2 d2bj7a2 dliwgal d1t95a2 dlluaa2
diwdpa- dibf2a3 diwcgal dintha_ d2impa. dirt8a. d2ejqal d3ellal dic7ka- dinowa2 didm9a_ dijhna3
d2tbva. dlopoa- d2mevi_ divpsa- digexa- d2elbal dluoca- d2d5ral diwShal d1k8ka2 disa3a- divOwal
d3mmha_ dlysqa_ dimc0a2 d2p7ja2 d2hiyal d2yvxa3 disfsa_ dijfxa_ d2waga_ divhca_ d2pwéal dilfpa_
diyfual dizvfal diyllal dils4ca_ d3qzra. d2hxval divqgsti d2j01y1 d2jo1t1 diitja_ dlolma2 d2nllb_
d3dssb_ dindqb_ dihzfa_ digxma_ d2ebfx1 d2ae0x1 diq0ga3 d1j5pa3 dilcOa2 d2glzal d2cs0Oal digb2a_
d2hbval d2gwgal dira0a2 d2ejaa_ diw36c3 disnza_ divbda_ dikwfa_ dincba_ dir76a. d3mbqga_ dly4wa2
div8cal divjka_ d2hjlal d3fila_ dixmta. d2ayda_ dlem2a_ dilnla_ d2de6a2 d2fpnal dimlila_ dijmla_
dlauya. diddla_ diqqpl.- d2bpa2_ d2nqra2 diuila_ digdma2 digdmal d4a02a_ d3e9ua. dibd7a_ d2ieaad
dikqla. d2ylba_ dlycyal dizqlal d2xcmc. dikgla_ d3bwba_ dlifqa. d2j3wa- d3nula. dlewqa4d dikféc_
dih8lal dluwyal d2b59b2 divemal d2hflal dit3ua- dihxva_ dijnsa. dlokga3 d3eipa. diwiha_ d1lj6ual
d2zjda. d3d32a_ diwfya_ d3ah7a_ d2ae6al dirhsal dlop4a_ d1l3wa3 diu2cal dlej8a_ d3czza_ d1z8ga2
dijuha_ d2hOva._ d2phdail d2fctal d2piga. d2zhja. dilysjal d2qg43al dide4c3 d2a8ya.- dihi9a_ dinhla_
d2gOwal d2q02al diyxial d1jz8ab diu6ka_ d3rlfg- d2frba_ dirSta- divk9a_ dloila- d3clsd2 d2aplal
d2chual d2wi8a_ dipq4a. d2xvya. dizmbal d3prna. d2i9aal diszba2 dilr7al dicbha_ d3coqgal dle3had
d2csba2 d2csbal d2aljal dlyt3a2 diykhal digdyb_ digxqa- dlys7al difc3a- dir71a_ dlor7a2 diwira_
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d2ccma. d2hpsa_ disraa. d2ciwa2 d2z16a. d2ialal
dim7xa3 dllwha2 di1x38al dim7ja3 dizqla2 d2zbxa.
dithbal diveha_ d3cqla- d1ib8a2 d3dnja- dinkza._
divbta_ div8éa_ diwz3al dlwmha_ d2p7jal din7da7
dleu3al d2z8lal dic4qa_ dibkba2 dighba_ d1a79a2
dih6kal d1h6ka3 dixqral dlouva_ d2es4d1 diu8va2
d2bkya._ d2bkyx._ divmOa_ d3faua_ dijgba_ ditiébl
dickaa_ d3rnja_ d2viga. divbval divihal d2ewlal
digsoal divkzal dle2wa2 d2pnrcil d2ccval d2djaal
dlodba2 dilrha_ d1x82a. diyoxal d2brjal dimdua_
dinh2a2 dinh2al dimpga?2 div8ca2 d2jdqd- ditpga2
digeqa- d3nzla_ diznnal dixi3a. d2ieaal d2o0zbb1
d1s69a_ d2gkma_ d3mkbb_ d1kfébl d2eiaa2 dipcéa.
diléxal diléxa2 d1foOb_ d2qfral dlou8a. dirmja.
did7qa- dijjga- ditwfh d3chbd- diwhia_ d2p0Osal
diwbqa- dlohla_ d3dzla. dir30a. d1j7xa- dita8a.
d2y5f1_ d2bz61_ dikloa3 dit0za- dixjha_ dil7ba-
digdtal diijwe_ dix4lal d3cjrbl d2erla. dizlhbl
d3e6sa- d3ak8i- d2z90a_ d3ci3a- d3brjal did4oa-
dixc3a2 d2hoea2 dit6ca2 dijlia_ diknxa2 dilshb._
dliyjbd dluela_ dib8aal d2kbwal dloa8a._ ditx9al
d2pg3al d3rkla_ diwybal dig8fa2 d2wqka_ d2034a1
dlefub3 d1xb2bl dloaia_ dlixsa_ d2oy9al diléja3
divyqal d2bsya2 d3p48a._ ditula_ d2hrva_ dlem8b_
dig3ja- didkca_ dicdea_ dihyka_ d2pfla2 diugx.1
dihxma2 dluvgal d3kvqga. dilyq2a2 d2jn9al dif8la_
diytda2 digpoa2 divlpal difmOe_ dipuca_ dlabva_
d3oeqa- dlewda_ d2fug71 disgoa. d1ub8a2 d3dtub2
d2etla_ dlodbal dloi6a. dipgéa_ d2f2ha2 dlel2a_
d3atya- d3l5la_ diqg4b5a. d4ubpc2 dixmxa_ d3cOna2
d3qz6a. d2vwsa_ dim3ua._ d3mu7a. dinbaa_ d2bs2c_
diji7a- disvOc- didxsa- diyssal diny9a_ d2btia_
dla8pal difdrail dihzea. d2ey4cl d2dlbal d3cx5f1
dimyna_ dlozza. difjna_ d1luOa_ dibbga. ditira3
dilkoa2 dlyuza2 dlvzia2 dizina2 disopa- dliyjb2
d3nxba. d3ubla_ d3d7ca- div9val d3ryce. d2p02a3
d2ozja- d3hgxa- d2pa7al diwpgal dim5ql_ d2hbnal
dirx0Oal d2c12al diw07al dixg2b- dibglal dilg7a-
dipixa_ d2adaal divlia2 dluasa2 dizcza2 d2ffjal
d3ctaa2 d2vbua_ dimrzal dlcqxa2 diwkaal d2i76a2
dik66a_ dla2oal dir8ja2 ditija_ dihc7al diu6la_
d2fhbal dinrja_ d2vglml d2a2lal dlooOa_ d2fygal
d3bzkal d3bzka2 d2csba3 dicida_ diujsa._ dilpva_
dlezwa_ dirhca_ diluca._ ditz9a_ dixvxa_ dimtp.1
diufaal d2bbdx1 d3bvual dinu9cil dit3wa. d2nn6h3
d2jbya- dixvhal d3qwoc- digvna_ d2f66¢c1 dlauua.
dinh8a2 d1h3da2 d3dfea. d2e29al dixhca3 d2huec_
difsea. dil3lal dlopca. d2oadal d2ahmal d2cu2al
d2ch5a2 dizbsa2 d2i7nal d2uubk1 dipdoa- d2okual
dlewOa_ div9ya_ d2gj3a. d2inwal d2hngal dimdal_
dijmva._ dimjha_ d2duma._ didlja3 d2q07a2 d2fOcal
dift9al d2zcwal d1lu5tb2 diwOua. d2dtéal d1y8xb1l
dijbjal din26al d2nxybl d2je8a2 d2b97a. d3pc7a-
d2vo8al dlaoha_ dlexha. dlayoa. d2gecal direwa.
digpéa- dlodma- didsla.- diqura.- d3liza. disrqa-
diyila_ dijf8a_ d2wmya_ dliiba_ dimOwal d3n90a_
dijgtal dixngal dlefvb_ d3mxta_ diqlaa_ dluyja_
dixbial dizwzal didt9a2 d3cYual d2hcbal dljkea_
d4avba_ d2j2zbl dlamxa_ d2dewx1 d1f35a_ diyb3al
diugla_ dlayja_ dipeda_ diwqjbl diha8a_ d2o02al
dib9ra_ didoia_ dikf6éb2 d2grial d2bwka_ d2oaral
dibupal dledft2 d2fsja2 dichmal d2bfwal d3gp6a.
dizccal divd6a_ d3no3a. dictba. d2btoal d2vdfa_
d2xbta_ d2wnxa_ dilgbaa2 difoOlal d2p5zx2 d1f0la3
dlag7a. dicnna_ dilmra_ dloiga- dik8la_ dibiaa2
d2gdqal dikkoal d2akzal divcfal d3riya- d2yaya-
diqzga- dikxla_ difloa- d2fdial dijlyal dipfval
dipima2 d2paja2 d2icsa2 d3taob_ dim3kal diwb9al
diwgpa.- d3ebua2 d2bgca2 d3bb6al dipméa_ d2fefal
dif7da- d2bsyal d2xcea- d4ubpb_ dizrua3 d3kxsa.
dib24a2 dib24al didq3a3 d3bp3a- dii3ja- diadual
dSnula- difdpa_ dirlja- dimx3a2 dilkbal diqgha.-
divi7a2 d2cvea2 d1t95a3 d3iwla- ditiga- dig8ea-
d2b3ra_ d3fbka_ d2yrbal d2huhail diti6al divlbal
d2bhua3 dlh3ga3 dlugéa_ d2qeea_ dilnsa3 d3kcgi_
d3cngp- divbibl dikn6a_ d1h98a_ dipula_ d2iuba2
dimb6a_ dly29a_ dixi7a_ dimixb4 dimkca_ d2hjqa2
d2ig3a_ d2zs0b_ didlwa_ d2bs2bl dinxha_ dinekd_
d2budal d2fbkal d3m9qa._ d2digal dikjqal d2gpial
divcaal dizxqal difhga_ dlifra_ d2aneal d2rsla_
dluebal dikhial divq8ql d2dy8al dirbba2 d2cqeal
dlebdal dloboa_ d2arkal d2naca2 d2phpal dixeoa.
diwyxa_ d209sa_ d1i07a- d2eyqal d1s98a. divmga_
d3ebtal d2geyal dinwwa. dliq8a4 dijida- dinc7a.-
d2cosal didvOa- dlotra. disr9al dirqta.- dix4sal
disvbal dlok8al d2bvyal d2q3za3 d2mev.1 d3hmsa.
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dinyca- dlohla. dismpi_ d2gtlni d3kt9a_ d2fira_
d2qypb- dil9la. d3bgpa- dlo82a- dimleb_ d3gmxa-
dloz2a2 dloz2al d3flga- dlixda- d2f2hal dligrail
d3br8a_ d2bjda_ dlurra_ dluOsa_ d2ffgal dil8ca_
dinekb2 d3c8ya2 dixlga_ d2byeal d2hgéal dlo70al
dibdfa_ dipk3al d3bs5b_ didoga_ d2c9wal d2bskb1l
dlyrra2 dlol2a2 d2ffial diur3m_ div7za_ dislga_
d2g9wal disd4a_ dibm9a_ dligna2 dliqOal div2ba_
dilyudal dixe7a_ dlepOa_ dlo7fa2 dipkha_ din8yc3
dlecea_ dledga. dikwga2 dliq8al d2ozlal d3n2wa_
dih6gal dit01a2 d2bOhal dik0O4a_ ditfbal dixola2
d2nrha2 d3bexa2 dlokja2 dlol3a_ dit3ka_ d2q7ral
dimqva_ d1sOba. d256ba_ digs9a_ dillkoal dijfla2
dikmta_ d3t5gb_ dis6na. d2nqda_ didkza2 dixjca-
didfca4d didfcal dihcda._ dipwaa_ d2ofca_ dizzwa_
dlodza_ dirh9ail ditg7ab dldosa- dlir6a. d2dotal
dirl2a2 d3bzkad dik3ral d2hd3al divlial d2hfqal
diuOlal divq8a2 diwoca. d2kbqal dizghal ditiva.
dith7al d1d3ba- d2vxfal dlib8al difcéa3 d2xiwa_
divcoal d1kovf_ divhqa.- d3f6ya- d2bwla2 d2uubdi1
d2ja9al d2balal diubkal d2p5zx1 dingja_ diybzal
dipiea2 diwuua2 dikvka2 diqdial dit3ta3 dlii2a2
dipdua_ digyva_ d2g30al dimixa2 dljb3a_ d2pv4al
d2crgal d2cqqgal d2aqfal ditwfj_ dix3aal dliowal
dipulal diwlmal dleg3al dic3za_ dir8eal disf8a_
diuljail diulja2 dir3sa._ d2nlia_ diyovb_ d2v09a._
dirzf12 difpba2 dloaql_ dicwva3d d3ivva_ diuzba3
d3kisa_ d318ra. d2e2aa_ dinekal dikv9al dimi8a_
dliufal dihlval dlirza_ dirp3al di1x13cl d3ag3i-
dlujpa- dinsja- diyxyal d2tpsa_ dluana_ dlomra_
diw9pal dljndal dinowal d3n3ma_ dixkua_ diwd3al
d1l0oc- dlor7al dismyf1l disfeal d2qaltl diseOa_
d3ktoa- d3c3ma- didz3a.- diykgal d20z1b2 dizbdb_
d3psma_ d4aaza. din8ma. diglda2 d2fcwbl dinh2b_
disisa. dipvza. dimmOa_ dli8xa- dishla_ dipnb.1
d2bycal d2iyga- d2hfna_ d2qlxa- d3ciOk3 digjpa-
divd4a_ didl6a- diwiia_ d1pg5b2 divzya2 dipjbal
d2bhual dlulva2 d3rgha_ d1£00i1 d2gs8al d1z60al
d3c2wa3 d2oo0la2 d1l18a_ d3cpta- d3ksva_ d3ftla_
d2dmbal digfha2 d2q0zx2 d2vzsal d3hcga_ disqgal
diwiba_ dijt8a_ d3ersx._ d2ch4wl dizatal d1jbod_
dinz6a_ dliura_ d2037a_ d2cabal dilhp8a_ d2jfgal
dlal7a_ dihh8a_ d2hr2al dlwy6a_ dlileal d3iwta_
dizunbil dixela_ disqra._ dikzlal difisa3 dimgta2
ditqga_ dlibna. disr2a. dinlxa_ dlseda_ divq8y1l
dlug3al dlh6ka2 d3b7sal dir8se_ d3bb7al dinyoa_
dinofa2 d2v3ga. d2aamal d2wzma_ dicOpal digmgal
dirhfa2 dlev2e2 d2oz4al dicwva2 d2pp6al d2gsbal
dlon2al d2isyal d2hoeal divzOal d2bw3al d2dbsal
dityya- divk4a_ d2cdea. dip9oa_ diwht.1 d2ddrail
d3kucb_ dilfda- dlid2a_ dinyra2 dineia_ divhoal
dikgsal d2ffdal dipdwa. dle3hal disknp- d1j8ba-
d1dOna3 dikcqa- d2xfaa. d2qtvad d3mjza- dlez3a.
dlyo5cl dlpuee._ dib6aal dimgtal divmaal dluc8al
dliuja- ditzOa- dituva. dliwga3 d3kpba_ dlijya-
d2uubql d2nn6il d3kdfb_ dik28al d2fhfad d1j6ua2
dinrOal dinexb2 dlyfqa_ diri6a_ din7za_ dizroa2
dibqca_ d3emca_ d2oxna_ dllqaa_ ditugal dlujna_
disfxa_ d2dihal d2gmgal d1l8qgal dijr3al d1pbdx2
ditOaa_ dliv3a._ d3b6na_ d3byqal divbka2 d2hqval
d2c42ab diljnrb_ dixera_ dikkha2 d2quda_ digbza_
diub9a_ d2a6lal diubtal diwhua_ diqO6a_ diqcsa2
d2qlvbl d1zOnal d2nqcal d2a4dca_ disgbal divioa2
dikrhal d2bmwal dikzla2 d2c78al dihdfa_ dihh2p4
dirqba2 dlsr9a2 dlof8a. d1j93a- d3lnla_ dixfia_
dljoga- diwtya. dlo3ua- d2mhra_ d2enda_ dlusub_
dijmcal diwjja- d3irba_ dlenfal d2vsmb_ d2clyal
d2elza2 disaza2 dlig8al d2f96al d2pyya- d2bibal
dlzzmal dlyixal dixrta2 ditwia2 dihuxa_ d4geva_
d2g9hd1 divioal diprtf_ d2zical digmual d2isya2
dijcfal d2fxual d2hoea3 digtmal dinula_ dlug7a-
d2al3al d2crbal d2bwfa. dlwxqa2 dinija2 dikifa_
d2c60al dloeya- dic9fa. d2fugl3 d2fdoal d2gklbl
d3iara_ d2pgfa_ dlitua_ dlurda_ d3bvua3 d2ix0a4d
dla6ca3 dla6ca2 difiba_ dlyi9al dipdOa2 d2qg4mail
dipOza_ d3by8a._ d2basa2 d3cptb_ dlycsbil dldcqa2
digrial diglba_ d3iqla_ diw7jal d2hnua_ diwe9a_
d2dvtal d2fékal d2i9ua2 d3igxa_ didcla_ d2wjnm_
diclca2 dijilal d2oxga._ d3qgzba_ dislua_ d2qfaa_
dlu9ca_ diqvwa. ditOba_ dlydga- divrOal dimw7a_
dise9a_ div2ya_ dlwxaal di1l4db_ d2pbdp- dli3oe-
dla9xa6 divkza3 d2r85a2 d1x9na3 diwdua_ d3btaa2
dipbqal dlihgal d2ff4a2 dibpoal dik8ke_ d1q90d-
d2bcqa2 dljmsa3 d3arcu. d2h80al d3hqaa_ d2idral
d3118a- d2rk3a. dikwga3 dirlia_ ditfra2 dixsla_
dignra_ dihina_ difcqa- d3bofa2 dixfka_ dirqOa-
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dinuOa. divhxa_ d3bzkab dlewga3 dileOta3 d2p02a2 diblOal did5ya2 dlignal dirq6a- dikdxa- d2nsfa2
d3clsdl dlefpal d2gm3al d3mlaa- dibiba2 dirgbal divr3al dizrral didgwa- d3bpza- d2inbal din62c2
d3eb2a. d3s5o0a- d3oexa- d3bofal dirkqa- diteba. d2cvla- dipfba._ d31lmea- d2ohwal d2c6ua- didnu.1
d2ewcal diqu9a_ diufya_ dlipaa2 diwpua. dicilda2 d3mbva_ d3daqa_ d3elia_ diquga_ d2b3yal did3ya_
dicnva_ dledta_ d2uy2a_ dixgda_ dlwcwa_ d1k92a2 dituza_ d2zkmx1 dim4ba_ dlooha_ dleexg_ d2xwsa_
dicpza. d3cjkb_ d2xmwa_ d2x3da_ d317ha_ d3arcz_ d2cyya2 dlilga2 dig8ba_ dlysja2 dilnia_ d2g38al
d3dc7al d3bzwal dik7ca_ d1x38a2 d2x61a. dixala_ d2cpyal dlu6fal d3ue2a_ dib3ta_ dle3hab d1f3ub_
d2vnéa. d3bwza_ d3zuca_ dip7hl2 d2fr2al dlohta_ d3bmva4d dir7aa2 divffal dild8wa. dly9za_ digfmal
did4ba_ dif2ri_ d2nptal d2bvcal die3ha3 d2j01ul dlo4ua2 d2f7fa2 dlyira2 d2tpta3 d2evra2 digaka_
dighoal dilh3gal d1im3d._ d110qal dih6wal diu97a_ d2fblal d2fmlal ditbxa_ dijiva_ din62al diu2ma_
d3elna. d2gméal d3loia. d2arca_ dlo75a3 dlulya. d2ifgal d3bbha2 diu2ha_ divzial dleibal d2ftxbl
d2d7pal divO5a_ d2v33a. dixaka_ dled4db. digz0a2 d2ybca_ d3lxfa_ d2bt6a_ dimgda_ dlil7a_ dim2da_
did8ba. d2elfa_ d2hbjal dijmsal dituka. d2fggal divcéda_ dlgopa- dithfd. div93a_ d1o98a2 divjua_
d1t33a1l d3c07a1l d1k78a2 d2uubri d3rnme._ diwjOa. didr9a2 d2nxyb2 dlogad2 dicwvad dir8o.1 d1qO0qal
diwc3a- dlazsa_ d2vOna3 dimg7a2 d2atzal diknza_ d2je8ab d7a3ha- dihl9a2 d5rubal dly8aal d2i06a-
dididail dla8oa- d3lhra. d2gykal d1x3zb. d2dewx2 d2irfg_ d2piOb._ dixb4al d2cxya- d2pp4al dloedc_
dlycsb2 d3i35a_ diw6xa. d1jbOe_ didfup. d3cx5h._ d2ix0a2 d2asbal dickmal d2qw7al dib35.1 dikve.1
d2eshal dixmaa- d2abyb1 dljhga_ div64a. diyp2al d3cgéa_ d3eqza- didcfa- dloi7a2 d2g4qa_ didk8a_
d3fsda- d3duka- d2owpal d2ch9a_ dle7la2 dloeda. d2pdial d1yOha_ d3hfba_ d2czvcl d2g30a2 dicb8a2
dibrza. dljxca- d2i6la._ d2fj8al d4mt2a. dla79al digkka- d2plia_ dicédkal d2csua2 d2j01p1 d2jekal
dipdkb_ d2axwal d2okma_ dleaga_ dicala2 din6za_ d3local ditb6al dig2ha_ d2htjal dlst6a6 dlezga_
d3igsa._ d3ctla_ digo2a_ ditwda_ ditubbl dibi2a_ d2qrral d2gswal dizvpa2 d2hiqga_ d2jxtal d2za4db_
d2j73a. d2j43a2 d3bmva2 d2g2na_ dixrtal d1dOga_ d2gpval d3f08a._ d2ffsal d2pwwal diwfza_ dlo6da_
dinngail d2yw6a_ d3kwoa._ dinoga_ didvka_ d2felal digkra2 d2ftwa2 d2z26a_ dingka_ d3nioa_ dimkia_
dloila2 diwjra_ dih3za_ dlwgsa_ dibhua. dij26a_ dixwva_ dinepa_ div8hal dil6pa._ dihnOa3 d200qgal
dlygya3 disc6a3 d2f06a2 d2epia_ d2diral dippjg- dix4hal d3mdfa_ dluwda_ dlaopal d2ffma_ di1fftb2
d2nuha_ diukua_ d4affa_ d2vvba2 divlra2 d1jOpa. dlo7ia_ dliyjb3 d1x9na2 dddfaa_ d2wraa_ d2rldail
dix4aal d3h2ve._ d3mdla_ d2ewhal d2ccqal dih4vbl d3lo3a- d2gffa_ dimlia_ dliwga4d divqzal d2jo1s1
diqdlb. diwl8al d1z10a2 diregb2 d2pjual divq8ml dizhva2 dizhval d2nzcal dikp6a. didzfa2 dig3pal
d2cqkal dizhbal dis6lal dla04al ditlha. d3d3ral d2fx0al dirktal dliufa2 diku3a_ d2o03lal diny8a_
dinfga2 digkpa2 d2puza? diht6a2 dloOsal d2v8ta. dla04a2 dip6qa- d3heba_ dleiwa. dle8cal d2g4ba_
dipnha_ dipx9a_ digpsa- diclvi_ d2igwa2 dini3.1 dimxga?2 digcya2 d3n9ka_ dizfjal digy8a_ d2o03ial
d2cqval dliray2 d2hp4da_ dirowa. diniba3 dijm7a.- d3l21a_ d2wkja- d3e96a_ d2d69a1l d3m7val d2pr9al
dix6oal dlizéal d2joyal dicOmal dileOtal d3ccda- d1k36a_ d1dx5i2 dib9wal dlehda2 dlansa_ d2bcgg?2
d1k68a- dluOsy- d3alua- difyxa_ d2fy8al diseia. d3sj3a- d2yyua.- d2y88a_ dijpmal d2i9ial dihbwa_
d2h26al dlhdmb1 dicczal dicwval d2nwtal d1jota- dinara. d2ebna. ditvnal dlizca- dlo0sa2 dluynx_
dljcfa2 d2zgya2 dlu6za3 divq8nil did7yal digmba2 dibdfal ditwfcl ditwfk. dizqlc2 diby2a_ dijdb5a-
d2bdaal d3qibc- d2ayxa2 dlccwa- d2ielal digu3a- d2dk8al d2dkbal d2p6ral dirp3a2 diuptb- dix9aa_
dlhxmal ditjghl dics6a2 dig0da3 dibw3a_ d203bb_ d2bhmal d2cc3al d3cnxal d3gaxa_ dljrma_ d2j8gal
dityOail dlet9al digbbd_ dlyezal d2jndal d2a6aa2 ditxkal diwzlal d3c8dal dibhgal diwhga_ d2nt2a_
digtwa_ d3aala_ dik77a_ d2basal diwiwa_ diup7a2 dljmca2 d3ulla_ d2qg2ia_ d3ma2b_ d2zOta_ diwhra_
d2nvOa. d1i7qb_ d2vrna_ d2csuad digtead d2oqgmal dledmb_ dimoxc_ dib9wa2 dilpbal dle8pa_ dippji-
di1g2914 d1g2913 difr3a_ diuwval d1k8ma. d2oufal difuda_ digipa_ dilupa_ dldeca. d2dj8al d2vtl.1
dlexra. d2mysb_ d3nxaa_ dldgea_ dipxbal d2ogqal d3qu3a_ d3f8ba. dika8a_ d2dwdal disdka_ d2nwval
d2f4pal dlodta_ d2bnma?2 dloblal d1h9db_ dirbsa. d1z05a2 d2gupa? d2elzal d2v3zal d2fokad dlydual
dle6ia. dleqfal d2grca. d2gscal divq8pl d2gjval dipija2 dlyl7a2 dixeaa2 d2dm9al dindwa2 dirf8b_
d2qs8a2 d3mkva2 d2ob3a_ dilt7a_ dig6oa. d2rfba. dihyrcl d1dn0b2 dibiha3 dibdra_ d3po8a_ d3arce-
dihsta. dlussa_ dimkmal dizlja_ d2pqra- divkra. dlguwa_ digéza_ d3r93a- dlugva. d2x9aa_ ding7a_
dlesfal d3sebal diprtd- dloxxkl dlalxa. dig8ca- dipgl21 diny711 dingOa_ dim3yal d2agda_ d1jbol_
diurla. diw91a2 d2cksa. divhna_ d2r8oa2 d2h2za_ divf8al dlitxal divjza_ d2e6fa. d2x06a- d2ajaal
d2aljbil dix2ial dikfta_ d1z3ebl dlor7c. digeOal diglédb_ dlolzal dikbnal d2b5ib1l diwv3al d2ae8al
dilu78a2 d2ezia_ d1k78al divqg8il dif6va. dimihal dirjja- ditrOa- divgsa- d1q8ka2 d2oikal dir2jal
divtxa. didlOa- dip8ba- diq9ba_ dishyb2 dih8d.1 dixbsal dlufwa. dikoha2 diwj9al d2v94al diyk4a_
dig6oa- d2czda- ditqja- dixm3a- dih6dal diyuOa2 d113kal dix4eal dijmta- dirwua- dighha_ dipnbal
d1l9nail digOdal dlix2a. dixqda_ d2bv4a. d2fcjal disgmal d2fq4al dletxa- d3bwgal d2jrxal d3arch-
d1ljvna2 d2abwal d2gk3al d2fzval dibifa2 diqwya_ d3grda_ d3fgya_ dituha_ d2oqea3 dizdOal dla3wa3
d2cryal dimjull dliamal dlo75a1 difmtal d2pd2a_ d2od6al d2opbal dis7ia_ dimiha2 dlu2ca2 dlyksal
dinkra2 digica_ d2yxma_ dlo75a2 dlebba_ dlo8bal dle43a2 d2guya2 d2nt0a2 dijrial d2dulal dloj7a_
d2gam01 d2j0151 divqg8z1 d2jneal diwffa_ d2gtvxl d2cdqa2 d2cdqa3 diphzal dizpwxl dimhm. 1 dits9a_
diugla_ dik4us_ dlyn8a_ d3dkma_ difb6a. divk3a4 d1hxmb2 dimjul2 digfoa_ dityebl dir75a_ d2q37al
diyyval diz7ual d2foka2 dimija_ d2crual dig3pa2 d3b7cal d3bb9al d2kb4al diw6ga3 dlayaa_ d2iibal
div70a. diyhfal d2pytal dicx4al dit2wa. d2gwfal dito3a_ dlojxa. dinvma2 dlvpya. d2vbaal ditbra_
didgsa2 difvial d2cqaal dinnxa_ d2j97a. d2dyrb2 dlhdmal dloOval d3oska_ d3qzma_ dinjha_ dimo9a2
dlsxea. disxda_ d3bq7a- d3cilOk1 d2gfba2 dlivOa. dljgsa- d2hr3al divé4ral d2galal dihyba_ d2hqsa2
dihkqa. d2nracil difnnal dixsva. dingna. d2hh8al dlwx8al d2zeqa. diwspal dljqgda_ d2ba0g2 difb3a_
dloj4a2 dlueka2 dik47a2 dinOuab d3m7va2 d2f3lail d3brdal dimy7a. d3es6bl d2vzsa3 dilik9al dizymal
d2fifal d2fgcal d2hmfa3 d2bopa_ d2dpial d3dotal dixwyal dij6oa- dibféa_ d2zdra2 dlomza_ d2aioa_
dim9sa2 dim9sa3 d2akkal diwhma_ din70a2 d2pspal dlacwa- diriga. dlicaa- dihy9a_ dldéga- dijmu.1
d2qiya.- digy7a. d3ef8al dinnva_ d2elba2 d2figal d2j3sa2 d2wOpa- dijmxa3 dliarb2 d2iiaa_ d2gidal
digvea. d3eaua- d3n2ta. diceoa- dip5ja- diu60a_ dliyjbs d1jb7a2 dlaOial dluapa- d2de6al digh4al
d2yria. d3b4ua_ digvfa._ divpba- d2fywal d2bonal

dipgl22 dla6cal d1x36a. d3rqva- d1iOra- dluxyal

d2aibal dlohpa- d3blzal d2bo9b2 d2r7ja2 dikkea2

dim94a_ diwgda_ digg3a3 dibmlc3 d2aéqal dlhs7a_

dixnba_ d3elial d3ijta. dlj3ma_ d3reaa. dixl4a2

dloywal d2axlail dipp7u_ dikkxa_ dlejba_ dig3qa3

dixl4ail din9pa_ dlex0al d2aqma_ dih7za_ dixa6al

dirwsa. diryja_ d2qgjla_ d2piaa3 dix3xa. dipzra_

diu8sal dlu8sa2 dly7pa2 digh8a_ dihc7a3 dikkeal

dihe7a. d3bbhal dizoxa. d2mcma_ dly7mal div2za_

d3broal d2bvéal dlu2wal dligéa_ diwh8a. dic3ma-

dlug3a2 d2nszal dirz4a2 d3ag3e- disbxa. d2clybl

d2z3va._ diq77a- dlvbkail dimv8a3 d2a8nail dinofal

dlav3a- dirmka_ didiha_ diflei_ diglii_ dictaa-

dlixral dicuka2 d2duyal div38a_ dlofcx3 dirc9a2

d1hwmb2 divclal dlupsa2 didfca3 d2blnal dicwvab




Appendix B

Creative Commons
Attribution-NoDerivatives 4.0
International

©00]

https://creativecommons.org/licenses/by-nd/4.0/

By exercising the Licensed Rights (defined below), You accept and agree to be bound by the
terms and conditions of this Creative Commons Attribution-NoDerivatives 4.0 International
Public License (“Public License”). To the extent this Public License may be interpreted as
a contract, You are granted the Licensed Rights in consideration of Your acceptance of these
terms and conditions, and the Licensor grants You such rights in consideration of benefits the
Licensor receives from making the Licensed Material available under these terms and conditions.

Section 1 — Definitions.

a. Adapted Material means material subject to Copyright and Similar Rights that is
derived from or based upon the Licensed Material and in which the Licensed Material is
translated, altered, arranged, transformed, or otherwise modified in a manner requiring
permission under the Copyright and Similar Rights held by the Licensor. For purposes
of this Public License, where the Licensed Material is a musical work, performance, or
sound recording, Adapted Material is always produced where the Licensed Material is
synched in timed relation with a moving image.

b. Copyright and Similar Rights means copyright and/or similar rights closely related
to copyright including, without limitation, performance, broadcast, sound recording, and
Sui Generis Database Rights, without regard to how the rights are labeled or categorized.
For purposes of this Public License, the rights specified in Section 2(b)(1)-(2) are not
Copyright and Similar Rights.

c. Effective Technological Measures means those measures that, in the absence of proper
authority, may not be circumvented under laws fulfilling obligations under Article 11 of
the WIPO Copyright Treaty adopted on December 20, 1996, and/or similar international
agreements.
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d. Exceptions and Limitations means fair use, fair dealing, and/or any other exception
or limitation to Copyright and Similar Rights that applies to Your use of the Licensed
Material.

e. Licensed Material means the artistic or literary work, database, or other material to
which the Licensor applied this Public License.

f. Licensed Rights means the rights granted to You subject to the terms and conditions
of this Public License, which are limited to all Copyright and Similar Rights that apply
to Your use of the Licensed Material and that the Licensor has authority to license.

g. Licensor means the individual(s) or entity(ies) granting rights under this Public License.

h. Share means to provide material to the public by any means or process that requires
permission under the Licensed Rights, such as reproduction, public display, public perfor-
mance, distribution, dissemination, communication, or importation, and to make material
available to the public including in ways that members of the public may access the ma-
terial from a place and at a time individually chosen by them.

i. Sui Generis Database Rights means rights other than copyright resulting from Direc-
tive 96/9/EC of the European Parliament and of the Council of 11 March 1996 on the
legal protection of databases, as amended and/or succeeded, as well as other essentially
equivalent rights anywhere in the world.

j.- You means the individual or entity exercising the Licensed Rights under this Public
License. Your has a corresponding meaning.

Section 2 — Scope.

a. License grant.

1. Subject to the terms and conditions of this Public License, the Licensor hereby grants
You a worldwide, royalty-free, non-sublicensable, non-exclusive, irrevocable license to
exercise the Licensed Rights in the Licensed Material to:

A. reproduce and Share the Licensed Material, in whole or in part; and
B. produce and reproduce, but not Share, Adapted Material.

2. Exceptions and Limitations. For the avoidance of doubt, where Exceptions and Limi-
tations apply to Your use, this Public License does not apply, and You do not need to
comply with its terms and conditions.

3. Term. The term of this Public License is specified in Section 6(a).

4. Media and formats; technical modifications allowed. The Licensor authorizes You to
exercise the Licensed Rights in all media and formats whether now known or hereafter
created, and to make technical modifications necessary to do so. The Licensor waives
and /or agrees not to assert any right or authority to forbid You from making technical
modifications necessary to exercise the Licensed Rights, including technical modifica-
tions necessary to circumvent Effective Technological Measures. For purposes of this
Public License, simply making modifications authorized by this Section 2(a)(4) never
produces Adapted Material.
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5. Downstream recipients.

A. Offer from the Licensor — Licensed Material. Every recipient of the Licensed Ma-
terial automatically receives an offer from the Licensor to exercise the Licensed
Rights under the terms and conditions of this Public License.

B. No downstream restrictions. You may not offer or impose any additional or dif-
ferent terms or conditions on, or apply any Effective Technological Measures to,
the Licensed Material if doing so restricts exercise of the Licensed Rights by any
recipient of the Licensed Material.

6. No endorsement. Nothing in this Public License constitutes or may be construed as
permission to assert or imply that You are, or that Your use of the Licensed Material
is, connected with, or sponsored, endorsed, or granted official status by, the Licensor
or others designated to receive attribution as provided in Section 3(a)(1)(A)(i).

b. Other rights.

1. Moral rights, such as the right of integrity, are not licensed under this Public License,
nor are publicity, privacy, and/or other similar personality rights; however, to the
extent possible, the Licensor waives and/or agrees not to assert any such rights held
by the Licensor to the limited extent necessary to allow You to exercise the Licensed
Rights, but not otherwise.

2. Patent and trademark rights are not licensed under this Public License.

3. To the extent possible, the Licensor waives any right to collect royalties from You for
the exercise of the Licensed Rights, whether directly or through a collecting society
under any voluntary or waivable statutory or compulsory licensing scheme. In all other
cases the Licensor expressly reserves any right to collect such royalties.

Section 3 — License Conditions.
Your exercise of the Licensed Rights is expressly made subject to the following conditions.

a. Attribution.

1. If You Share the Licensed Material, You must:
A. retain the following if it is supplied by the Licensor with the Licensed Material:

i. identification of the creator(s) of the Licensed Material and any others des-
ignated to receive attribution, in any reasonable manner requested by the
Licensor (including by pseudonym if designated);

ii. a copyright notice;
iii. a notice that refers to this Public License;
iv. a notice that refers to the disclaimer of warranties;

v. a URI or hyperlink to the Licensed Material to the extent reasonably practi-
cable;
B. indicate if You modified the Licensed Material and retain an indication of any
previous modifications; and

C. indicate the Licensed Material is licensed under this Public License, and include
the text of, or the URI or hyperlink to, this Public License.
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For the avoidance of doubt, You do not have permission under this Public License to
Share Adapted Material.

2. You may satisfy the conditions in Section 3(a)(1) in any reasonable manner based
on the medium, means, and context in which You Share the Licensed Material. For
example, it may be reasonable to satisfy the conditions by providing a URI or hyperlink
to a resource that includes the required information.

3. If requested by the Licensor, You must remove any of the information required by
Section 3(a)(1)(A) to the extent reasonably practicable.

Section 4 — Sui Generis Database Rights.
Where the Licensed Rights include Sui Generis Database Rights that apply to Your use of the
Licensed Material:

a. for the avoidance of doubt, Section 2(a)(1) grants You the right to extract, reuse, repro-
duce, and Share all or a substantial portion of the contents of the database, provided You
do not Share Adapted Material;

b. if You include all or a substantial portion of the database contents in a database in which
You have Sui Generis Database Rights, then the database in which You have Sui Generis
Database Rights (but not its individual contents) is Adapted Material; and

c. You must comply with the conditions in Section 3(a) if You Share all or a substantial
portion of the contents of the database.

For the avoidance of doubt, this Section 4 supplements and does not replace Your obligations
under this Public License where the Licensed Rights include other Copyright and Similar Rights.

Section 5 — Disclaimer of Warranties and Limitation of Liability.

a. Unless otherwise separately undertaken by the Licensor, to the extent possi-
ble, the Licensor offers the Licensed Material as-is and as-available, and makes
no representations or warranties of any kind concerning the Licensed Mate-
rial, whether express, implied, statutory, or other. This includes, without
limitation, warranties of title, merchantability, fitness for a particular pur-
pose, non-infringement, absence of latent or other defects, accuracy, or the
presence or absence of errors, whether or not known or discoverable. Where
disclaimers of warranties are not allowed in full or in part, this disclaimer may
not apply to You.

b. To the extent possible, in no event will the Licensor be liable to You on
any legal theory (including, without limitation, negligence) or otherwise for
any direct, special, indirect, incidental, consequential, punitive, exemplary, or
other losses, costs, expenses, or damages arising out of this Public License
or use of the Licensed Material, even if the Licensor has been advised of the
possibility of such losses, costs, expenses, or damages. Where a limitation of
liability is not allowed in full or in part, this limitation may not apply to You.

c. The disclaimer of warranties and limitation of liability provided above shall be interpreted
in a manner that, to the extent possible, most closely approximates an absolute disclaimer
and waiver of all liability.
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Section 6 — Term and Termination.

a. This Public License applies for the term of the Copyright and Similar Rights licensed
here. However, if You fail to comply with this Public License, then Your rights under this
Public License terminate automatically.

b. Where Your right to use the Licensed Material has terminated under Section 6(a), it
reinstates:

1. automatically as of the date the violation is cured, provided it is cured within 30 days
of Your discovery of the violation; or

2. upon express reinstatement by the Licensor.

For the avoidance of doubt, this Section 6(b) does not affect any right the Licensor may
have to seek remedies for Your violations of this Public License.

c. For the avoidance of doubt, the Licensor may also offer the Licensed Material under
separate terms or conditions or stop distributing the Licensed Material at any time;
however, doing so will not terminate this Public License.

d. Sections 1, 5, 6, 7, and 8 survive termination of this Public License.

Section 7 — Other Terms and Conditions.

a. The Licensor shall not be bound by any additional or different terms or conditions com-
municated by You unless expressly agreed.

b. Any arrangements, understandings, or agreements regarding the Licensed Material not
stated herein are separate from and independent of the terms and conditions of this Public
License.

Section 8 — Interpretation.

a. For the avoidance of doubt, this Public License does not, and shall not be interpreted
to, reduce, limit, restrict, or impose conditions on any use of the Licensed Material that
could lawfully be made without permission under this Public License.

b. To the extent possible, if any provision of this Public License is deemed unenforceable, it
shall be automatically reformed to the minimum extent necessary to make it enforceable.
If the provision cannot be reformed, it shall be severed from this Public License without
affecting the enforceability of the remaining terms and conditions.

c¢. No term or condition of this Public License will be waived and no failure to comply
consented to unless expressly agreed to by the Licensor.

d. Nothing in this Public License constitutes or may be interpreted as a limitation upon,
or waiver of, any privileges and immunities that apply to the Licensor or You, including
from the legal processes of any jurisdiction or authority.



